
Exponential Random Graph Models



network configurations 
‣ are nested in each other 
‣ represent competing explanatory mechanisms 

beyond the basic random graph models 

edge

triangle 6-star

4-star

how much of each mechanism/effect  
do we need to reproduce the structure? 

we need a model that can 

‣ control for more than one network feature at a time  

‣ that can be parametrized to represent effects in a good way 
(not extreme when the model is simulated)

Exponential Random Graph Models (ERGMs)
can provide such models for many configurations relevant to social network theory 



four generations of dependence assumptions
‣ Bernoulli dependence  

network variables are independent of each other  

‣ dyadic dependence 
dependence within dyads for directed networks 

‣ Markov dependence  
network variables are conditionally dependent if they share at least one node  

‣ social circuit dependence 
network variables are conditionally dependent if they create 4-cycles  

increasing level of nested subgraphs

[we will look at exponential random graph models (ERGMs) specified to include these dependence assumptions]



exponential random graph models (intuitively) 
ERGMs are a class of random graph models  

 P(G) =
1
κ

exp (
p

∑
i=1

θi ⋅ si)  P(G) =
1
κ

exp (
p

∑
i=1

θi ⋅ si)  P(G) =
1
κ

exp (
p

∑
i=1

θi ⋅ si)

(1) set of network characteristics (statistics) that may influence the probability of a graph 

‣ choice of statistics often motivated by social science theory 

(2) set of parameters (associated with statistics)  

‣ determine how network statistics increase/decrease graph probabilities  

‣ estimated from observed network to test hypotheses

the probability of a graph is a function of two components 
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normalizing constant
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causes much difficulty in estimation of parameters

needed to generate full outcomes space for all possible graphs (G′￼)

interpreting parameter estimates 

‣ positive value indicate more configurations in the observed network than expected by chance 

‣ negative value indicate fewer configurations  in the observed network  than expected by chance

exponential random graph models (intuitively) 



exponential random graph models
ERGM modelling outline 

(1) specify model parameters that govern graph evolution  

‣ reciprocity, transitivity, homophily, etc.  

(2) simulation and estimation  

‣ maximum likelihood estimation 

‣ simulate other random networks based on this model  

‣ Markov Chain Monte Carlo (MCMC) algorithms:  
- generate sample of random networks following model rules  
- resulting networks should resemble the observed network  

(3) compare goodness of fit of observed to modelled networks  

‣ is the model a good fit for the data?
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- generate sample of random networks following model rules  
- resulting networks should resemble the observed network  

(3) compare goodness of fit of observed to modelled networks  

‣ is the model a good fit for the data?



(1) specify model parameters that govern graph evolution
how do we specify the different statistics ( ) algebraically in the model specification?si

yuv = }0 otherwise
1 if tie between u and v

let  denotes single possible edges between nodes  and  in the graph:  yuv u v

(as given in adjacency the matrix of graph )G

specify statistics in ERGMs based  
on these dependence assumptions 

we will assume undirected graphs  
unless clearly stated otherwise



possible edges are independent of one another

Bernoulli dependence

(1) specify model parameters that govern graph evolution

configurations/statistics in this model relate to single possible edges 

model specification (a first attempt) 

 P(G) =
1
κ

exp (∑
u<v

θuvyuv)
but this means we have to estimate one parameter  for each edge  too many!θ ⟹

homogeneity assumption 
assumes that the edge effect is the same across the entire network 
that is θuv = θ for all (u, v)



possible edges are independent of one another

configurations/statistics in this model relate to single possible edges 

model specification modified by homogeneity assumption: 
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where  is the only statistic ( ) in the model and  is an edge/density parameter to be estimatedL si θ

all ERGMs start with the edge statistic!

Bernoulli dependence

(1) specify model parameters that govern graph evolution



statistic  counts the number of edgesL
positive (negative) parameter associated with  increases (decreases) the expected density  L

the Bernoulli graph  belongs to the ERGM class  

 is identical with the ERGM defined by  

𝒢(n, p)
𝒢(n, p)

P(G) =
1
κ

exp (θ ⋅ L)

relation between  and : 

‣  

‣  

‣  

does not hold in general (if the ERGM contains other statistics)

θ p
θ < 0 ⟺  expected density p < 0.5
θ = 0 ⟺  expected density p = 0.5
θ > 0 ⟺  expected density p > 0.5

(1) specify model parameters that govern graph evolution
Bernoulli dependence



example. Florentine business network 

density of network  15/120  0.125 

if an ERGM with only edges is specified then  

̂p = =

̂θ < 0

we have fewer edges in the observed network  
than what is expected by chance

(1) specify model parameters that govern graph evolution
Bernoulli dependence



homophily and heterophily
another commonly used network statistics implying dyadic independence 

assume actors have attribute values   

for example such age, gender, income, behaviour, attitude, nationality, religion, etc.  

let statistic  

 

count number of ties connecting actors with same attribute value

a : V → {1,…, c}

ma(G) = |{{u, v} ∈ E : a(u) = a(v)} |

positive (negative) parameter models the tendency for (against)  
creating edges to similar actors homophily (heterophily)

(1) specify model parameters that govern graph evolution



(1) specify model parameters that govern graph evolution
dyadic dependence 

for directed graphs: dependence within dyads 

we can include a statistic that counts the number of ordered node-pairs  
with ties  and ties reciprocity (u, v) (v, u) ⟹

model specification 
an ERGM with an edge statistic  and reciprocity statistic  is specified as 

 

L R

P(G) =
1
κ

exp (θ1 ⋅ L + θ2 ⋅ R)

where  L = ∑
u≠v

yuv  and  R = ∑
u≠v

yuv ⋅ yvu

positive (negative) parameter models the tendency for (against) reciprocating ties 



(1) specify model parameters that govern graph evolution

for directed graphs: dependence within dyads
example. friendship among university freshmen (Van de Bunt, 1999) 

mutual asymmetric null

36 38 422

more mutual ties in the observed network  
than what is expected by chance

P(G) =
1
κ

exp (θ1 ⋅ L + θ2 ⋅ R)

dyadic dependence 



(1) specify model parameters that govern graph evolution

example. friendship among university freshmen (Van de Bunt, 1999) 
what about transitivity?

P(G) =
1
κ

exp (θ1 ⋅ L + θ2 ⋅ R)
distribution from 1000 simulated networks from ERGM

number of observed 300 triads  18 =

dyadic dependence 
for directed graphs: dependence within dyads



(1) specify model parameters that govern graph evolution
Markov dependence

Frank & Strauss (1986) drew on the work of Besag (1974) in spatial statistics 

‣ the Hammersley-Clifford theorem:  
   sets out constraints on model form implied by dependence assumptions  

‣ they proposed a network dependence assumption  
Markov dependence 

i

j

k

two ties are conditionally independent unless they share a node



(1) specify model parameters that govern graph evolution

suppose edges are conditionally dependent if and only if they share a node  

configurations in such a model comprise edges, stars and triangles:  

Markov random graphs
Markov dependence



(1) specify model parameters that govern graph evolution

statistic  counts the number of triangles in  

 

T G

T = ∑
u<v<w

yuw ⋅ yvw ⋅ yvu

positive (negative) parameter models a preference (reluctance) to triadic closure (transitivity) 

	 for directed networks: distinguish between transitive and cyclic triads

‘friend of a friend is a friend’

u

v w

Markov random graphs
Markov dependence



(1) specify model parameters that govern graph evolution

for  statistic  counts the number of stars 

 

k = 2,…, n − 1 Sk k−

Sk = ∑
u

∑
v1<⋯<vℓ≠u

yuv1
⋅ ⋯ ⋅ yuvk

starsk−

positive (negative) parameter models tendency for (against) connecting to high-degree nodes

(the propensities for/against individuals to have connections with multiple network partners)

for directed networks:  
distinguish between out-stars and in-stars and effects such as 'popularity' and ‘activity

Markov dependence



(1) specify model parameters that govern graph evolution

example. Florentine business network 

P(G) =
1
κ

exp (θ1 ⋅ L + θ2 ⋅ S2 + θ3S3 + θ4T)
⇡ ✓1⇥ + ✓2⇥ ✓3⇥ ✓4⇥# # + # + #

positive (negative) parameter associated with a configuration means  
we observe more (less) of that configuration than expected by chance 

significance of estimates:  
|Estimate| > 2 x Std. Error

Markov dependence



(1) specify model parameters that govern graph evolution

example. Florentine business network 

simulated networks according to specified ERGM  

Markov dependence



(1) specify model parameters that govern graph evolution

example. Florentine business network 

triad census 

381 153 21 5

observedobserved network

381 153 21 5

simulated networks

381 153 21 5

observed

335 191 27 7
281 229 43 7
363 179 9 9
362 164 28 6
432 118 8 2

we will return to the goodness of fit of this model later…

Markov dependence



the good news:  
Markov random graph distributions provide the possibility to model plausible assumptions

the bad news:  

‣ they don’t always work 

‣ some parameter values give not coherent models: two/more entirely different graphs  

‣ difficult estimating when clustering is high 

‣ estimating an edge/2-star/3-star/triangle model  very bad convergence ratios⟹

model degeneracy
more on this later…

(1) specify model parameters that govern graph evolution
Markov dependence



‘New specifications of ERGMs’ 
‣ network ties self-organise within 4–cycles (Pattison & Robins, 2002) 

‣ configurations that may avoid degeneracy  
  

two possible network ties are conditionally dependent if they would form a 4–cycle  

i

j

k

l

social circuit dependence 

tie variables  and  are conditionally independent, given the rest of the graph,  
unless the existence of these two ties would imply a 4-cycle in the graph

(i, j) (k, l)

(1) specify model parameters that govern graph evolution
Markov dependence



‘New specifications of ERGMs’ 
parameters correspond to configurations of the following types:  

(1) specify model parameters that govern graph evolution
Markov dependence



‘New specifications of ERGMs’ 
(geometrically weighted) edgewise shared partners  

(1) specify model parameters that govern graph evolution
social circuit dependence

gwesp is 
‣ a measure of higher order clustering 
‣ a special effect that measures triadic closure in a network  
‣ helps avoid degeneracy:

a

b

1 2 · · · kgwesp:gwesp

one edge completes two triangles one edge completes six triangles

‣ having one shared friend makes a tie 25% more likely,  

‣ having six shared friends makes a tie 150% more likely (!)



‘New specifications of ERGMs’ 
(geometrically weighted) edgewise shared partners  

(1) specify model parameters that govern graph evolution

gwesp is 
‣ a measure of higher order clustering 
‣ a special effect that measures triadic closure in a network  
‣ helps avoid degeneracy:

a

b

1 2 · · · kgwesp:

gwesp

‣ having one shared friend makes a tie 25% more likely,  

‣ having six shared friends makes a tie 150% more likely (!)

‣ thus we need to discount each additional tie added 

‣ done with a parameter decay: controls discounting 2nd, 3rd, etc. shared partners 

‣ decay takes on values between 0 and 1 (usual default is 0.693) 

‣ decay  : the stronger is the discounting applied to subsequent shared partners→ 0

social circuit dependence



(1) specify model parameters that govern graph evolution

example.  Lazega's lawyers (36 partners) 
lawyers coloured by practice (undirected co-work network) 

edges:

anodecov("practice"):

a b a bmatch("practice"):

0-0 1-1

a

b

1 2 · · · kgwesp:

statistics included in an ERGM: 

social circuit dependence
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social circuit dependence



(1) specify model parameters that govern graph evolution

example.  Lazega's lawyers (36 partners) 
lawfirm partners that practice corporate law (= 1) collaborate more

with other partners also practicing corporate law
two actors that collaborate together tend to share many other collaborators

social circuit dependence



(1) specify model parameters that govern graph evolution

example.  Lazega's lawyers (36 partners) 

we find evidence for 
‣ attribute-related activity 
‣  homophily 
‣ clustering/closure/balance 

working simultaneously

social circuit dependence



exponential random graph models
ERGM modelling outline 

(1) specify model parameters that govern graph evolution  

‣ reciprocity, transitivity, homophily, etc.  

(2) simulation and estimation  

‣ maximum likelihood estimation 

‣ simulate other random networks based on this model  

‣ Markov Chain Monte Carlo (MCMC) algorithms:  
- generate sample of random networks following model rules  
- resulting networks should resemble the observed network  

(3) compare goodness of fit of observed to modelled networks  

‣ is the model a good fit for the data?

ERGM modelling outline 

(1) specify model parameters that govern graph evolution  

‣ reciprocity, transitivity, homophily, etc.  

(2) simulation and estimation  

‣ maximum likelihood estimation 

‣ simulate other random networks based on this model  

‣ Markov Chain Monte Carlo (MCMC) algorithms:  
- generate sample of random networks following model rules  
- resulting networks should resemble the observed network  

(3) compare goodness of fit of observed to modelled networks  

‣ is the model a good fit for the data?



(2) simulation and estimation 
maximum likelihood estimation
find the estimates of parameters that make our observed data/network most likely 

 maximize the probability of our observed network ⟹

normalising constant  κ = ∑
G′￼

exp (
p

∑
i=1

θi ⋅ si(G′￼))
causes much difficulty in estimation of parameters

needed to generate full outcomes space for all possible graphs (G′￼)

but

makes direct calculation on the likelihood function very difficult/impossible 

(works for up to approximately 10 nodes)



(2) simulation and estimation 
Markov chain Monte Carlo
‣ direct estimation is analytically intractable 

‣ we use numerical approximations based on simulations instead:  

Markov chain Monte Carlo  

- iterative method for simulating draws from a given distribution  

- we sample from the graph distribution by recording states from the chain 
(Gibbs samper, Metropolis-Hastings algorithm) 

- the R package ergm:  
MCMC and MCMC-MLE methods implemented for likelihood-based inference  

(1) pseudo maximum likelihood estimation (MPLE) is used to guess   

(2) networks are simulated using initial guess 

(3) the simulated sample is used to find  using MLE  

(4) re-iterate from (2) since initial estimates are unstable and likely wrong 

θ

θ



(2) simulation and estimation 

unstable ERGMs give rise to multi-modal probability distributions:  

model degeneracy

‣ probability mass centered on a small set of graphs: 

- only empty or complete graphs have a non-vanishing probability  

- this are degenerate graphs since real networks are not close to either

‣ rest of the graphs in the model space have negligible probability i.e. they are very unlikely 

‣ insufficient burn-in: initial samples are still wrong 

‣ insufficient post-burn samples: we do not get convergence to the stationary distribution 

the MCMC simulation fails if we have

MCMC requires more “care and feeding” requiring user intervention  



(2) simulation and estimation 

consider an ERGM with two statistics:  
example. 

edges (density) clustering
+governs the overall number of ties 

captures propensity for or against transitivity  

many combinations of possible values of the parameters produce 

‣ networks that are full: every tie exists  

‣ networks that are empty: no ties exist } degenerate networks

from Handcock et. al. (2008): statnet: Software tools for the representation, visualization, analysis and simulation of network data

model degeneracy



(2) simulation and estimation 

consider an ERGM with two statistics:  
example. 

edges (density) clustering
+distribution of graph from model

model almost never produces networks  
at average density and average triad closure  

one edge completes two triangles
observed

..why it is better to use gwesp 

from Handcock et. al. (2008): statnet: Software tools for the representation, visualization, analysis and simulation of network data

model degeneracy



(2) simulation and estimation 

tools to assess MCMC simulation are available in the package ergm 

example. Florentine marriage network 

P(G) =
1
κ

exp (θ1 ⋅ L + θ2 ⋅ T)

let’s assess the MCMC run

model degeneracy



(2) simulation and estimation 

tools to assess MCMC simulation are available in the package ergm 

example. Florentine marriage network 

(1) sample statistic auto-correlation 
 the correlation between sample statistics at different points in the MCMC chain

a little too high

‣ a good chain that is randomly mixing should have  
low auto-correlation values (close to zero)  
at all sampling points after Lag 0

model degeneracy



(2) simulation and estimation 

tools to assess MCMC simulation are available in the package ergm 

example. Florentine marriage network 

(2) sample statistic burn-in diagnostic (Geweke) 
a measure of convergence by comparing the means  
of the sample statistic at different places in the Markov chain

‣ if the chains are stationary (randomly mixing),  
then means at different locations of the chains  
should be equal

‣ we are looking for p-values close to one  
(far from zero) for all the individual sample statistics

not looking good

model degeneracy



(2) simulation and estimation 

tools to assess MCMC simulation are available in the package ergm 

example. Florentine marriage network 

(3) MCMC trace plots

‣ plots of difference between  
sample statistics and your observed network  
for every step of the simulation

‣ should show evidence of “mixing”  
(random variation at each step) 
centered around zero

not looking good

model degeneracy



(2) simulation and estimation 

tools to assess MCMC simulation are available in the package ergm 

example. Florentine marriage network 

(3) MCMC density plots

‣ plots of difference between  
values of the sample statistics  

‣ should have a bell-shaped distribution 
centered at zero (no difference to observed)

not looking good

model degeneracy



(2) simulation and estimation 

tools to assess MCMC simulation are available in the package ergm 

what to do when MCMC fails: 

‣ adjusting the MCMC control parameters by increasing 

- the sample size 

- burn-in (helps with Geweke diagnostics) 

- interval (helps with sample auto-correlation problems)

degeneracy is not a property of ERGMs but an indicator of a poorly specified model

model degeneracy



exponential random graph models
ERGM modelling outline 

(1) specify model parameters that govern graph evolution  

‣ reciprocity, transitivity, homophily, etc.  

(2) simulation and estimation  

‣ maximum likelihood estimation 

‣ simulate other random networks based on this model  

‣ Markov Chain Monte Carlo (MCMC) algorithms:  
- generate sample of random networks following model rules  
- resulting networks should resemble the observed network  

(3) compare goodness of fit of observed to modelled networks  

‣ is the model a good fit for the data?

ERGM modelling outline 

(1) specify model parameters that govern graph evolution  

‣ reciprocity, transitivity, homophily, etc.  

(2) simulation and estimation  

‣ maximum likelihood estimation 

‣ simulate other random networks based on this model  

‣ Markov Chain Monte Carlo (MCMC) algorithms:  
- generate sample of random networks following model rules  
- resulting networks should resemble the observed network  

(3) compare goodness of fit of observed to modelled networks  

‣ is the model a good fit for the data?



(3) compare goodness of fit of observed to modelled networks 

(1) evaluate the fit to the specified terms in the model (default)  
- to evaluate how well the estimates are reproducing the terms that are in the model  
- MLE’s reproduce observed sufficient statistics  

(2) evaluate the fit of terms not specified in the model

goodness of fit can be done in two ways directly in R using function gof()

three terms on three levels can be used to evaluate fit to emergent global network properties:

1.  degree (node level) 

2.  edgewise share partners (edge level) 

3.  geodesic distances (dyad level)

for directed graphs ⟹
for undirected graphs  ⟹

simulate networks using fitted parameters of specified model  
and calculate different structural measures on each simulated graph

(1) evaluate the fit to the specified terms in the model (default)  
- to evaluate how well the estimates are reproducing the terms that are in the model  
- MLE’s reproduce observed sufficient statistics  

(2) evaluate the fit of terms not specified in the model



(3) compare goodness of fit of observed to modelled networks 
example. Florentine marriage network 

P(G) =
1
κ

exp (θ1 ⋅ L + θ2 ⋅ T)

let’s assess the goodness of fit



(3) compare goodness of fit of observed to modelled networks 
example. Florentine marriage network 

‣ box plots represent the simulated counts  
and observed graph statistics are overlayed



(3) compare goodness of fit of observed to modelled networks 
example. Florentine marriage network 

‣ box plots represent the simulated counts  
and observed graph statistics are overlayed

‣ you can also get output to interpret: 
ex: model + esp + dist 

 
‣ low p-value suggests that there may be a  

problem with the fit for that graph statistic 
 

major red flags here



(3) compare goodness of fit of observed to modelled networks 

example.  Lazega's lawyers (36 partners) 

edges:

anodecov("practice"):

a b a bmatch("practice"):

0-0 1-1

a

b

1 2 · · · kgwesp:

statistics included in an ERGM: 



(3) compare goodness of fit of observed to modelled networks 

example.  Lazega's lawyers (36 partners) 

you should not use esp since it was 
explicitly modelled via the gwesp term 

edges:

anodecov("practice"):

a b a bmatch("practice"):

0-0 1-1

a

b

1 2 · · · kgwesp:

statistics included in an ERGM: 



(3) compare goodness of fit of observed to modelled networks 

example.  Lazega's lawyers (36 partners) 

edges:

anodecov("practice"):

a b a bmatch("practice"):

0-0 1-1

a

b

1 2 · · · kgwesp:

statistics included in an ERGM: 

this looks much better



some practical considerations
ERGMs are powerful but 

‣ much attention and “hand-holding” is needed 

- MCMC diagnostics and model goodness-of-fit requires scrutiny 

- multiple dependency terms in model lead to convergence issues 

‣ generally constrained to consider only networks with similar density 

‣ some data sets are simply not amenable to fitting ERGMs 

modelling strategy and inclusion of statistics  
should be based on social theory and  well defined hypotheses


