Appendix

1 Useful concentration inequalities

We first state the following versions of the standard Hoeffding and Chernoff bounds, which will be used in many
proofs later on.
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Proposition 1.1. Ler X;(1 < i < n) be independent random variables with values in [0,1]. Let X =
The following statements hold:

1. For everyt > 0, we have that
Pr[|X — E[X]| > t] < 2exp(—2t°n).

2. Suppose E[X;| < a for some real 0 < a < 1. For every 0 < t < 1, we have that

a a+t 1—a 1—a—t\ "
Pr|X t —_— .
rl >a+]<<<a—|—t> <l—a—t> )

3. Forevery 0 < € < 1, we have that

Pr[X < (1—¢)E[X]] <exp <—€2n2E[X}> ,
e2n
Pr [X > (1+ e)E[X]] < exp (_?[M) .

Besides the above standard Hoeffding and Chernoff bounds, we also need the following Chernoff-type concen-
tration inequality.

Proposition 1.2. Let X;(1 < i < K) be independent random variables. Each X; takes value a; (a; > 0) with
probability at most exp(—a?t) for some t > 0, and 0 otherwise. Let X = % Zfil X;. For every ¢ > 0, when
t> 6%, we have that

Pr(X > € < exp (—€*tK/2).

Proof of Proposition 1.2. The proof is similar to that for the standard Chernoff bound. First, we observe that

K
exp (Z etXZ-> > exp(thK)]

K K
Pr[X >¢] = Pr [Z X; > eK] = Pr [Z etX; > thK] =Pr
=1
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where the first inequality follows from Markov inequality and the last equality holds due to independence. Now, we
claim that
Elexp(etX;)] < exp (¢*tK/2) .

By the definition of X;, combined with the fact that a(e — a) < €2/4 for any real value a, it holds that
E[e“'*i] < exp(eat — a®t) + 1 = exp(ale — a)t) + 1 < exp (€t/4) + 1.
When €%t > 2, we have exp (e?t/2) — exp (€°t/4) > 1.06 > 1 and hence E[e“"Xi] < exp (e¢/2) . Plugging this

bound into (1), we get that
TTE, exp (¢*t/2) EtK
Pr[X < == = — .
X >d s exp(€2tK) P 2

The proof is completed. 0

2 Proof of the Correctness of the QE Algorithm (Lemma 4.1)

Lemma 4.1 (restated). Assume that K < |S|/4 and let V be the output of QE(S, Q) (Algorithm 2). For every

0 < § < 1, with probability 1 — §, we have that vali (V') > valg (S) — €, where ¢ = \/g <10 + 41n(2/5)>.

Letp = Hind‘ s1/2(8) be the median of the means of the arms in S. Let 7 = miniev(@-) be the minimum empirical
mean for the selected arms in V. For each arm ¢ among the top K arms in S, we define the random variable
X; = 1{9\indi(5) <p+5}tand X = % Zfil(eindi(s) — p)X;, where 1{-} is the indicator function. We further
define two events &1 = {X < e} and & = {7 < p + §}. Our first claim is that £ and & together imply our
conclusion valg (V) > valg(S) —e.

Lemma 2.1. &; and & imply that valg (V') > valg (S) — e
Proof. Suppose both £; and & hold. We first claim that

1
= Z ind, ( Z (1 = Xi)bing,(s) + Xip) - 2

=1

To see this claim, consider arm ind;(.S) for some ¢ € [K]. If X; = 0 (i.e., é\indi(S) > p+ 5), together with &,
we have that R R
Oindi (5) _P+ >T= 1221‘9(9)

Hence, the arm should be included in the output set V. Moreover, since it is one of the best K arms in .5, it is also
one of the best K arms in V. Hence, for each term on the right hand side of (2) with X; = 0, there is exactly one
term with the same value on the left hand side.

Since there are |S|/2 > K + |S|/4 arms with means greater or equal to p, after removing |S|/4 of them, there
are still at least K such arms. Therefore we know that the best K" arms of V' all have means greater than or equal to
p. In other words, each term on the left hand side of (2) is greater than or equal to p. This proves (2). Now, we can
see that
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valg (V) = — Z Oind; (v) = i - (1 = Xi)Oing,(s) + Xip)
i=1

= % ZQ.nd (8) —
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where the last inequality is due to &£;. O

In light of Lemma 2.1, it suffices to show that the probability that both £; and & happen is at least 1 — J. First,
we bound Pr[£;] in the following lemma.

)
Lemma 2.2. Pri&] > 1— 5

Proof of Lemma 2.2. Recall that Qg = % is the number of samples taken from each arm in .S. By the definition of

€ in Lemma 2.2, we trivially have that € > max {, / %, v/ 4155)2145)} . For each i € [K], let n; = max{0inq,(s) —
p— g, 0} and let Y; = n;X;. By Proposition 1.1(1), we have that

~ € ~ €
PrlY; = n] = Pr[X; = 1] = Pr [Hindi(S) <p-+ 5} =Pr [eindi(S) < Oindi(s) = (Bind;(5) =P — 5)]

€\ 2
<exp <—2 <9indi(S) —p— 5) : Qo> < exp (—n7 - 2Qo) -
Applying Proposition 1.2 on Y;’s, we can get that

1 K €
PI‘[KZY;>2

=1

where the last inequality holds because € > \/%. Observe that Y; > (0ingg) — p)Xi — § for all i € [K].
Therefore, with probability at least 1 — %, we have that

<e.

DN

1 < 1«
X=— Z(Qindi(S) —p)Xi < - Z Y +
i=1 i=1
This completes the proof of Lemma 2.2. O

Next, we bound the probability that £, happens in the following lemma.

Lemma 2.3. Pr(&] > 1 — g

Proof. First, we can see that & holds if and only if there are no more than 3|S|/4 arms with empirical mean
larger than p + §. Define the indictor random variable Z; = 1{6;ndi(5) > p+ §}. Hence, it suffice to show that

|5] - 1S )
Pr Zi=|5|/2 Zz < T:| Z 1-— bR

Let us only consider the arms with indices i € [|S]/2, |S]] (i.e., 8; < p). By Proposition 1.1(1), we have

~ ~

€ € 62
Pr {eindi(S) >p+ 5} <Pr [eindi(S) > BOind(s) + 5] Sexpl|—5 - Qo ) - (3)

»

From (3), we can see that E[Z;] < exp <—§ . Q()). Let 1 = max;¢||s|/2,/s)) E[Z:] and we have p < exp (—% . Q()).

Then, by Proposition 1.1(2), we have
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exp (’g’ (ID(Q) - % : Qo)) < exp <—’§‘ : % : Qo) < exp (-62[( : Q0> < g
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where the third to last inequality follows because of € > é—%, the second to last inequality uses the assumption that

|S|/4 > K and the last inequality holds because we assume that € > 41n(2/9) | O
QoK

Proof of Lemma 4.1. By Lemma 2.2, Lemma 2.3, and a union bound, we have Pr[€; and &] > 1 — §. By Lem-
ma 2.1, we have Prlvalg (T") > valg(S) — €] > Pr[£; and &] and then the lemma follows. O

3 Proof of the Correctness of the AR Algorithm (Lemma 4.2 in the Main Text)

Lemma 4.2 (restated). Let (S’,T') be the output of the algorithm AR(S,T,Q, K) (Algorithm 3). For every
0 < 0 < 1, with probability 1 — 9§, we have that

tot g7 (S") 4 totyp/ (T") > totgx_7|(S) + totp|(T) — €K,

where € = \/|S| (4+ (2/5))

Proof. Recall that Qp = % is the number of samples taken from each arm in S. Also recall that K/ = K — |T'|.

We need to define a few notations. Let U; = 7" \ T denote the set of arms we added to 7" in this round. Let
Uy =5\ (8" UUy) be the set of arms we discarded in this round. Let U; be the set of |U;| arms in S with largest
0;’s; let U3 be the set of |Uz| arms in S with smallest 6;’s. Ideally, if U; = U; and Uy = Uy, we do not lose anything
in this round (i.e., tot g7 (S") +toty| (T") = totg_ 7| (S) +totp(T)). When Uy # U{ and/or Uy # U, we can
bound the difference between tot i _7+|(S”) 4 ot/ (T") and tot g 7| (S) + totjp|(T') by the sum of the difference
between U7 and Uy, and the difference between U and Us. More concretely, we claim that

(ot (S") + totyr (T')) — (totg_p((S) +totyr(T)) = [ D 6:i=> 6| — | D 6i—=> 6] &

icUs ieUs iel; icUs
The proof of (4) is not difficult, but somewhat tedious, and we present it at the end of this section. From now on, we

assume (4) is true.
For every t < K, for every set U C S of ¢t arms (i.e. |[U| = t), by Proposition 1.1, we have

~ eK € K? €
r[ZHi—ZQi > 4] < 2exp <_8'Q0t> < 2exp <—8-QOK>.

ieU ieU
By a union bound over all subset of size at most K, we have that

S0:-> 6 <

€U €U

eK

Pr
4

VU C S, |U <K :

v

2
1—2. 25 exp (—68 : Q0K>

v

2
1—2exp<5’]—68-Q0K> > 14,

where we used the facts that | S| < 4K and € > \/ (4 + @/ 5))



Thus, with probability at least 1 — 4, all of the following four inequalities hold:

~ K ~ K
i€l €Uy i€U] €Uy

~ K ~ K
Z‘%-ZQ@'S%, '2*91—429i§67-
1€Usq 1€Usz 1€eU; 1€Us

Therefore we have

29,2297—7>Ze—7>29—7 and 5)

€U €Uy ’LEUl ZEUI
Sosya-Feya-Geya-g ®
i€Us i€Us icU; icUs

Combining (4), (5) and (6), we get (7) > —eK, which concludes the proof. ]

Proof of (4). For ease of notation, for any subset S of arms, we let 6(S) = > .. 6;. One can easily see that

(tot g7 (S") + totyp (T")) — (totg_7((S) + totyr(T))
= totg_|7v|(S") — totg_7((S) + 0(Un)
= totg_1|(S') — totg_jp (S \ UT) + (0(U1) — 6(U7))
> totg (') — totg (S \ Ur) + (0(Ur) — 0(UY)) . (M

Let U, be the |Us| arms with the smallest means in S \ U. By definition we have 1) |Us| = |U3|; 2) Uy N Uy =
UyNU; = 0;3) 6(Usz) > 6(U3).

Since |Uy| + |Us| + (K — |T']) < |S], the (K — |T”|) arms with largest means in S\ U; do not intersect with
the |Us| arms with smallest means in S\ U; (namely Us). Therefore, we have that

totg_ (S \ Ur) = tot g ((S\ U1) \ Ta). (®)
On the other hand, for every set W of arms, define totmm(W) to be the sum of the ¢ smallest means among the arms
inW. Lett = |S| —|U1| — |Uz2| — (K — |T"]). Since U; consists of the arms with the smallest means in S\ Uy, we

have _ _ '
tot;"((S\ U1) \ Uz) = tot™((S\ Ur) \ Uz).

Together with the facts that
tot ™ ((S\ U) \ Ua) = 0((S \ U1) \ U2) — totg_+((S \ U1) \ Uz), and
totf((S\ U1) \ Uz) = 0(S\ U1) \ Uz) — totg (S \ U1) \ U2),
we can see that
0(S\ U1) \ Ua) — totg_ i ((S\ U1) \ Ua) > 0(S \ Ur) \ Ua) — totg_v((S\ U1) \ Ua).

Equivalently, we have that

totge_ i+ ((S\ U1) \ Ua) — totg_ i ((S\ U1) \ Ua) > 0(U2) — 0(Us). )
By combining (7), (8) and (9), and the observations that S' = (S \ Uy) \ Uy and 8(Us) > 0(Us), we have proved
4). O



4 Proof of the Main Complexity Result (Theorem 4.3 in the Main Text)

Theorem 4.3 (restated). For every 0 < § < 1 and sample budget (Q > 0, with probability at least 1 — 0, the output

of OptMAI algorithm T is an e-optimal solution (i.e., valg (T) > valg([n]) —€) withe = O < o} <1 + ln([lgé))) .

Moreover, each arm is sampled by at most O(Q /n®3) times.

Proof. Recall r is the counter of the number of iterations in Algorithm 1. Let rg be the first » such that we have
|Sr| < 4K. Let R be the final value of r. For any positive integer , let

(3)yn In(1/6,)
1- 55 Q (1 - )

K
For r < rg, by Lemma 4.1, with probability 1 — d,, we have that valx (S,4+1) > valg(S;) — €. By union bound,
with probability 1 — Z:L’:_Ol J,, we have that

Sr=e(1—-e1) and =0 \/

ro—1

valg (Spy) > valg([n]) = D €. (10)

r=0
For r : 1o < r < R, by Lemma 4.2, with probability 1 — §,., we have that

(tOtK—|TT+1|(ST+1) + tOt|TT+1\(Tr+1)> - <tOtK—|TT|(Sr) +t0t|TT\(Tr)) > K¢

Since T has exactly K elements and 7}, = (), by union bound, with probability 1 — Zf:_rt d-, we can see that
R—1
valg (Tr) > valg (Sry) = ) € (11)

r=rg

Now, by a union bound over both (10) and (11), we have that, with probability 1 — Zf:_ol o >1-0,

st v = S 30 ([ (25) (5) (5

r=

R_:O<\/<ﬁ(f/—4ﬁ)>r(g> <1+ln(l/(S)—i—O.HK—f—ln(l—e_~1)>>

r=

(15 (+"5%).

Finally, let us upper bound the number of samples made to an arbitrary arm. At the r-th round, every arm is
sampled by at most 5"(1 — 5)Q/|Sy| times. Since |S,| < (3/4)"n, we know that every arm is sampled by at most
(48/3)"(1 — B)Q/n times at the r-th round. Recall that R is the total number of rounds performed by the algorithm
and we have R < log, /3 n. We upper bound the number of samples made to an arm by

IN

R logy/3n
(48/3)"(1 - B)@ (48/3)"(1 - B)Q
> . < > ;
r=0 r=0
log4/3 n e'27"Q
= > =0 g ) = 07 Q/n) = 0@/ ).
r=0
This completes the proof of the theorem. O



5 Proof of the Complexity Result for X' > n /2 (Theorem 4.5 in the Main Text)

Theorem 4.5 (restated). For any 0 < 6 < 1 and K > n/2, with probability at least 1 — ¢, there is an algorithm

that can find an e-optimal solution T and the number of samples used is at most

(5 ) )

Proof. Instead of directly finding the best K arms, we attempt to find the worst n — K arms for n/2 < K < n. In
fact, for any €/, 5 > 0, we can find a set 7" of n — K arms such that

> 6 - zn: 0; < (n — K)€, (13)

€T’ i=K+1
(we call such a set T" an € -worst solution) with probability 1 —§, using at most O (6% (1 + %)) samples. This
can be done by running OptMALI in the following way: whenever we obtain a sample of value x, we use 1 — z as the

sample value and identify the top n — K arms. Using O (6% (1 + %)) samples, with probability 1 — 4, we have

an €’-optimal solution 7": 3", (1 —6;) = >,/ (1 —6;) < (n— K)€'. This is equivalent to an €’-worst solution
in (13). By setting €/ = % -eand T' = [n] \ T", we can see that (13) implies that Zfil i — > ier i < Ke. with
the sample complexity in (12).

When K = n, the sample complexity will be zero and (12) is still correct. Therefore, we obtain the result in
Theorem 4.5. 0

6 An Alternative to the AR Procedure (Remark Remark 4.1 in the Main Text)

We can replace the AR procedure by the following uniform sampling procedure B(S,, K, €/, "), when the number of
remaining arms |.S,| is at most 4/ . Using this alternative procedure, we can achieve the same asymptotic sampling
complexity, and its analysis is slightly simpler. However, its performance in practice is worse than the AR procedure.
Note that the condition |S,| < 4K is crucial for the uniform sampling procedure to achieve the desired sample
complexity (otherwise, we need to pay an extra log(n) factor. See Section 7 for more information).

More specifically, the algorithm takes as input the remaining subset of arms S, C [n], an integer K, and two real
numbers €', 8’ > 0 as input, and outputs a set 7' C S, such that |T'| = K. We set € = ¢/2,’ = /2. Note that we
only run B(S,, K, €, 4’) once and its output 7 is our final output of the entire algorithm. The algorithm proceeds as
follows.

e Sample each arm i € S, for

QO = QB(Ka 6/7 5,) =

2(K In(e]S,|/K) +n(2/9)) _ ( 1 (1 . ln(l/y))) .

2K €2 K

times and let §; be the empirical mean of arm <.

e Output the set 7' C S, which is the set of K arms with the largest empirical means.

It is easy to see the number of samples is bounded by |S,|Qo < O (6% (1 + %)) The above algorithm

can achieve the following performance guarantee.



Lemma 6.1. Let T be the output of the algorithm B(S,, K, €', 0"). With probability 1 — §', we have that vali (T') >
valg (S,) — €.

Proof. For every set U C S, of K arms (i.e. |[U| = K), by Proposition 1.1(1), we have

Ly Lol s 9 <o (S QK
Ul olg T2 T e )

€U €U
e |Sr‘ E/2
< —>1-= _—
_2]_1 2<k)exp< 5 QoK

G‘Sr| K €2 2
>1-2 <K> exp <—2 . Q0K> =1-2exp (Kln(e|Sr\/K) — g Q0K> >1-4".

Pr

By union bound over all subsets of size K, we have that

1 ~ 1
PSENTPIE

icU

Pr|VU C S,,|U| = K :

Let T™* be the set of K arms in S, with largest 6;’s. With probability at least 1 — ¢, we have

1 ~ 1
7 2 b e 20

1€T™* 1eT™*

€ €
<< <<
- 2 - 2

Therefore, we can get that

1 1 ~ ¢ 1 ~ ¢ 1 , ,
valg (T) :mZGi > WZQP? > 7 ZQZ’_E > 7 Zei—e = valg(S,) — €.
€T €T eT™* 1eT*

O]

Ifweset@ = O (e% (1 + %)) in OptMALI, the proof of Theorem 4.3 show that, after the QE stage, the

set S, of remaining arms satisfies that valx ([n]) — valg (S;) < €/2 with probability at least 1 — §/2. Combined
with the conclusion of Lemma 6.1 and € = €/2,8 = §/2, we get that val ([n]) — valx (T) < e with probability
at least 1 — 0. The number of samples used in both QE and the uniform sampling stages is at most @ + |.S,|Qo =

(@) (6% (1 + %) ), which is the same as the sample complexity stated in Corollary 4.4.

7 Naive Uniform Sampling (Remark Remark 4.2 in the Main Text)

As we have seen in Section 6, we can use a uniform sampling procedure to replace AR. We show in this section that,
simply using following naive uniform sampling as the entire algorithm is not sufficient to achieve the linear sample
complexity.

Naive Uniform Sampling:

e Sample each arm i € .S, for ()y times and let 9: be the empirical mean of arm <.

e Output the set " C S, which is the set of K arms with the largest empirical means.

In fact, when K = 1, the work [1] shows that Qg = O(%2 In (%)) (which is log(n) factor worse than the optimal
bound) is enough to identify an e-optimal arm with probability at least 1 — §. For general K, by following the same
proof of Lemma 6.1, we can show that

Q=0 <612 <ln (%) + ln(;(/é)» (14)

suffices for identifying an e-optimal solution with probability at least 1 — J. Moreover, we can also show the bound
(14) is essential tight for naive uniform sampling, as in the following theorem.



Theorem 7.1. Given any 0 < ¢,6 < 0.01, and K < n/2, suppose that the naive uniform sampling algorithm
with parameter Qg can find an e-optimal solution with probability at least 1 — §. Then, it must hold that Q¢ =

{2 (L1 (1)) 0 (32542}
In(1/5)

Proof. In fact, the second lower bound (2 (6% T) holds for any algorithm (including the uniform sampling

algorithm), which is proved in Lemma 5.4. So, we only focus on the first lower bound in this proof. Let C' be a
sufficiently large constant (C' > 6000 suffices). First we consider the case where 1 < K < n/C. Given the instance
which consists of K Bernoulli arms with mean 1/2 + 4e (denoted as set A) and n — K Bernoulli arms with mean
1/2 (denoted as set B), it is easy to see that any e-optimal solution must contain at least %K arms from A. Let
Qo = ﬁ In (%) . Now, we show that with probability at least 0.05, there are at least K /4 arms from B whose
empirical mean is at least 1/2 + 8¢ and at least K/4 arms from A whose empirical mean is smaller than 1/2 + 8e.
We denote the former event by £; and the later by £. Note that if the event that both £; and £ happen implies that
we fail to find an e-optimal solution.

First, let us consider &;. Let Y; = 1{5Z > 1/2 + 8¢}. For any arm ¢ in B, we have that

Qo Qo 200Q0 2 B
rney=mied= () 5 (V)2(G) =G

i=(1/2+8€¢)Qo

where the second to last inequality follows from the fact that >, (h) = 2m# ()=Inm ([ () is the binary
entropy function) [2] and the Taylor expansion of H («/) around 1/2: H(1/2—¢) ~ 1—2¢?/In 2+ o(e?). Therefore,
in expectation, there are at least (n — K) (%)_1/ ? arms in B whose empirical mean is at least 1/2 + 8e, i.e.,

E} Y] > (n—K) (%)71/2, Using Proposition 1.1(3), we can see that (forn > CK > C)

Y vi< ﬂ < exp (— (;)2 (n — K) (;)_1/2 /2) < 0.05,

Pr —
i€B

where we use the fact that (n — K) (%)_1/2 > K /2 in the first inequality, and that (n — K) (%)_1/2 > ”—\/%1 for
1 < K < n/2 inthe second. Hence, with probability at least 0.95, there are at least K /4 arms in B whose empirical
mean is at least 1/2 + 8e.

For any arm in A, using Proposition 1.1(1), we can see that
Pr[6; > 1/2 + 8¢] < exp (—32¢2Qo) < 0.5,

in which the last inequality holds because Q¢ > ﬁ InC. Let Z; = 1{@; > 1/2+ 8¢} and u = exp (—3262Q0) <
0.5. Then, by Proposition 1.1(2), we have

K
3K m 3/4<1_“>1/4>
ZZZ- > < () - = < 0.877.
icA 4] ( 3/4 1/4
w

The last inequality holds since (ﬂ)?’/ 4(%)1/ 4 is an increasing function on [0, 0.5], thus is maximized at u = 0.5.
Hence, Pr[&;] > 0.1. So, we have Pr[€; and £ > 0.05 and the proof is complete for the case K < n/C. When,
n/C < K < n/2, the desired bound becomes 2(1/€2), which follows from Theorem 5.1. O

Pr[—=&] = Pr




8 Lower bounds

8.1 Proof of the First Lower Bound (Lemma 5.2 in the Main Text)

Lemma 5.2 (restated). Let A be an algorithm in Theorem 5.1. There is an algorithm B, which correctly outputs

whether a Bernoulli arm X has the mean % + 4e or the mean % with probability at least 0.51, and B uses at most
200Q

=< samples.

Proof. We note that in step 3(1), only when A attempts to sample the j-th (artificial) arm, we actually take a sample
from X. Since B stops and output the mean % + 4e if the number of trials on X reaches 20362, B takes at most %
samples form X. Now, we B can correctly output the mean of X with probability at least 0.51.

We first show that when the Bernoulli arm X has the mean %, B decides correctly with probability at least 0.51.
Assuming that X has the mean % among the n arms in the algorithm A, the arms in S\ {;j} have the mean % + 4e,
while others have the mean % For each i € [n], let the random variable ¢; be the number of samples taken from the
i-th arm by 4. We have

> Elgl <Q.

i€[n]
Let the random variable ¢gx be the number of samples taken from arm X and S’ = S\ {j}. Observe that when
conditioned on S’, for A, j is the same as any other arms in [n] \ S/, hence, j is uniformly distributed among [n] \ S’.
We have

1
Elgx] = Eg [E[QX | Sl]] = Eg n—K+1 Z Elg; | S/]
i€[n)\S’
1 2 2Q
<—— Eg 1S < = 1< =
_n—K—I—lES EZHE[%‘S] —nEZHE[%]_na

where in the second equality we use the fact that j is uniformly distributed among [n] \ S’ conditioned on S’, and in
the second inequality we used the assumption that K < n/2. Therefore, by Markov’s inequality,

200
Pr [qX > nQ} < 0.01.

Let T be the output of the algorithm A. It is easy to see that valk([n]) = 1 + 4e - (1 — +), and valg (T) =
1 |S'NT|
3 tde g

. When A finds an e-optimal solution (i.e., valx (T") > valx([n]) — €), we have

1 1S'NT| _ 1 1
= 4 de- > 4de-(1-— ) —
2 TR 9 ¢ < K) ©

from which we can get that |[S' NT| > %K — 1. Since A can find an e-optimal solution with probability at least 0.8,
for any fixed subset S’, we have that

Pr||S'NT| > ZK _ 1] > Privalic(T) > valg([n]) — ¢ > 0.8,

Conditioned on S’, j is uniformly distributed among [n] \ S’ and is independent from 7". Therefore, we have

KM\Sﬁﬂﬂ}
[[n] \ 5]

< 0.2+ 0.8 x (0.25+0.1) = 0.48,

Pr[j € T] = Eg [Pl"[j eT| SIH = Eg 1 [

1

2K +1
<02x1408 4+ —
- XL n—K+1
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where in the last inequality, we used the assumption that 10 < K < n/2. Therefore, when X has the mean %, we

have that

1 2
Pr | B decides that X has the mean 2] =Pr {j ¢ T and gx < OOQ] > 0.52 — 0.01 = 0.51.

n

Now we assume that X has the mean % + 4e. The proof is similar as before. Among the n arms, the arms in
S have the mean % + 4e, while others have the mean % Again, let T" be the output of the algorithm .A. Since with
probability at least 0.8, we have that valx (T') > valx ([n]) — €, we have

Pr [|s ATl > iK} > 0.8,

Since j is a uniformly distributed in S, and conditioned on S, j is independent from 7', we have that

1SN T
5]

Pr[jeT]zES[Pr[jeT|S]]:ES,T[ ]20.8-220.6.

In sum, when X has the mean % + 4e¢, we have that

1
Pr | B decides that X has mean 3 + 4€:| >Pr[jeT]>0.6>0.51.
In either case, B makes the right decision with probability at least 0.51. O

8.2 Proof of the Second Lower Bound (Lemma 5.4 and Theorem 5.5 in the Main Text)

Lemma 5.4 (restated). Fix real numbers 0, € such that 0 < 0, ¢ < 0.01, and integers K,n such that K < n/2. Let

A be a deterministic algorithm (i.e., the only randomness comes from the sampling the arms), so that for any set of
n Bernoulli arms with means 01,05, ... ,0,,

o A makes at most () samples in expectation;

e with probability at least 1 — §, A outputs a set T' of size K with valg (T) > valg([n]) — e

nln(1/6)

Then, we have that Q > 555507z

Proof of Lemma 5.4. Lett = | 1z] > 2 and we divide the first £ arms into ¢ groups. The j-th group consists of the
arms with the index in [(j — 1)K + 1, K] for j € [t]. We first construct ¢ hypotheses H1, Ha, ..., H; as follows.
In Hy, we let 6; = 1/2 + 4e for arms in the first group and let §; = 1/2 for the remaining arms. In H;, where
2 <j<t,weleth; =1/2+ 4e when i is in the first group, 8; = 1/2 + 8¢ when i is in the j-th group, and 6; = 1/2
otherwise. For each j € [t], let Pry, -] denote the probability of the event in [-] under the hypothesis H; and Eg;, /]
the expected value of the random variable in [-] under the hypothesis H;.

For each arm ¢ € [n], let the random variable ¢; be the number of times that .A samples the i-th arm before

termination. For each j € [t], let the random variable ¢; = ng(j_l) K41 @ be the total number of trials of
the arms in the j-th group. Since A makes at most () samples in expectation, we know that E g, [Z;':z qﬂ <

Epq, [Zie[n] ql} < Q. By an averaging argument, there exists jp with 2 < jp < ¢ such that

~ Q _2Q
En, [g5,) < 1S

11



Using Markov’s inequality and letting Qo = %2, we have Prp, [§j, > Qo] < EH&;*E%] < 1, and hence,
~ 3
Pry, [gj, < Qo] > 1 (15)

Now we only focus on the hypotheses H; and Hj,. Let valgj (T) (valgj ([n]) resp.) be valx (T) (valx ([n]) resp.)

under the hypothesis H;. In other words, val? (T') is the average mean value of the best K arms in 7', if the the
means of the arms are dictated by hypothesis H;.
Now, we assume for contradiction that Q) < 2765%(016/26})( (i.e., Qo < 11112(;({32) ). Let T denote the output of A. First,

using the assumption that

Pryy, [vall (T) > valll ([n]) =] > 1 -4 (16)
(i.e., if the underlying hypothesis is Hy, T is an e-optimal solution), we can prove that:

Pry, [vall (T) > val?'([n]) — ] > ‘f (17)

We further observe that when valg1 (T) > va I? ([n]) — €, T must consist of more than 2 K arms from the first group;

while when val/° (T') > val/°([n]) — €, T must consist of more than 2 K arms from the jo-th group. Therefore,
the two events are mutually exclusive and we have:

Pryg,, [vali®(T) > vali®([n]) —¢| < 1 Pry, |valf(T) > valtl([n]) —e]

Ve

< 1——<1-26
— 4_ Y

where the last inequality holds because 6 < 0.01. This essentially says that if the underlying hypothesis is H},, the
probability that A finds an e-optimal solution is not large enough, which contradicts the performance guarantees of
the Algorithm A, and thus we conclude our proof.

Therefore, the remaining task is to prove (17). We first define a sequence of random variables Zy, Z1, Zo, . . ., Zg,
where Zy = 0. For each i € [(Qg], if the i-th trial of the jo-th group by A results in 1, let Z; = Z;_1 + 1; if the result
is 0, let Z; = Z;,_1 — 1; if A terminates before the i-th trial of the jo-th group, let Z; = Z; 1. Under hypothesis Hy,

the sequence {Zy, Z1, Zs, ..., Zg,} forms a martingale since arms in the jo-th group are independent zero-mean
random variables. Therefore, by Azuma-Hoeffding’s inequality, we have
V5Q0)? 3
Pr [|ZQO\ < \/5@0} >1—2exp _ (V5Go)® > -, (18)
By a union bound over (15), (16) and (18), we have
~ 1 1_1
Pry, |valil (T) > valt* ([n]) — e and §j, < Qo and |Zg,| < \/5Q0} >1—-6— 11 > T (19)

For ease of notation, we use £ to denote the event that all of the following three events happen: (1) valg1 (T) >

val! ([n]) = € (2) @jp < Qo and (3) | Zg,| < v/5Q0.

Suppose that A uses exactly @’ trials. We call a string y = ((i1, b1), (2, b2), .. ., (igr, bgr)) a transcript for a
particular execution of A if the r-th trial (1 < r < Q') performed by A is the i,-th arm and the result is b, € {0, 1}.
Let ) be the set of transcripts for A. For each y € ), we define the following quantities:

e Let u}(y) be the number of (i, 0) pairs in y and u} (y) be the number of (4, 1) pairs in y;

12



e Let ¢;(y) = u(y) + ul(y) be the number of times A takes sample from the i-th arm in y;

e Forall j € [t], let g;(y) = ng(j_l) K41 ¢i(y) be the number of times to sample from the j-th group in y.

o Let %( ) = Z”:fjfl) K11 u? (y) be the number of times that sampling from the j-th group results 0; 17{ (y) =
ZZ G—1)K41 U u} (y) be the number of times that sampling from the j-th group results 1;

e let T'(y) be the output of A when the transcript generated by A is y (note that the output of A is completed
determined by y since A is deterministic).

Let the random variable Y be the transcript generated by .A. We use &, to denote the event that val (T K (T(y) >

val"'(K) — eand gj, < Qo and |ﬂ60 (y)— ~jo( )| < v/5Qo. Itis not hard to see that an equivalent way to write (19)
is as follows:

1
doU{E} Py =y > . (20)
yey
Now, we claim that for any y € ), we have that
PrHjO [Y = y]
— > /6. 1)
PrHl [Y = y]

Therefore, we have

Pry, [va@l (T) > valthi ([n]) — e} >Pryg, (€] =Y 1{&,} - Pra, [V =]
yey

>3 1{&} Pry, [V =y \f>\[
yey

where the penultimate inequality is because of (21); and the last inequality is because of (20). Therefore, we finish
the proof of the Eq. (17), which concludes the proof the lemma.

What remains is to prove the claim (21). Fix ay € ). We first express Prpy, [Y = y| and Pry, [Y = y]in
terms of u and ¢:

ul al a.
L Pryp[Y =y = (4 +46) W (5 —4e)™ YT, (1),

o il o o0
2. Pryg, [Y =y = (4 +4e) 1) (1 4e)™W (1 — 166) W) (1 4 166)0° @) T,y (3)" )

Taking the ratio, we obtain that

Prp, [V =y] ~io o Ty @) | @0 w)-13° ) T _ @0 w-1°w)
| L 1-166)% @) (14 166) W = (1 —16¢)" 2 2 1+16e) 2 2
bl = (=160 (141690 = (1160 1+ 160)
) /1 6 @l () =0 () . a0 (y)—lO (y)
‘1]0 v — 16¢ 2 o\ Lo
= (1—256 1 — 256 1—-32 22
( <) <1+16e> = ( )7 (1-32) (22)
When both g;, < Qo and |u%°( ) — ul °(y)] < v/5Qp hold, we have (recall that Qy < 1255662))
P w0 W)~ )
2
(1—256€2) "2 (1 — 32¢) > (1- 25662)Q0/2(1 — 32¢)V5Q0/2
78]
> (1 - 25662) 300 (1 — 32¢) Sne > gY/4 . 514 = V3,
where in the penultimate inequality we used the assumption that 0 < €, < 0.01. This proves (21). O
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Theorem 5.5 (restated). Fix real numbers §, € such that 0 < 0,¢ < 0.01, and integers K,n, such that K < n/2.

Let A be a (possibly randomized) algorithm so that for any set of n Bernoulli arms with the mean 01,05, . .., 0,,
o A makes at most () samples in expectation;

o With probability at least 1 — 0, A outputs a set T' of size K with valg (T) > valg([n]) — e

We have that Q) = Q(%)

Proof of Theorem 5.5. We show that essentially the same lower bound also holds for any randomized algorithm.
The following argument is standard and we include it for completeness. Fix 0 < €,0 < 1/2. We assume, for
contradiction, that there is a randomized algorithm .4 which can achieve the same performance guarantee stated
as in the theorem, but the expected number () of samples is no more than %. We can view the randomized
algorithm A as a deterministic algorithm with a sequence S of random bits. We use R to denote the randomness from
the arms. Note that if we fix S and R, the execution and the output of the algorithm are fixed. We use A(S, R) =1
to denote the event that the output of A is an e-optimal solution. Let us use Q(S, R) to denote the number of samples

taken by A. The performance guarantee of A is that
PIS7R[A(S, R)=1] = ES’R[A(S, R)] = Eg ERr[A(S,R) | S]>1—0.

This is equivalent to say that E¢ Er[1 — A(S,R) | S] < §. By Markov inequality, we have that Prg [ER[l —
A(S,R) | S] > 28| < 1/2. Equivalently, we have that

PrS[ER[A(S, R)[S]>1- 25] >1/2. 23)
By our assumption, we have Eg r Q(S, R) < %. So, by Markov inequality,

In(1/6 3
PrS[ER[Q(S, R)|S] < m] = (24)

Combining (23) and (24), we know there is a particular random sequence S such that both Eg[A(S, R) | S] > 1-2§

and ER[Q(S,R) | 5] < ﬂjg%(ole/g?( hold. Since the algorithm A with a particular sequence S is simply a deterministic

algorithm, this contradicts the lower bound we proved for any deterministic algorithm in Lemma 5.4. O

Theorem 5.6 (restated). Fix real numbers 6, € such that 0 < 6, € < 0.01, and integers K,n such that K > n/2. Let

A be a (possibly randomized) algorithm such that for any set of n Bernoulli arms, A can output an e-optimal set T
of size K, with probability at least 1 — 6, using at most () samples in expectation. We have that

= ((F B (F )

Proof. In fact, in the proof of Theorem 4.5, we have established the equivalence between identifying an e-optimal

solution of size K and an ¢’-optimal solution of size n — K, where ¢ = % €. Since n — K < n/2, we
can use the lower bounds developed in Theorem 5.1 and Theorem 5.5, which show that () should be at least ) =
Q (6% (1 + %)) . Plugging in €’ = ﬁ - €, we obtain the desired lower bound. O
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Figure 1: Performance comparison on simulated data.

9 Additional Experiments

In this section, we provide additional simulated experimental results when using the following two different ways to
generate {0;} ;:

1. & ~ TN(0.5,0.2) : each 6; is generated from a truncated normal distribution with mean 0.5, the standard
deviation 0.2 and the support [0, 1] (Figure 1(a) to Figure 1(c)).

2. 0 ~ Beta(4,1) : each 0; is generated from a Beta distribution with the parameters (4,1). The {6;} from
Beta(4, 1) are close to the workers’ accuracy in real crowdsourcing applications, where most workers perform
reasonably well and the averaged accuracy is around 80% (Figure 1(d) to Figure 1(f)).

We note that the number of total arms is set to n = 1000. We vary the total budget ) = 20n,50n, 100n and K =
10, 20, . .., 500. We use different ways to generate {6; }}* ; and report the comparison among different algorithms. It
can be seen from Figure 1 that our method outperforms the SAR and LUCB in most of the scenarios. In addition, we
also observe that when K is large, the setting of 5 = 0.8 outperforms that of 3 = 0.9; while for small K, § = 0.9
is a better choice.
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