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Abstract

We describe and analyze a PAC-asymptotic model for actamieg. We show that in many cases
where it has traditionally been believed that active leagrdoes not help, active learning does help
asymptotically This view contrasts sharply with the traditioniale lower bounds for active learning
classes such as non-homogeneouslinear separators uadaiftirm distribution or unions df intervals
under an arbitrary distribution, both of which are learmadtlan exponential rate in our model.

1 Introduction

Traditionally, machine learning has focused on the prolbbémearning a task from labeled examples only.
However, for many contemporary practical problems suchassitying web pages or detecting spam, there
is often additional information available. In particulfmy many of these settings unlabeled data is often
much cheaper and more plentiful than labeled data. As a qaesee, there has recently been substantial
interest in using unlabeled data together with labeled fdat@arning [5, 16]. Clearly, if useful information
can be extracted from the unlabeled data that reduces tlendepce on labeled examples, this can be a
significant benefit [17, 4].

A setting for incorporating unlabeled data in the learnimgcpss that has been increasingly popular
setting in the past few yearsastive learning In this model, the learning algorithm has both the capigbili
of drawing random unlabeled examples from the underlyisgridution, and that of asking for the labels of
any of these examples. The hope is that a good classifier can betkaith significantly fewer labels by
actively directing the queries to informative examples. ulber of active-learning analyses have recently
been proposed in a PAC-style setting, both for the realkzalold for the agnostic cases, and a sequence
of important positive and negative results has been olddings, 9, 1, 11, 3, 10, 14]. In particular, the
most concrete noteworthy positive result for when actigrieng helps is that of learning homogeneous
(i.e., through the origin) linear separators, when the tdiaearly separable and distributed uniformly over
the unit sphere, and this example has been extensivelyzta[9, 1, 11, 3, 10]. Unfortunately, few other
positive results are known, and there are simple (almagafriexamples, such as learning intervals or non-
homogeneous linear separators under the uniform disoibuivhere active learning does not help at all in
the traditional active learning model, even in the realieatase [9].
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In this work we take a different angle on the active learningbem and analyze the asymptotic com-
plexity of active learning. We show that in many interestoages where it has been thought that active
learning does not help, active learnidges help asymptoticallyrhis contrasts with the usual view of active
learning [1, 14, 15, 9, 8, 13], and it is closer in spirit witlorlk done in statistics [12]. The main point we
try to make in this paper is that, with a small modificationtie traditional PAC-style model, we can show
that significant improvements in label complexity are ofehievable. Specifically:

1. In this model it is possible to actively learn with arponential ratgpairs of concept classes and
distributions that are known to require a linear rate in thditional PAC-style active learning setting:
for example, intervals oft), 1] and non-homogeneous linear separators under the unifstribdiion.
The exponential rates involve a constant that is dependethetarget function. It is also possible
to learn more complicated geometric concept spaces and orate general distributions than in the
traditional PAC-style model.

2. Some of our learning procedures are implemented by aamtstg a hierarchy of nested concept
classes, which is carefully chosen to get nice rates, andicing the classes using an aggrega-
tion algorithm. We offer a generic procedure for buildingoddhierarchies for many classes in a
distribution-dependent way.

3. We show that even in this new model, there do exist lowentsyit is possible to exhibit somewhat
contrived distributions where exponential rates are naisiile even for non-complicated concept
spaces (see Theorem 4.5). Itis currently an open questietheththere exis(1/¢) lower bounds in
this model, or if it is the case thahyconcept class and distribution can be learned with activgka
complexityo(1/e).

It is important to note that in our model we bound the numbeguaries the algorithm makes before it
finds a good function (i.e. one of arbitrarily small errorefatbut not the number of queries before it can
proveor it knowsit has found a good function. This allows us to obtain sigaiiity better bounds on the
number of label queries required to learn. To our knowletiys,is the first work to address this subtle point
in the context of active learning.

In previous work on asymptotic convergence rates for Actigarning [10, 6] the analysis is done in
the same model as ours, however the results provenmeesgongerthan the results one could prove in the
traditional PAC model [1, 14, 15, 9, 8, 13].

2 The Traditional PAC Active Learning Model

In the traditional model of active learning, a learning aitjon is given access to a large set of unlabeled
examples drawn from some underlying distributionand may repeatedly query for the lathé(x) of any
examplez in the set. The goal of the learning algorithm is to, after immgla (hopefully small) number of
label requests, halt and output a classifier that, with doitba 1 — 6 has error rate at mostwith respect
to D. The number of label requests necessary to learn a targegiuea concept class is referred to as the
label complexity It is clear from standard results from the literature onesuiged learning [20] that it is
trivial to achieve a label complexity which is linear ife and VC dimension, and logarithmic irys. As
such, there has been much interest in determining wherhieéisdse that active learning can result in a label
complexity that is only logarithmic in/e.

Unfortunately, while there are a small number of cases wkamnential improvements have been
shown (most notably, the case of homogeneous linear sepataider the uniform distribution), there exist
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extremely simple concept classes for whigfl /¢) labels are needed in the traditional active learning model.
For example, consider the class of intervalsOnl]. In order to distinguistwith certaintythe all-negative
hypothesis from the set of hypotheses that are positive egiarr of weight, 2(1/¢) labeled examples are
needed. It is interesting to note that for this concept clasbmany others, the number of labels needed to
learn a good approximation of the target is heavily dependerthe target itself. Indeed, in the intervals
setting, a hypothesis that is positive on a region of weigf¢ast1 /2 can be learned with accuragy— e

with only a logarithmic dependency erby sampling to find a positive point and then running binaarsk
from this point to determine the end points of the interval.

Recently, there have been a few quantities proposed to meetisieffectiveness of active learning on
particular concept classes and distributions [9, 15, 14he @ Dasgupta’'splitting index[9], which is
dependent on the concept class, data distribution, tangetibn, and a parameter quantifies how easy
it is to reduce the diameter of the version space by choosingxample to query. Here we describe an
alternate quantity, Hannekedsagreement coefficiefit4].

Definition 1 For anyh € C' andr > 0, let B(h, ) be a ball of radius- aroundh in C. That is,
B(h,r) = {h' € C: Pryuplh(x) # W (z)] < r} .
Define thedisagreement rate at radiuss
AW = Pr,p[3hi, hy € B(h,r) : hy(z) # ha(z)] .

Thedisagreement coefficient of a hypothekjsdenoted),, is the infimum value ad > 0 such that for all

r >0, A,(f’) < Or. The disagreement coefficient focancept spacé’ with respect to a distributiorD is
defined a® = supy,cc 0.

The disagreement coefficient has previously been a useéultiy for analyzing the label complexity
of active learning algorithms. For example, it has been shthat the realizable version of th& active
learning algorithm[1] (which is essentially the activerl@ag algorithm of Cohn, Atlas, and Ladner [7])
achieves error at mostvith probability 1 —é using a number of label requests at mastpolylog(1/e,1/4),
whered is the VC dimension of” [14]. We will see that both the disagreement coefficient guidtisg
index are also useful quantities for analyzing performandbe PAC-asymptotic model.

3 The PAC-Asymptotic Model

Let X be an instance space ahd= {—1, 1} be the set of possible labels. L&tbe the hypothesis class, a
set of functions mapping fromX to Y, and assume thét has finite VC dimensiond. We consider here the
realizable setting [19] in which it is assumed that theredss&ribution D over instances itX, and that the
instances are labeled by a target functionin the classC'. Theerror rate of a hypothesis: with respect
to a distributionD over X is defined agrrp(h) = Pr,.p[h(z) # h*(z)]. The goal is to find a hypothesis
h € H with small error with respecD, while simultaneously minimizing the number of label resfsethat
the learning algorithm makes.

We define theactive sample complexiyf a classC' and distributionD as a function of the accuracy
parametet, confidence parametér and target functiom*™ € C as follows.

Definition 2 We say the pai(C, D) has active sample complexity at mést= S(e, d, h*) if there exists
an active learning algorithm such that for all target furats " in C, for anye and anyéd, the algorithm
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achieves error less thanwith respect taD with probability at leastl — §, using a number of label requests
at mostS(e, 0, h*).

The crucial distinction between this definition and the deéin of label complexity in the traditional
PAC-style analysis described in Section 2 is that here weoalg concerned with the number of label
requests the algorithm needs to make before it finds-@mod classifier, rather than the number of label
requests before knowsit has found are-good classifier. This distinction is subtle, but will proiebe
important in the analysis of many common concept classes.

Given standard results in the supervised passive learmitig [20] it is trivial to achieve an active
sample complexitys which is linear in1/e and VC dimension and logarithmic irys. We will show that
many common pairéC, D) have sample complexity that is polylogarithmichiath1/e and1/6 and linear
only in v+, wherev,- is a finite target-dependent constant. This contrasts shaifh the infamousl /e
lower bounds of the traditional PAC-style model [15, 9, 8]. IEhe implication is that, for any fixed target
h*, such lower bounds often vanish @approache$. This also contrasts with passive learning, whefe
lower bounds are typically unavoidable.

Definition 3 We say thatC, D) is actively learnable at an exponential rate if there exatsalgorithm.A
such that for any target* in C, there exists a;- = ~(h*, D) such that for any and §, with probability
> 1 -4, Afinds a hypothesis with errot e after making at mosf;- - polylog(1/e, 1/§) label queries.

We can similarly define a notion of active learnability asublinearrate. We note again that,- is
allowed to depend on tharget but may not depend on

To get some intuition about when this model can be usefulsiden the following example. Suppose
once again that' is the class of all intervals ovéw, 1] and D is any distribution ovefo, 1]. We can actively
learn at an exponential rate using an extremely simple ileguadgorithm as follows. At each point in time,
choose a point uniformly at random from the unlabeled sample and quenaligl Ifz is negative, output
the all-negative function as the current “best guess” ofténget and continue running the algorithm. If
a pointz is eventually found that has a positive label, alternatevben running one binary search on the
examples betweehandz and a second on the examples betweand1 until the end points of the interval
are found, outputting any consistent interval at each tirep.s

If the target is the all-negative function, the algorithnscigbed above will output the all-negative func-
tion at every moment in time. If the target is an interjald], whereb — a = w, then after roughlyl /w
gueries (a constant number that depends only on the taggptsitive example will be found. Since only
log(1/€) queries are required to run the binary search to the acceréioy desired active sample complexity
is achieved.

It is important to note that in this setting, the learningagithm is run indefinitely with the requirement
that a current guess of the target hypothesis is output e#teln request for a label. While we bound the
number of queries the algorithm makes before it finds andubsitw good function (one of arbitrarily small
error rate), no bound is given on the number of queries bafaran prove or knowit has found a good
function! For example, in the algorithm for learning intervals ddsedi above, it is impossible to know
that the correct target is the all-negative function, bthit is the case, then the all-negative function will be
output immediately and after every subsequent query. Hises the question of whether tél/¢) lower
bounds for learning many simple classes in the traditioo@elearning model are often simply an artifact
of definitions.

1This is not really a problem since many practical algoritittasiot use as a parameter.



3.1 A Hierarchical View of the Model

Another convenient, though possibly less general, way iakthbout this asymptotic model of active
learning is the following. Given the distributio and the function clas€’, we partitionC' (possibly

in a distribution-dependent way) into a countably infiniemsence of subclasses, effectively construct-
ing a hierarchyCy ¢ C7; C .... We then show that we can actively learn every subcd@swith only

O (polylog(1/e,1/8)) queries, where the constant hidden in éelepends or;. It is straightforward to
achieve the guarantee in Definition 3 if we know the compjesitthe target (i.e. the smallest indésuch
that the target is ii;). However, it is also possible to achieve the guarantee wieedo not know the com-
plexity of the target by using an aggregation procedureauittincurring much cost in the label complexity.
There are multiple ways to do the aggregation; we describmples method below in which multiple al-
gorithms are run on different subclassgsin parallel and combined using a meta-procedure. Withiteac
subclass we can run a standard active learning algorithmasitheA? algorithm [1] or Dasgupta’s splitting
algorithm [9].

Assume that we can learn ea€hwith only S(e, 4, 4) queries by using an active learning algoritbin
This implies that for each subclag$ and algorithmA;, we can compute an upper bouigl(g;, §;) on the
error of the functiorh; currently output by4; based on the number of querigghat algorithmA,; has made.
This bound will hold with probabilityl — é; as long as the target function isdry. Using these bounds, we
can build a meta-algorithm for aggregation as follows.

For each query = 1,2,..., the meta-algorithm picks the algorithay with i € {1,..., [log,(2t)]}
that has made the fewest queries so far and allows it to gheryabel of any point. The algorithm;
receives this label, updates its current hypothésiaccordingly, and incrementg. The meta-algorithm
then outputs as its current hypothesis the classifjesutput by the algorithni; with smallest index; that
satisfies the the property that for &ll> j, the distance betweén; andh; can be upper bounded by the
sum of the current error bounds;(g¢;, 9;) and By, (gx, 9x,) for the classe€’; andC), respectively.

Using this meta-algorithm, we can then show that the sampimptexity of C' is at most
O(S(e, d,1)log S(e, 6,4)), and we only incur an additionabg S(e, d,¢) factor in the sample complexity
for not knowing the complexity of the target. For examplené tabel complexity for sef; is ; - log (1/¢),
and the target is i’;, then the error bound our meta-procedur8 ig—*/(°&(2t)%) wheret is the number
of label requests. In other words, the number of label ragueseded before the algorithm’s hypothesis has
error no worse thanais at mostO(~; - log (1/¢) - log (v; - log (1/€))).

Since it is a bit more abstract and it allows us to use knowivetgtarning algorithms as a black box
we will mostly use this alternate, hierarchical view of Défon 3 throughout the remainder of the paper.
As we will see, however, not every pdi€’, D) is actively learnable at an exponential rate, even wiien
has low complexity (e.g. VC dimensidr) when the distribution is not very nice. In consequence,akes
sense to consider and explore weaker sublinear activeingarates as well. In this paper we will focus on
exponential rates though.

4 Exponential Rates

In this section, we describe a number of concept classesisinthations that are learnable at an exponential
rate in the PAC-asymptotic model, many of which requi@ /¢) labels in the traditional PAC-style model
of active learning. These results illustrate the subtle gratve PAC-asymptotic model gains by requiring
only that the learning algorithm outputs agood hypothesis without requiring that the algoritlkmows
that its current hypothesis ésgood.



4.1 Exponential Rates for Simple Classes

A simple observation is that if the instance spacés finite, then any paifC, D) is learnable under Defi-
nition 3 withy = | X|; we simply query for the label of every instanee= X in the support ofD and learn
the target exactly. Another simple observation is that i& countable, the(C, D) is learnable under Def-
inition 3. Listing the elements af' ashy, ho, ..., we can simply letS; = {hy, ho, ..., h;}. ClearlyS; can

be learned with< ¢ queries, so we can effectively apply the aggregation dlyoriof the previous section.

It is also clear that any paiiC, D) learnable with an exponential rate in the traditional PAylesactive
learning setting is learnable in our setting as well. We gmé$iere a few other simple positive examples
under Definition 3.

1. Unions of k intervals under arbitrary distributions: Let X be [0,1] and letC be the class of
unions of at most: intervals, i.e.C' contains functions of the forrfay = 0, a4, ...,a; = 1}, where
Il < kanda;, i € {0,...,1} are the transition points between positive and negativeneats. We
can learn this class for any distributidn under Definition 3 by using a hierarchical structure defined
as follows. C; contains the all negative function, and in generalcontains all the functions with
min; Prppla; < x < a;41)] > 27 We can then use thé? algorithm [1] or the splitting algorithm
in [9] to learn within eachC; together with the aggregation meta-procedure in Sectibria3get the
overall guarantee.

2. Axis-Parallel Splits Let X be the cubg0, 1]d, D is uniform onX, and letC be the class of decision
trees using a finite number of axis-parallel splits [12]. Vdla define a parameterfor each concept
as the smallest valuésuch that a grid of cubes with lengtthas the property that any cube contains
either a single vertex or no vertices and intersects onlynglesihyperplane which is “reasonably
balanced.” In this case, we could active learn according ééirtion 3 with v exponential inX,
i.e., (1/\)%. In each sub-cube of sizewe will perform the learning separately. Since each cube is
reasonably balanced we can achieve the desired exponetéal

We can alternatively stratify based on the splitting indexdisagreement coefficient (which can be
easily bounded based on the volume of the smallest regidreipartition) and use thé? algorithm
to learn within each class.

4.2 Geometric Concepts, Uniform Distribution

Many interesting geometric concepts dndimensions are learnable under Definition 3 if the undeglyin
distribution is uniform. Here we provide some examples. dlthe results in this section also hold if the
distribution isA-close to uniform.

4.2.1 Linear Separators

Theorem 4.1 LetC be the hypothesis class of linear separatord imensions, and leb be the uniform
distribution over the surface of the unit sphere. The félr D) is learnable under Definition 3.

Proof Sketch : There are multiple ways to achieve this. We describe hemnpglsiproof that uses a hierar-
chical decomposition as follows. Lath) by the probability mass of the minority class under hypdthks

Cy will contain only the all-negative and all-positive segara, and more generallg;; will be the class of

all separatorg such that\(k) > 2% in addition to the all-positive and all-negative sepamtdWe then use
the A2 algorithm [1] to learn within each class;. To prove that we indeed get the desired exponential rate



of active learning, we show that the disagreement coefli@éany separatoh is of the ordery/d/\(h).
The results in [14] concerning thé? algorithm then imply the desired resull

4.2.2 Unions of Convex Polytopes

Theorem 4.2 Let C be the hypothesis class of unionkotonvex polytopes with nonintersecting decision
boundaries, ind dimensions, completely contained wittiin 1)¢. Let D be the uniform distribution over
[0,1]¢. The pair(C, D) is learnable under Definition 3.

The proof involves defining a hierarchy such that every ldasd disagreement coefficient bounded by a
constant.

4.3 A Composition Theorem

The following composition result can be obtained by showira it is possible to learn a concept class on a
distribution D by filtering examples fronD into two streams of data, running active learning algorghm
parallel on each stream, and outputing any hypothesis imtbesection of the algorithms’ version spaces.

Theorem 4.3 Let C' be an arbitrary hypothesis class. Assume that the pgirsD;) and (C, D) are
learnable under Definition 3. Then for amy € [0, 1] the pair (C,aD; + (1 — a)D2) is learnable under
Definition 3.

Note that this result significantly extends the variety stidbutions for which we can prove learnability
with exponential rates. In particular, we can use this tesuprove that linear separators (and generally,
convex polytopes) are learnable under Definition 3 with eespo any distribution that is locally-close to
constant in a finite number of convex regions.

4.4 A Generic Decomposition Procedure

In general, given the concept claSsand the distributionD, we can use the use the following procedure to
produce a data-dependent hierarchy. We start with the vapaleeC’; we put all the concepts with infinite
disagreement coefficient in a sdt and structure the others based on increasing disagreemefficient

assS; C Se C ---. If no classifier inA has infinite disagreement coefficient with respectdtathen we
defineCy = A, and we redefine all sets; asC; U A. Otherwise, we recurse ofi, and get back a structure
CyC CpC ChC---. Inthis case, we redefine &ll; asC; U C/, i > 1 and letC be C{.

Combining results in Hanneke[14] with the fact that the aned any two sets with finite disagreement
coefficient also has finite disagreement coefficient yighdsfollowing theorem.

Theorem 4.4 If the above procedure stops after a finite number of recarsalls, then the paifC, D) is
learnable under Definition 3.

Note that we could equivalently replace the disagreemeefficent with a slightly modified version
of the splitting index; in particular, given some “optimatiethodr(¢) for setting ther parameter in the
original definition [9] as a function af, we refer to splitting indexy as the limiting splitting index as — 0.



Examples and Relationship to the Splitting Index Analysis: This procedure further highlights the dif-
ference between this analysis and the analysis in [9].

Using the procedure, we can obtain reasonable hierardm¢stiow us to learn under Definition 3 for
all of the geometric concepts described so far. As an exartipteclass of intervals has only one classifier
with infinite disagreement coefficient (or zero splittingl@x) with respect to the full space, and this is the
all-negative function. Every other classifier has some hwidto its interval, so the disagreement coefficient
is~ 1/w (splitting index is~ w) . Thus we defin€’ to be the set containing only the all-negative function.
For alli > 0, defineC; to contain all intervals with width at leagt * together with the all-negative function.
The all-negative classifier has finite disagreement coefftoinonzero splitting index) withity, so we’re
done.

The reason we sometimes need a recursive procedure is thatises when we put all the classifiers
with infinite disagreement coefficiemtith respect to the full spaa@ into one setd together, some of them
still have infinite disagreement coefficiemith respect to the set. This happens, for example, for the space
C of unions of two intervals. Almost any classifier that can epresented as at most a single interval has
infinite disagreement coefficient with respecttoWhen we take all those classifiers together in onedset
the setd becomes essentially isomorphic to the class of intervadsw@ know, the all-negative function has
infinite disagreement coefficient with respect to the setrals intervals, so we need another recursive call.
That will return a structure that has @, the all-negative and anything that is zero-distance tait, ia C
everything inC{, together with all the functions that are zero-distance tingerval with the width at least
27 (let's say). Therefore, in the final structukg; will contain everything inC/ along with every union of
two intervals, where (let's say) both intervals have widtheast2—* and are separated by a gap of width at
least2™".

45 Lower Bounds

We show in the following that not every pdi€’, D) is learnable under Definition 3. This is true everdif
is a class of geometric concepts if the distribution is eisigdoad.

Theorem 4.5 There exists a paifC, D) that is not learnable under Definition 3. Moreover, theresexi
such a pair for whichC' has VC dimensiof.

Proof Sketch : LetT" be a fixed infinite tree in which each node at depltiasc; children;c; will be defined
shortly. We consider learning the hypothesis cl@sahere eacth € C corresponds to a path down the
tree starting at the root; every node along this path is éabeWwhile the remaining nodes are labeled.
Clearly for eachh € C there is precisely one node on each level of the tree laldelydh (i.e. one node at
each depthl). C' has VC dimension 1 since knowing the identity of the nodeltbg on leveli is enough
to determine the labels of all nodes on lewgls. . , i perfectly.

Let D be a “bad” distribution foiC'. Let/¢; be the total probability of all nodes on leviehccording to
D. Assume all nodes on leveéhave the same probability according/fp and call thigp;. By definition, we
havep; = /;/ H;j) cj.

We will show that it is possible to define the parameters almgech a way that for ang, there exists
somee < ¢ such that for some level, p; = e andc;_; > (1/p;)/? = (1/¢)'/2. This will imply that
Q(1/€'/?) labels are needed to learn with error less thaor the following reason: We know that there is
exactly one node on levglthat has label 1, and that any successful algorithm mustifgdehis node since
it has probabilitye. We can argue that in order to find that node, we need to checksiant fraction of the
children of the node’s parent, so we need to quefy;_, ) nodes on levej.



Thus it is enough to show that we can define the values abovetsatfor alli, ¢;_; > (1/p;)'/?, and
such thatp; gets arbitrarily small aggets big. 4
To start, notice that if we recursively define the values;@sc; = H;;% ¢;/liv1 then

—2 i—1
9 (ngo Cj) _ [Iioc _ 1

Ci—1 = Ci—1
¢ ¢ Di

andc;_; > (1/p;)'/? as desired.

To enforce thap; gets arbitrarily small asgets big, we simply need to s&tappropriately. In particular,
we needim; ., ¢;/ ]_[;;}) ¢; = 0. Since the denominator is increasing;jiit suffices to showim; ., ¢; =
0. Defining the values of; to be any probability distribution oveérthat goes to 0 in the limit completes the
proof. i
Note: This bound can be tightened to show that there exist pairae$es and distributions which can only
be learned witf2((1/€)*) labels fora arbitrarily close to 1. It is not yet known whethe¥1/¢) lower
bound holds in the asymptotic model; we are currently timglabout this important question.
Note: This type of example can be realized by certain nasty digtdhs, even for a variety of simple

hypothesis classes: for example, linear separatdRs ior axis-aligned rectangles &?.

5 Conclusions

One can interpret this work as answering the “placing betbypotheses” question that appears in Das-
gupta’s paper [9]; although the learning algorithms in owdel might not always know when they have

found a good hypothesis, they will always output a best guéksvever, the construction of the hierar-

chy is more subtle and quite different than previous workhim ¢ontext of supervised or semi-supervised
learning [18, 2].

Most important is the implication of our analysis: in manyeiresting cases where it was previously
believed that active learning could not help, active leagrdoes help asymptoticallyWe have formalized
this idea and illustrated it with a number of examples thimug the paper. This realization dramatically
shifts our understanding of the usefulness of active legrnivhile previously it was thought that active
learning couldnot provably help in any but a few contrived and unrealistic i@y problems, under this
asymptotic model of learning we now see that active leardoes help significantly in abbuta few contrived
and unrealistic problems.

There are some interesting open problems within this fraonlewPerhaps the two most interesting are
formulating necessary and sufficient conditions for lehilitg with an exponential rate, and determining
whether active learning caadways(for all (C, D)) have a sample complexity at mastl /¢), or whether
there are cases where the 61l /¢) still applies.
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