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Abstract

We describe and analyze a PAC-asymptotic model for active learning. We show that in many cases
where it has traditionally been believed that active learning does not help, active learning does help
asymptotically. This view contrasts sharply with the traditional1/ǫ lower bounds for active learning
classes such as non-homogeneous linear separators under the uniform distribution or unions ofk intervals
under an arbitrary distribution, both of which are learnable at an exponential rate in our model.

1 Introduction

Traditionally, machine learning has focused on the problemof learning a task from labeled examples only.
However, for many contemporary practical problems such as classifying web pages or detecting spam, there
is often additional information available. In particular,for many of these settings unlabeled data is often
much cheaper and more plentiful than labeled data. As a consequence, there has recently been substantial
interest in using unlabeled data together with labeled datafor learning [5, 16]. Clearly, if useful information
can be extracted from the unlabeled data that reduces the dependence on labeled examples, this can be a
significant benefit [17, 4].

A setting for incorporating unlabeled data in the learning process that has been increasingly popular
setting in the past few years isactive learning. In this model, the learning algorithm has both the capability
of drawing random unlabeled examples from the underlying distribution, and that of asking for the labels of
anyof these examples. The hope is that a good classifier can be learned with significantly fewer labels by
actively directing the queries to informative examples. A number of active-learning analyses have recently
been proposed in a PAC-style setting, both for the realizable and for the agnostic cases, and a sequence
of important positive and negative results has been obtained [7, 8, 9, 1, 11, 3, 10, 14]. In particular, the
most concrete noteworthy positive result for when active learning helps is that of learning homogeneous
(i.e., through the origin) linear separators, when the datais linearly separable and distributed uniformly over
the unit sphere, and this example has been extensively analyzed [9, 1, 11, 3, 10]. Unfortunately, few other
positive results are known, and there are simple (almost trivial) examples, such as learning intervals or non-
homogeneous linear separators under the uniform distribution, where active learning does not help at all in
the traditional active learning model, even in the realizable case [9].
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In this work we take a different angle on the active learning problem and analyze the asymptotic com-
plexity of active learning. We show that in many interestingcases where it has been thought that active
learning does not help, active learningdoes help asymptotically. This contrasts with the usual view of active
learning [1, 14, 15, 9, 8, 13], and it is closer in spirit with work done in statistics [12]. The main point we
try to make in this paper is that, with a small modification to the traditional PAC-style model, we can show
that significant improvements in label complexity are oftenachievable. Specifically:

1. In this model it is possible to actively learn with anexponential ratepairs of concept classes and
distributions that are known to require a linear rate in the traditional PAC-style active learning setting:
for example, intervals on[0, 1] and non-homogeneous linear separators under the uniform distribution.
The exponential rates involve a constant that is dependent on the target function. It is also possible
to learn more complicated geometric concept spaces and under more general distributions than in the
traditional PAC-style model.

2. Some of our learning procedures are implemented by constructing a hierarchy of nested concept
classes, which is carefully chosen to get nice rates, and combining the classes using an aggrega-
tion algorithm. We offer a generic procedure for building good hierarchies for many classes in a
distribution-dependent way.

3. We show that even in this new model, there do exist lower bounds; it is possible to exhibit somewhat
contrived distributions where exponential rates are not possible even for non-complicated concept
spaces (see Theorem 4.5). It is currently an open question whether there existΩ(1/ǫ) lower bounds in
this model, or if it is the case thatanyconcept class and distribution can be learned with active sample
complexityo(1/ǫ).

It is important to note that in our model we bound the number ofqueries the algorithm makes before it
finds a good function (i.e. one of arbitrarily small error rate), but not the number of queries before it can
proveor it knowsit has found a good function. This allows us to obtain significantly better bounds on the
number of label queries required to learn. To our knowledge,this is the first work to address this subtle point
in the context of active learning.

In previous work on asymptotic convergence rates for ActiveLearning [10, 6] the analysis is done in
the same model as ours, however the results proven wereno strongerthan the results one could prove in the
traditional PAC model [1, 14, 15, 9, 8, 13].

2 The Traditional PAC Active Learning Model

In the traditional model of active learning, a learning algorithm is given access to a large set of unlabeled
examples drawn from some underlying distributionD, and may repeatedly query for the labelh∗(x) of any
examplex in the set. The goal of the learning algorithm is to, after making a (hopefully small) number of
label requests, halt and output a classifier that, with probability 1 − δ has error rate at mostǫ with respect
to D. The number of label requests necessary to learn a target in agiven concept class is referred to as the
label complexity. It is clear from standard results from the literature on supervised learning [20] that it is
trivial to achieve a label complexity which is linear in1/ǫ and VC dimension, and logarithmic in1/δ. As
such, there has been much interest in determining when it is the case that active learning can result in a label
complexity that is only logarithmic in1/ǫ.

Unfortunately, while there are a small number of cases whereexponential improvements have been
shown (most notably, the case of homogeneous linear separators under the uniform distribution), there exist
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extremely simple concept classes for whichΩ(1/ǫ) labels are needed in the traditional active learning model.
For example, consider the class of intervals in[0, 1]. In order to distinguishwith certaintythe all-negative
hypothesis from the set of hypotheses that are positive on a region of weightǫ, Ω(1/ǫ) labeled examples are
needed. It is interesting to note that for this concept classand many others, the number of labels needed to
learn a good approximation of the target is heavily dependent on the target itself. Indeed, in the intervals
setting, a hypothesis that is positive on a region of weight at least1/2 can be learned with accuracy1 − ǫ
with only a logarithmic dependency onǫ by sampling to find a positive point and then running binary search
from this point to determine the end points of the interval.

Recently, there have been a few quantities proposed to measure the effectiveness of active learning on
particular concept classes and distributions [9, 15, 14]. One is Dasgupta’ssplitting index[9], which is
dependent on the concept class, data distribution, target function, and a parameterτ , quantifies how easy
it is to reduce the diameter of the version space by choosing an example to query. Here we describe an
alternate quantity, Hanneke’sdisagreement coefficient[14].

Definition 1 For anyh ∈ C andr > 0, let B(h, r) be a ball of radiusr aroundh in C. That is,

B(h, r) = {h′ ∈ C : Prx∼D[h(x) 6= h′(x)] ≤ r} .

Define thedisagreement rate at radiusr as

∆(h)
r = Prx∼D[∃h1, h2 ∈ B(h, r) : h1(x) 6= h2(x)] .

Thedisagreement coefficient of a hypothesish, denotedθh is the infimum value ofΘ > 0 such that for all
r > 0, ∆

(h)
r ≤ Θr. The disagreement coefficient for aconcept spaceC with respect to a distributionD is

defined asθ = suph∈C θh.

The disagreement coefficient has previously been a useful quantity for analyzing the label complexity
of active learning algorithms. For example, it has been shown that the realizable version of theA2 active
learning algorithm[1] (which is essentially the active learning algorithm of Cohn, Atlas, and Ladner [7])
achieves error at mostǫ with probability1−δ using a number of label requests at mostθd·polylog(1/ǫ, 1/δ),
whered is the VC dimension ofC [14]. We will see that both the disagreement coefficient and splitting
index are also useful quantities for analyzing performancein the PAC-asymptotic model.

3 The PAC-Asymptotic Model

Let X be an instance space andY = {−1, 1} be the set of possible labels. LetC be the hypothesis class, a
set of functions mapping fromX to Y , and assume thatC has finite VC dimensiond. We consider here the
realizable setting [19] in which it is assumed that there is adistributionD over instances inX, and that the
instances are labeled by a target functionh∗ in the classC. Theerror rate of a hypothesish with respect
to a distributionD overX is defined aserrD(h) = Prx∼D[h(x) 6= h∗(x)]. The goal is to find a hypothesis
h ∈ H with small error with respectD, while simultaneously minimizing the number of label requests that
the learning algorithm makes.

We define theactive sample complexityof a classC and distributionD as a function of the accuracy
parameterǫ, confidence parameterδ, and target functionh∗ ∈ C as follows.

Definition 2 We say the pair(C,D) has active sample complexity at mostS = S(ǫ, δ, h∗) if there exists
an active learning algorithm such that for all target functionsh∗ in C, for anyǫ and anyδ, the algorithm
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achieves error less thanǫ with respect toD with probability at least1− δ, using a number of label requests
at mostS(ǫ, δ, h∗).

The crucial distinction between this definition and the definition of label complexity in the traditional
PAC-style analysis described in Section 2 is that here we areonly concerned with the number of label
requests the algorithm needs to make before it finds anǫ-good classifier, rather than the number of label
requests before itknowsit has found anǫ-good classifier. This distinction is subtle, but will proveto be
important in the analysis of many common concept classes.

Given standard results in the supervised passive learning setting [20] it is trivial to achieve an active
sample complexityS which is linear in1/ǫ and VC dimension and logarithmic in1/δ. We will show that
many common pairs(C,D) have sample complexity that is polylogarithmic inboth1/ǫ and1/δ and linear
only in γh∗ , whereγh∗ is a finite target-dependent constant. This contrasts sharply with the infamous1/ǫ
lower bounds of the traditional PAC-style model [15, 9, 8, 13]. The implication is that, for any fixed target
h∗, such lower bounds often vanish asǫ approaches0. This also contrasts with passive learning, where1/ǫ
lower bounds are typically unavoidable.

Definition 3 We say that(C,D) is actively learnable at an exponential rate if there existsan algorithmA
such that for any targeth∗ in C, there exists aγh∗ = γ(h∗,D) such that for anyǫ and δ, with probability
≥ 1 − δ, A finds a hypothesis with error≤ ǫ after making at mostγh∗ · polylog(1/ǫ, 1/δ) label queries.

We can similarly define a notion of active learnability at asublinear rate. We note again thatγh∗ is
allowed to depend on thetarget, but may not depend onǫ.

To get some intuition about when this model can be useful, consider the following example. Suppose
once again thatC is the class of all intervals over[0, 1] andD is any distribution over[0, 1]. We can actively
learn at an exponential rate using an extremely simple learning algorithm as follows. At each point in time,
choose a pointx uniformly at random from the unlabeled sample and query its label. Ifx is negative, output
the all-negative function as the current “best guess” of thetarget and continue running the algorithm. If
a pointx is eventually found that has a positive label, alternate between running one binary search on the
examples between0 andx and a second on the examples betweenx and1 until the end points of the interval
are found, outputting any consistent interval at each time step.

If the target is the all-negative function, the algorithm described above will output the all-negative func-
tion at every moment in time. If the target is an interval[a, b], whereb − a = w, then after roughly1/w
queries (a constant number that depends only on the target),a positive example will be found. Since only
log(1/ǫ) queries are required to run the binary search to the accuracyǫ, the desired active sample complexity
is achieved.

It is important to note that in this setting, the learning algorithm is run indefinitely with the requirement
that a current guess of the target hypothesis is output aftereach request for a label. While we bound the
number of queries the algorithm makes before it finds and outputs a good function (one of arbitrarily small
error rate), no bound is given on the number of queries beforeit can proveor know it has found a good
function.1 For example, in the algorithm for learning intervals described above, it is impossible to know
that the correct target is the all-negative function, but ifthis is the case, then the all-negative function will be
output immediately and after every subsequent query. This raises the question of whether theΩ(1/ǫ) lower
bounds for learning many simple classes in the traditional active learning model are often simply an artifact
of definitions.

1This is not really a problem since many practical algorithmsdo not useǫ as a parameter.
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3.1 A Hierarchical View of the Model

Another convenient, though possibly less general, way to think about this asymptotic model of active
learning is the following. Given the distributionD and the function classC, we partitionC (possibly
in a distribution-dependent way) into a countably infinite sequence of subclasses, effectively construct-
ing a hierarchyC0 ⊂ C1 ⊂ . . . . We then show that we can actively learn every subclassCi with only
O (polylog(1/ǫ, 1/δ)) queries, where the constant hidden in theO depends onCi. It is straightforward to
achieve the guarantee in Definition 3 if we know the complexity of the target (i.e. the smallest indexi such
that the target is inCi). However, it is also possible to achieve the guarantee whenwe do not know the com-
plexity of the target by using an aggregation procedure without incurring much cost in the label complexity.
There are multiple ways to do the aggregation; we describe a simple method below in which multiple al-
gorithms are run on different subclassesCi in parallel and combined using a meta-procedure. Within each
subclass we can run a standard active learning algorithm such as theA2 algorithm [1] or Dasgupta’s splitting
algorithm [9].

Assume that we can learn eachCi with only S(ǫ, δ, i) queries by using an active learning algorithmAi.
This implies that for each subclassCi and algorithmAi, we can compute an upper boundBi(qi, δi) on the
error of the functionhi currently output byAi based on the number of queriesqi that algorithmAi has made.
This bound will hold with probability1 − δi as long as the target function is inCi. Using these bounds, we
can build a meta-algorithm for aggregation as follows.

For each queryt = 1, 2, . . . , the meta-algorithm picks the algorithmAi with i ∈ {1, . . . , ⌊log2(2t)⌋}
that has made the fewest queries so far and allows it to query the label of any point. The algorithmAi

receives this label, updates its current hypothesishi accordingly, and incrementsqi. The meta-algorithm
then outputs as its current hypothesis the classifierhj output by the algorithmAj with smallest indexj that
satisfies the the property that for allk > j, the distance betweenhj andhk can be upper bounded by the
sum of the current error boundsBj(qj, δj) andBk(qk, δk) for the classesCj andCk respectively.

Using this meta-algorithm, we can then show that the sample complexity of C is at most
O(S(ǫ, δ, i) log S(ǫ, δ, i)), and we only incur an additionallog S(ǫ, δ, i) factor in the sample complexity
for not knowing the complexity of the target. For example if the label complexity for setCi is γi · log (1/ǫ),
and the target is inCi, then the error bound our meta-procedure is3 · 2−t/(log(2t)γi), wheret is the number
of label requests. In other words, the number of label requests needed before the algorithm’s hypothesis has
error no worse thanǫ is at mostO(γi · log (1/ǫ) · log (γi · log (1/ǫ))).

Since it is a bit more abstract and it allows us to use known active learning algorithms as a black box
we will mostly use this alternate, hierarchical view of Definition 3 throughout the remainder of the paper.
As we will see, however, not every pair(C,D) is actively learnable at an exponential rate, even whenC
has low complexity (e.g. VC dimension1) when the distribution is not very nice. In consequence, it makes
sense to consider and explore weaker sublinear active learning rates as well. In this paper we will focus on
exponential rates though.

4 Exponential Rates

In this section, we describe a number of concept classes and distributions that are learnable at an exponential
rate in the PAC-asymptotic model, many of which requireΩ(1/ǫ) labels in the traditional PAC-style model
of active learning. These results illustrate the subtle power the PAC-asymptotic model gains by requiring
only that the learning algorithm outputs anǫ-good hypothesis without requiring that the algorithmknows
that its current hypothesis isǫ-good.
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4.1 Exponential Rates for Simple Classes

A simple observation is that if the instance spaceX is finite, then any pair(C,D) is learnable under Defi-
nition 3 withγ = |X|; we simply query for the label of every instancex ∈ X in the support ofD and learn
the target exactly. Another simple observation is that ifC is countable, then(C,D) is learnable under Def-
inition 3. Listing the elements ofC ash1, h2, . . ., we can simply letSi = {h1, h2, . . . , hi}. ClearlySi can
be learned with≤ i queries, so we can effectively apply the aggregation algorithm of the previous section.
It is also clear that any pair(C,D) learnable with an exponential rate in the traditional PAC-style active
learning setting is learnable in our setting as well. We present here a few other simple positive examples
under Definition 3.

1. Unions of k intervals under arbitrary distributions: Let X be [0, 1] and letC be the class of
unions of at mostk intervals, i.e.C contains functions of the form{a0 = 0, a1, ..., al = 1}, where
l ≤ k andai, i ∈ {0, . . . , l} are the transition points between positive and negative segments. We
can learn this class for any distributionD under Definition 3 by using a hierarchical structure defined
as follows. C0 contains the all negative function, and in generalCi contains all the functions with
mini Prx∼D[ai ≤ x < ai+1)] ≥ 2−i. We can then use theA2 algorithm [1] or the splitting algorithm
in [9] to learn within eachCi together with the aggregation meta-procedure in Section 3.1 to get the
overall guarantee.

2. Axis-Parallel Splits Let X be the cube[0, 1]d, D is uniform onX, and letC be the class of decision
trees using a finite number of axis-parallel splits [12]. We can define a parameterλ for each concept
as the smallest valueℓ such that a grid of cubes with lengthℓ has the property that any cube contains
either a single vertex or no vertices and intersects only a single hyperplane which is “reasonably
balanced.” In this case, we could active learn according to Definition 3 with γ exponential inλ,
i.e., (1/λ)d. In each sub-cube of sizeλ we will perform the learning separately. Since each cube is
reasonably balanced we can achieve the desired exponentialrate.

We can alternatively stratify based on the splitting index or disagreement coefficient (which can be
easily bounded based on the volume of the smallest region in the partition) and use theA2 algorithm
to learn within each class.

4.2 Geometric Concepts, Uniform Distribution

Many interesting geometric concepts ind dimensions are learnable under Definition 3 if the underlying
distribution is uniform. Here we provide some examples. Allof the results in this section also hold if the
distribution isλ-close to uniform.

4.2.1 Linear Separators

Theorem 4.1 LetC be the hypothesis class of linear separators ind dimensions, and letD be the uniform
distribution over the surface of the unit sphere. The pair(C,D) is learnable under Definition 3.

Proof Sketch : There are multiple ways to achieve this. We describe here a simple proof that uses a hierar-
chical decomposition as follows. Letλ(h) by the probability mass of the minority class under hypothesis h.
C0 will contain only the all-negative and all-positive separators, and more generally,Ci will be the class of
all separatorsh such thatλ(h) ≥ 2−i in addition to the all-positive and all-negative separators. We then use
theA2 algorithm [1] to learn within each classCi. To prove that we indeed get the desired exponential rate
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of active learning, we show that the disagreement coefficient of any separatorh is of the order
√

d/λ(h).
The results in [14] concerning theA2 algorithm then imply the desired result.

4.2.2 Unions of Convex Polytopes

Theorem 4.2 Let C be the hypothesis class of union ofk convex polytopes with nonintersecting decision
boundaries, ind dimensions, completely contained within(0, 1)d. Let D be the uniform distribution over
[0, 1]d. The pair(C,D) is learnable under Definition 3.

The proof involves defining a hierarchy such that every levelhas disagreement coefficient bounded by a
constant.

4.3 A Composition Theorem

The following composition result can be obtained by showingthat it is possible to learn a concept class on a
distributionD by filtering examples fromD into two streams of data, running active learning algorithms in
parallel on each stream, and outputing any hypothesis in theintersection of the algorithms’ version spaces.

Theorem 4.3 Let C be an arbitrary hypothesis class. Assume that the pairs(C,D1) and (C,D2) are
learnable under Definition 3. Then for anyα ∈ [0, 1] the pair (C,αD1 + (1 − α)D2) is learnable under
Definition 3.

Note that this result significantly extends the variety of distributions for which we can prove learnability
with exponential rates. In particular, we can use this result to prove that linear separators (and generally,
convex polytopes) are learnable under Definition 3 with respect to any distribution that is locallyλ-close to
constant in a finite number of convex regions.

4.4 A Generic Decomposition Procedure

In general, given the concept classC and the distributionD, we can use the use the following procedure to
produce a data-dependent hierarchy. We start with the wholespaceC; we put all the concepts with infinite
disagreement coefficient in a setA, and structure the others based on increasing disagreementcoefficient
asS1 ⊂ S2 ⊂ · · · . If no classifier inA has infinite disagreement coefficient with respect toA, then we
defineC0 = A, and we redefine all setsCi asCi ∪ A. Otherwise, we recurse onA, and get back a structure
C ′

0 ⊂ C ′
1 ⊂ C ′

2 ⊂ · · · . In this case, we redefine allCi asCi ∪ C ′
i, i ≥ 1 and letC0 beC ′

0.
Combining results in Hanneke[14] with the fact that the union of any two sets with finite disagreement

coefficient also has finite disagreement coefficient yields the following theorem.

Theorem 4.4 If the above procedure stops after a finite number of recursive calls, then the pair(C,D) is
learnable under Definition 3.

Note that we could equivalently replace the disagreement coefficient with a slightly modified version
of the splitting index; in particular, given some “optimal”methodτ(ǫ) for setting theτ parameter in the
original definition [9] as a function ofǫ, we refer to splitting indexρ as the limiting splitting index asǫ → 0.
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Examples and Relationship to the Splitting Index Analysis: This procedure further highlights the dif-
ference between this analysis and the analysis in [9].

Using the procedure, we can obtain reasonable hierarchies that allow us to learn under Definition 3 for
all of the geometric concepts described so far. As an example, the class of intervals has only one classifier
with infinite disagreement coefficient (or zero splitting index) with respect to the full spaceC, and this is the
all-negative function. Every other classifier has some width w to its interval, so the disagreement coefficient
is≈ 1/w (splitting index is≈ w) . Thus we defineC0 to be the set containing only the all-negative function.
For all i > 0, defineCi to contain all intervals with width at least2−i together with the all-negative function.
The all-negative classifier has finite disagreement coefficient (nonzero splitting index) withinC0, so we’re
done.

The reason we sometimes need a recursive procedure is that sometimes when we put all the classifiers
with infinite disagreement coefficientwith respect to the full spaceC into one setA together, some of them
still have infinite disagreement coefficientwith respect to the setA. This happens, for example, for the space
C of unions of two intervals. Almost any classifier that can be represented as at most a single interval has
infinite disagreement coefficient with respect toC. When we take all those classifiers together in one setA,
the setA becomes essentially isomorphic to the class of intervals. As we know, the all-negative function has
infinite disagreement coefficient with respect to the set of single intervals, so we need another recursive call.
That will return a structure that has inC ′

0 the all-negative and anything that is zero-distance to it, and inC ′
i

everything inC ′
0 together with all the functions that are zero-distance to aninterval with the width at least

2−i (let’s say). Therefore, in the final structure,Ci will contain everything inC ′
i along with every union of

two intervals, where (let’s say) both intervals have width at least2−i and are separated by a gap of width at
least2−i.

4.5 Lower Bounds

We show in the following that not every pair(C,D) is learnable under Definition 3. This is true even ifC
is a class of geometric concepts if the distribution is especially bad.

Theorem 4.5 There exists a pair(C,D) that is not learnable under Definition 3. Moreover, there exists
such a pair for whichC has VC dimension1.

Proof Sketch : Let T be a fixed infinite tree in which each node at depthi hasci children;ci will be defined
shortly. We consider learning the hypothesis classC where eachh ∈ C corresponds to a path down the
tree starting at the root; every node along this path is labeled1 while the remaining nodes are labeled−1.
Clearly for eachh ∈ C there is precisely one node on each level of the tree labeled1 by h (i.e. one node at
each depthd). C has VC dimension 1 since knowing the identity of the node labeled 1 on leveli is enough
to determine the labels of all nodes on levels0, . . . , i perfectly.

Let D be a “bad” distribution forC. Let ℓi be the total probability of all nodes on leveli according to
D. Assume all nodes on leveli have the same probability according toD, and call thispi. By definition, we
havepi = ℓi/

∏i−1
j=0 cj .

We will show that it is possible to define the parameters abovein such a way that for anyǫ0, there exists
someǫ < ǫ0 such that for some levelj, pj = ǫ andcj−1 ≥ (1/pj)

1/2 = (1/ǫ)1/2. This will imply that
Ω(1/ǫ1/2) labels are needed to learn with error less thanǫ, for the following reason: We know that there is
exactly one node on levelj that has label 1, and that any successful algorithm must identify this node since
it has probabilityǫ. We can argue that in order to find that node, we need to check a constant fraction of the
children of the node’s parent, so we need to queryO(cj−1) nodes on levelj.
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Thus it is enough to show that we can define the values above such that for alli, ci−1 ≥ (1/pi)
1/2, and

such thatpi gets arbitrarily small asi gets big.
To start, notice that if we recursively define the values ofci asci =

∏i−1
j=0 cj/ℓi+1 then

c2
i−1 = ci−1

(

∏i−2
j=0 cj

ℓi

)

=

∏i−1
j=0 cj

ℓi
=

1

pi

andci−1 ≥ (1/pi)
1/2 as desired.

To enforce thatpi gets arbitrarily small asi gets big, we simply need to setℓi appropriately. In particular,
we needlimi→∞ ℓi/

∏i−1
j=0 cj = 0. Since the denominator is increasing ini, it suffices to showlimi→∞ ℓi =

0. Defining the values ofℓi to be any probability distribution overi that goes to 0 in the limit completes the
proof.
Note: This bound can be tightened to show that there exist pairs of classes and distributions which can only
be learned withΩ((1/ǫ)α) labels forα arbitrarily close to 1. It is not yet known whether aΩ(1/ǫ) lower
bound holds in the asymptotic model; we are currently thinking about this important question.
Note: This type of example can be realized by certain nasty distributions, even for a variety of simple
hypothesis classes: for example, linear separators inR

2 or axis-aligned rectangles inR2.

5 Conclusions

One can interpret this work as answering the “placing bets onhypotheses” question that appears in Das-
gupta’s paper [9]; although the learning algorithms in our model might not always know when they have
found a good hypothesis, they will always output a best guess. However, the construction of the hierar-
chy is more subtle and quite different than previous work in the context of supervised or semi-supervised
learning [18, 2].

Most important is the implication of our analysis: in many interesting cases where it was previously
believed that active learning could not help, active learning does help asymptotically. We have formalized
this idea and illustrated it with a number of examples throughout the paper. This realization dramatically
shifts our understanding of the usefulness of active learning: while previously it was thought that active
learning couldnot provably help in any but a few contrived and unrealistic learning problems, under this
asymptotic model of learning we now see that active learningdoes help significantly in allbuta few contrived
and unrealistic problems.

There are some interesting open problems within this framework. Perhaps the two most interesting are
formulating necessary and sufficient conditions for learnability with an exponential rate, and determining
whether active learning canalways(for all (C,D)) have a sample complexity at mosto(1/ǫ), or whether
there are cases where the oldΩ(1/ǫ) still applies.
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