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Abstract

We study the theoretical advantages of active learning over passive learning. Specifically, we prove
that, in noise-free classifier learning for VC classes, any passive learning algorithm can be trans-
formed into an active learning algorithm with asymptotically strictly superior label complexity for
all nontrivial target functions and distributions. We further provide a general characterization of
the magnitudes of these improvements in terms of a novel generalization of the disagreement co-
efficient. We also extend these results to active learning in the presence of label noise, and find
that even under broad classes of noise distributions, we can typically guarantee strict improvements
over the known results for passive learning.
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1. Introduction and Background

The recent rapid growth in data sources has spawned an equally rapid expansion in the number of
potential applications of machine learning methodologies to extract useful concepts from these data.
However, in many cases, the bottleneck in the application process is the need to obtain accurate an-
notation of the raw data according to the target concept to be learned. For instance, in webpage
classification, it is straightforward to rapidly collect a large number of webpages, but training an
accurate classifier typically requires a human expert to examine and label a number of these web-
pages, which may require significant time and effort. For this reason, it is natural to look for ways
to reduce the total number of labeled examples required to train an accurate classifier. In the tradi-
tional machine learning protocol, here referred to as passive learning, the examples labeled by the
expert are sampled independently at random, and the emphasis is on designing learning algorithms
that make the most effective use of the number of these labeled examples available. However, it
is possible to go beyond such methods by altering the protocol itself, allowing the learning algo-
rithm to sequentially select the examples to be labeled, based on its observations of the labels of
previously-selected examples; this interactive protocol is referred to as active learning. The objec-
tive in designing this selection mechanism is to focus the expert’s efforts toward labeling only the
most informative data for the learning process, thus eliminating some degree of redundancy in the
information content of the labeled examples.

*. Some of these (and related) results previously appeared in the author’s doctoral dissertation (Hanneke, 2009b).
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It is now well-established that active learning can sometimes provide significant practical and
theoretical advantages over passive learning, in terms of the number of labels required to obtain a
given accuracy. However, our current understanding of active learning in general is still quite limited
in several respects. First, since we are lacking a complete understanding of the potential capabil-
ities of active learning, we are not yet sure to what standards we should aspire for active learning
algorithms to meet, and in particular this challenges our ability to characterize how a “good” active
learning algorithm should behave. Second, since we have yet to identify a complete set of general
principles for the design of effective active learning algorithms, in many cases the most effective
known active learning algorithms have problem-specific designs (e.g., designed specifically for lin-
ear separators, or decision trees, etc., under specific assumptions on the data distribution), and it
is not clear what components of their design can be abstracted and transferred to the design of
active learning algorithms for different learning problems (e.g., with different types of classifiers,
or different data distributions). Finally, we have yet to fully understand the scope of the relative
benefits of active learning over passive learning, and in particular the conditions under which such
improvements are achievable, as well as a general characterization of the potential magnitudes of
these improvements. In the present work, we take steps toward closing this gap in our understanding
of the capabilities, general principles, and advantages of active learning.

Additionally, this work has a second theme, motivated by practical concerns. To date, the ma-
chine learning community has invested decades of research into constructing solid, reliable, and
well-behaved passive learning algorithms, and into understanding their theoretical properties. We
might hope that an equivalent amount of effort is not required in order to discover and understand
effective active learning algorithms. In particular, rather than starting from scratch in the design
and analysis of active learning algorithms, it seems desirable to leverage this vast knowledge of
passive learning, to whatever extent possible. For instance, it may be possible to design active
learning algorithms that inherit certain desirable behaviors or properties of a given passive learning
algorithm. In this way, we can use a given passive learning algorithm as a reference point, and
the objective is to design an active learning algorithm with performance guarantees strictly superior
to those of the passive algorithm. Thus, if the passive learning algorithm has proven effective in
a variety of common learning problems, then the active learning algorithm should be even better
for those same learning problems. This approach also has the advantage of immediately supplying
us with a collection of theoretical guarantees on the performance of the active learning algorithm:
namely, improved forms of all known guarantees on the performance of the given passive learning
algorithm.

Due to its obvious practical advantages, this general line of informal thinking dominates the
existing literature on empirically-tested heuristic approaches to active learning, as most of the pub-
lished heuristic active learning algorithms make use of a passive learning algorithm as a subroutine
(e.g., SVM, logistic regression, k-NN, etc.), constructing sets of labeled examples and feeding them
into the passive learning algorithm at various times during the execution of the active learning algo-
rithm (see the references in Section 7). Below, we take a more rigorous look at this general strategy.
We develop a reduction-style framework for studying this approach to the design of active learning
algorithms relative to a given passive learning algorithm. We then proceed to develop and analyze a
variety of such methods, to realize this approach in a very general sense.

Specifically, we explore the following fundamental questions.
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e [s there a general procedure that, given any passive learning algorithm, transforms it into an
active learning algorithm requiring significantly fewer labels to achieve a given accuracy?

e If so, how large is the reduction in the number of labels required by the resulting active learn-
ing algorithm, compared to the number of labels required by the original passive algorithm?

e What are sufficient conditions for an exponential reduction in the number of labels required?

e To what extent can these methods be made robust to imperfect or noisy labels?

In the process of exploring these questions, we find that for many interesting learning problems, the
techniques in the existing literature are not capable of realizing the full potential of active learn-
ing. Thus, exploring this topic in generality requires us to develop novel insights and entirely new
techniques for the design of active learning algorithms. We also develop corresponding natural
complexity quantities to characterize the performance of such algorithms. Several of the results we
establish here are more general than any related results in the existing literature, and in many cases
the algorithms we develop use significantly fewer labels than any previously published methods.

1.1 Background

The term active learning refers to a family of supervised learning protocols, characterized by the
ability of the learning algorithm to pose queries to a teacher, who has access to the target concept
to be learned. In practice, the teacher and queries may take a variety of forms: a human expert,
in which case the queries may be questions or annotation tasks; nature, in which case the queries
may be scientific experiments; a computer simulation, in which case the queries may be particu-
lar parameter values or initial conditions for the simulator; or a host of other possibilities. In our
present context, we will specifically discuss a protocol known as pool-based active learning, a type
of sequential design based on a collection of unlabeled examples; this seems to be the most com-
mon form of active learning in practical use today (e.g., Settles, 2010; Baldridge and Palmer, 2009;
Gangadharaiah, Brown, and Carbonell, 2009; Hoi, Jin, Zhu, and Lyu, 2006; Luo, Kramer, Goldgof,
Hall, Samson, Remsen, and Hopkins, 2005; Roy and McCallum, 2001; Tong and Koller, 2001; Mc-
Callum and Nigam, 1998). We will not discuss alternative models of active learning, such as online
(Dekel, Gentile, and Sridharan, 2010) or exact (Hegediis, 1995). In the pool-based active learning
setting, the learning algorithm is supplied with a large collection of unlabeled examples (the pool),
and is allowed to select any example from the pool to request that it be labeled. After observing
the label of this example, the algorithm can then select another unlabeled example from the pool to
request that it be labeled. This continues sequentially for a number of rounds until some halting con-
dition is satisfied, at which time the algorithm returns a function intended to approximately mimic
and generalize the observed labeling behavior. This setting contrasts with passive learning, where
the learning algorithm is supplied with a collection of labeled examples without any interaction.
Supposing the labels received agree with some true target concept, the objective is to use this
returned function to approximate the true target concept on future (previously unobserved) data
points. The hope is that, by carefully selecting which examples should be labeled, the algorithm can
achieve improved accuracy while using fewer labels compared to passive learning. The motivation
for this setting is simple. For many modern machine learning problems, unlabeled examples are
inexpensive and available in abundance, while annotation is time-consuming or expensive. For in-
stance, this is the case in the aforementioned webpage classification problem, where the pool would
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be the set of all webpages, and labeling a webpage requires a human expert to examine the website
content. Settles (2010) surveys a variety of other applications for which active learning is presently
being used. To simplify the discussion, in this work we focus specifically on binary classification, in
which there are only two possible labels. The results generalize naturally to multiclass classification
as well.

As the above description indicates, when studying the advantages of active learning, we are
primarily interested in the number of label requests sufficient to achieve a given accuracy, a quantity
referred to as the label complexity (Definition 1 below). Although active learning has been an active
topic in the machine learning literature for many years now, our theoretical understanding of this
topic was largely lacking until very recently. However, within the past few years, there has been an
explosion of progress. These advances can be grouped into two categories: namely, the realizable
case and the agnostic case.

1.1.1 THE REALIZABLE CASE

In the realizable case, we are interested in a particularly strict scenario, where the true label of
any example is determined by a function of the features (covariates), and where that function has
a specific known form (e.g., linear separator, decision tree, union of intervals, etc.); the set of
classifiers having this known form is referred to as the concept space. The natural formalization
of the realizable case is very much analogous to the well-known PAC model for passive learning
(Valiant, 1984). In the realizable case, there are obvious examples of learning problems where
active learning can provide a significant advantage compared to passive learning; for instance, in
the problem of learning threshold classifiers on the real line (Example 1 below), a kind of binary
search strategy for selecting which examples to request labels for naturally leads to exponential
improvements in label complexity compared to learning from random labeled examples (passive
learning). As such, there is a natural attraction to determine how general this phenomenon is.
This leads us to think about general-purpose learning strategies (i.e., which can be instantiated for
more than merely threshold classifiers on the real line), which exhibit this binary search behavior in
various special cases.

The first such general-purpose strategy to emerge in the literature was a particularly elegant
strategy proposed by Cohn, Atlas, and Ladner (1994), typically referred to as CAL after its dis-
coverers (Meta-Algorithm 2 below). The strategy behind CAL is the following. The algorithm
examines each example in the unlabeled pool in sequence, and if there are two classifiers in the
concept space consistent with all previously-observed labels, but which disagree on the label of this
next example, then the algorithm requests that label, and otherwise it does not. For this reason, be-
low we refer to the general family of algorithms inspired by CAL as disagreement-based methods.
Disagreement-based methods are sometimes referred to as “mellow” active learning, since in some
sense this is the least we can expect from a reasonable active learning algorithm; it never requests
the label of an example whose label it can infer from information already available, but otherwise
makes no attempt to seek out particularly informative examples to request the labels of. That is, the
notion of informativeness implicit in disagreement-based methods is a binary one, so that an exam-
ple is either informative or not informative, but there is no further ranking of the informativeness
of examples. The disagreement-based strategy is quite general, and obviously leads to algorithms
that are at least reasonable, but Cohn, Atlas, and Ladner (1994) did not study the label complexity
achieved by their strategy in any generality.
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In a Bayesian variant of the realizable setting, Freund, Seung, Shamir, and Tishby (1997) studied
an algorithm known as query by committee (QBC), which in some sense represents a Bayesian
variant of CAL. However, QBC does distinguish between different levels of informativeness beyond
simple disagreement, based on the amount of disagreement on a random unlabeled example. They
were able to analyze the label complexity achieved by QBC in terms of a type of information gain,
and found that when the information gain is lower bounded by a positive constant, the algorithm
achieves a label complexity exponentially smaller than the known results for passive learning. In
particular, this is the case for the threshold learning problem, and also for the problem of learning
higher-dimensional (nearly balanced) linear separators when the data satisfy a certain (uniform)
distribution. Below, we will not discuss this analysis further, since it is for a slightly different
(Bayesian) setting. However, the results below in our present setting do have interesting implications
for the Bayesian setting as well, as discussed in the recent work of Yang, Hanneke, and Carbonell
(2011).

The first general analysis of the label complexity of active learning in the (non-Bayesian) real-
izable case came in the breakthrough work of Dasgupta (2005). In that work, Dasgupta proposed a
quantity, called the splitting index, to characterize the label complexities achievable by active learn-
ing. The splitting index analysis is noteworthy for several reasons. First, one can show it provides
nearly tight bounds on the minimax label complexity for a given concept space and data distribution.
In particular, the analysis matches the exponential improvements known to be possible for threshold
classifiers, as well as generalizations to higher-dimensional homogeneous linear separators under
near-uniform distributions (as first established by Dasgupta, Kalai, and Monteleoni, 2005, 2009).
Second, it provides a novel notion of informativeness of an example, beyond the simple binary
notion of informativeness employed in disagreement-based methods. Specifically, it describes the
informativeness of an example in terms of the number of pairs of well-separated classifiers for
which at least one out of each pair will be contradicted, supposing the least-favorable label. Finally,
unlike any other existing work on active learning (present work included), it provides an elegant
description of the trade-off between the number of label requests and the number of unlabeled ex-
amples needed by the learning algorithm. Another interesting byproduct of Dasgupta’s work is a
better understanding of the nature of the improvements achievable by active learning in the general
case. In particular, his work clearly illustrates the need to study the label complexity as a quantity
that varies depending on the particular target concept and data distribution. We will see this issue
arise in many of the examples below.

Coming from a slightly different perspective, Hanneke (2007a) later analyzed the label com-
plexity of active learning in terms of an extension of the teaching dimension (Goldman and Kearns,
1995). Related quantities were previously used by Hegediis (1995) and Hellerstein, Pillaipakkam-
natt, Raghavan, and Wilkins (1996) to tightly characterize the number of membership queries suf-
ficient for Exact learning; Hanneke (2007a) provided a natural generalization to the PAC learning
setting. At this time, it is not clear how this quantity relates to the splitting index. From a practical
perspective, in some instances it may be easier to calculate (see the work of Nowak, 2008 for a
discussion related to this), though in other cases the opposite seems true.

The next progress toward understanding the label complexity of active learning came in the work
of Hanneke (2007b), who introduced a quantity called the disagreement coefficient (Definition 9 be-
low), accompanied by a technique for analyzing disagreement-based active learning algorithms. In
particular, implicit in that work, and made explicit in the later work of Hanneke (2011), was the
first general characterization of the label complexities achieved by the original CAL strategy for
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active learning in the realizable case, stated in terms of the disagreement coefficient. The results of
the present work are direct descendants of that 2007 paper, and we will discuss the disagreement
coefficient, and results based on it, in substantial detail below. Disagreement-based active learners
such as CAL are known to be sometimes suboptimal relative to the splitting index analysis, and
therefore the disagreement coefficient analysis sometimes results in larger label complexity bounds
than the splitting index analysis. However, in many cases the label complexity bounds based on
the disagreement coefficient are surprisingly good considering the simplicity of the methods. Fur-
thermore, as we will see below, the disagreement coefficient has the practical benefit of often being
fairly straightforward to calculate for a variety of learning problems, particularly when there is a
natural geometric interpretation of the classifiers and the data distribution is relatively smooth. As
we discuss below, it can also be used to bound the label complexity of active learning in noisy
settings. For these reasons (simplicity of algorithms, ease of calculation, and applicability beyond
the realizable case), subsequent work on the label complexity of active learning has tended to favor
the disagreement-based approach, making use of the disagreement coefficient to bound the label
complexity (Dasgupta, Hsu, and Monteleoni, 2007; Friedman, 2009; Beygelzimer, Dasgupta, and
Langford, 2009; Wang, 2009; Balcan, Hanneke, and Vaughan, 2010; Hanneke, 2011; Koltchinskii,
2010; Beygelzimer, Hsu, Langford, and Zhang, 2010; Mahalanabis, 2011; Wang, 2011). A signif-
icant part of the present paper focuses on extending and generalizing the disagreement coefficient
analysis, while still maintaining the relative ease of calculation that makes the disagreement coeffi-
cient so useful.

In addition to many positive results, Dasgupta (2005) also pointed out several negative results,
even for very simple and natural learning problems. In particular, for many problems, the minimax
label complexity of active learning will be no better than that of passive learning. In fact, Balcan,
Hanneke, and Vaughan (2010) later showed that, for a certain type of active learning algorithm—
namely, self-verifying algorithms, which themselves adaptively determine how many label requests
they need to achieve a given accuracy—there are even particular target concepts and data distribu-
tions for which no active learning algorithm of that type can outperform passive learning. Since all
of the above label complexity analyses (splitting index, teaching dimension, disagreement coeffi-
cient) apply to certain respective self-verifying learning algorithms, these negative results are also
reflected in all of the existing general label complexity analyses.

While at first these negative results may seem discouraging, Balcan, Hanneke, and Vaughan
(2010) noted that if we do not require the algorithm to be self-verifying, instead simply measuring
the number of label requests the algorithm needs to find a good classifier, rather than the number
needed to both find a good classifier and verify that it is indeed good, then these negative results
vanish. In fact, (shockingly) they were able to show that for any concept space with finite VC
dimension, and any fixed data distribution, for any given passive learning algorithm there is an
active learning algorithm with asymptotically superior label complexity for every nontrivial target
concept! A positive result of this generality and strength is certainly an exciting advance in our
understanding of the advantages of active learning. But perhaps equally exciting are the unresolved
questions raised by that work, as there are potential opportunities to strengthen, generalize, simplify,
and elaborate on this result. First, note that the above statement allows the active learning algorithm
to be specialized to the particular distribution according to which the (unlabeled) data are sampled,
and indeed the active learning method used by Balcan, Hanneke, and Vaughan (2010) in their proof
has a rather strong direct dependence on the data distribution (which cannot be removed by simply
replacing some calculations with data-dependent estimators). One interesting question is whether
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an alternative approach might avoid this direct distribution-dependence in the algorithm, so that
the claim can be strengthened to say that the active algorithm is superior to the passive algorithm
for all nontrivial target concepts and data distributions. This question is interesting both theoreti-
cally, in order to obtain the strongest possible theorem on the advantages of active learning, as well
as practically, since direct access to the distribution from which the data are sampled is typically
not available in practical learning scenarios. A second question left open by Balcan, Hanneke, and
Vaughan (2010) regards the magnitude of the gap between the active and passive label complexities.
Specifically, although they did find particularly nasty learning problems where the label complexity
of active learning will be close to that of passive learning (though always better), they hypothesized
that for most natural learning problems, the improvements over passive learning should typically
be exponentially large (as is the case for threshold classifiers); they gave many examples to illus-
trate this point, but left open the problem of characterizing general sufficient conditions for these
exponential improvements to be achievable, even when they are not achievable by self-verifying
algorithms. Another question left unresolved by Balcan, Hanneke, and Vaughan (2010) is whether
this type of general improvement guarantee might be realized by a computationally efficient active
learning algorithm. Finally, they left open the question of whether such general results might be
further generalized to settings that involve noisy labels. The present work picks up where Balcan,
Hanneke, and Vaughan (2010) left off in several respects, making progress on each of the above
questions, in some cases completely resolving the question.

1.1.2 THE AGNOSTIC CASE

In addition to the above advances in our understanding of active learning in the realizable case, there
has also been wonderful progress in making these methods robust to imperfect teachers, feature
space underspecification, and model misspecification. This general topic goes by the name agnostic
active learning, from its roots in the agnostic PAC model (Kearns, Schapire, and Sellie, 1994). In
contrast to the realizable case, in the agnostic case, there is not necessarily a perfect classifier of a
known form, and indeed there may even be label noise so that there is no perfect classifier of any
form. Rather, we have a given set of classifiers (e.g., linear separators, or depth-limited decision
trees, etc.), and the objective is to identify a classifier whose accuracy is not much worse than the
best classifier of that type. Agnostic learning is strictly more general, and often more difficult, than
realizable learning; this is true for both passive learning and active learning. However, for a given
agnostic learning problem, we might still hope that active learning can achieve a given accuracy
using fewer labels than required for passive learning.

The general topic of agnostic active learning got its first taste of real progress from Balcan,
Beygelzimer, and Langford (2006a, 2009) with the publication of the A% (agnostic active) algorithm.
This method is a noise-robust disagreement-based algorithm, which can be applied with essentially
arbitrary types of classifiers under arbitrary noise distributions. It is interesting both for its effec-
tiveness and (as with CAL) its elegance. The original work of Balcan, Beygelzimer, and Langford
(20064, 2009) showed that, in some special cases (thresholds, and homogeneous linear separators
under a uniform distribution), the A% algorithm does achieve improved label complexities compared
to the known results for passive learning.

Using a different type of general active learning strategy, Hanneke (2007a) found that the feach-
ing dimension analysis (discussed above for the realizable case) can be extended beyond the real-
izable case, arriving at general bounds on the label complexity under arbitrary noise distributions.
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These bounds improve over the known results for passive learning in many cases. However, the
algorithm requires direct access to a certain quantity that depends on the noise distribution (namely,
the noise rate, defined in Section 6 below), which would not be available in many real-world learning
problems.

Later, Hanneke (2007b) established a general characterization of the label complexities achieved
by A?, expressed in terms of the disagreement coefficient. The result holds for arbitrary types of
classifiers (of finite VC dimension) and arbitrary noise distributions, and represents the natural gen-
eralization of the aforementioned realizable-case analysis of CAL. In many cases, this result shows
improvements over the known results for passive learning. Furthermore, because of the simplicity of
the disagreement coefficient, the bound can be calculated for a variety of natural learning problems.

Soon after this, Dasgupta, Hsu, and Monteleoni (2007) proposed a new active learning strat-
egy, which is also effective in the agnostic setting. Like A2, the new algorithm is a noise-robust
disagreement-based method. The work of Dasgupta, Hsu, and Monteleoni (2007) is significant for
at least two reasons. First, they were able to establish a general label complexity bound for this
method based on the disagreement coefficient. The bound is similar in form to the previous label
complexity bound for A> by Hanneke (2007b), but improves the dependence of the bound on the
disagreement coefficient. Second, the proposed method of Dasgupta, Hsu, and Monteleoni (2007)
set a new standard for computational and aesthetic simplicity in agnostic active learning algorithms.
This work has since been followed by related methods of Beygelzimer, Dasgupta, and Langford
(2009) and Beygelzimer, Hsu, Langford, and Zhang (2010). In particular, Beygelzimer, Dasgupta,
and Langford (2009) develop a method capable of learning under an essentially arbitrary loss func-
tion; they also show label complexity bounds similar to those of Dasgupta, Hsu, and Monteleoni
(2007), but applicable to a larger class of loss functions, and stated in terms of a generalization of
the disagreement coefficient for arbitrary loss functions.

While the above results are encouraging, the guarantees reflected in these label complexity
bounds essentially take the form of (at best) constant factor improvements; specifically, in some
cases the bounds improve the dependence on the noise rate factor (defined in Section 6 below),
compared to the known results for passive learning. In fact, Kiéridinen (2006) showed that any
label complexity bound depending on the noise distribution only via the noise rate cannot do better
than this type of constant-factor improvement. This raised the question of whether, with a more de-
tailed description of the noise distribution, one can show improvements in the asymptotic form of the
label complexity compared to passive learning. Toward this end, Castro and Nowak (2008) studied
a certain refined description of the noise conditions, related to the margin conditions of Mammen
and Tsybakov (1999), which are well-studied in the passive learning literature. Specifically, they
found that in some special cases, under certain restrictions on the noise distribution, the asymptotic
form of the label complexity can be improved compared to passive learning, and in some cases the
improvements can even be exponential in magnitude; to achieve this, they developed algorithms
specifically tailored to the types of classifiers they studied (threshold classifiers and boundary frag-
ment classes). Balcan, Broder, and Zhang (2007) later extended this result to general homogeneous
linear separators under a uniform distribution. Following this, Hanneke (2009a, 2011) generalized
these results, showing that both of the published general agnostic active learning algorithms (Bal-
can, Beygelzimer, and Langford, 2009; Dasgupta, Hsu, and Monteleoni, 2007) can also achieve
these types of improvements in the asymptotic form of the label complexity; he further proved
general bounds on the label complexities of these methods, again based on the disagreement coef-
ficient, which apply to arbitrary types of classifiers, and which reflect these types of improvements
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(under conditions on the disagreement coefficient). Wang (2009) later bounded the label complexity
of A? under somewhat different noise conditions, in particular identifying weaker noise conditions
sufficient for these improvements to be exponential in magnitude (again, under conditions on the
disagreement coefficient). Koltchinskii (2010) has recently improved on some of Hanneke’s results,
refining certain logarithmic factors and simplifying the proofs, using a slightly different algorithm
based on similar principles. Though the present work discusses only classes of finite VC dimen-
sion, most of the above references also contain results for various types of nonparametric classes
with infinite VC dimension.

At present, all of the published bounds on the label complexity of agnostic active learning also
apply to self-verifying algorithms. As mentioned, in the realizable case, it is typically possible to
achieve significantly better label complexities if we do not require the active learning algorithm to
be self-verifying, since the verification of learning may be more difficult than the learning itself
(Balcan, Hanneke, and Vaughan, 2010). We might wonder whether this is also true in the agnostic
case, and whether agnostic active learning algorithms that are not self-verifying might possibly
achieve significantly better label complexities than the existing label complexity bounds described
above. We investigate this in depth below.

1.2 Summary of Contributions

In the present work, we build on and extend the above results in a variety of ways, resolving a
number of open problems. The main contributions of this work can be summarized as follows.

e We formally define a notion of a universal activizer, a meta-algorithm that transforms any pas-
sive learning algorithm into an active learning algorithm with asymptotically strictly superior
label complexities for all nontrivial distributions and target concepts in the concept space.

e We analyze the existing strategy of disagreement-based active learning from this perspec-
tive, precisely characterizing the conditions under which this strategy can lead to a universal
activizer for VC classes in the realizable case.

e We propose a new type of active learning algorithm, based on shatterable sets, and construct
universal activizers for all VC classes in the realizable case based on this idea; in particular,
this overcomes the issue of distribution-dependence in the existing results mentioned above.

e We present a novel generalization of the disagreement coefficient, along with a new asymp-
totic bound on the label complexities achievable by active learning in the realizable case; this
new bound is often significantly smaller than the existing results in the published literature.

e We state new concise sufficient conditions for exponential improvements over passive learn-
ing to be achievable in the realizable case, including a significant weakening of known con-
ditions in the published literature.

e We present a new general-purpose active learning algorithm for the agnostic case, based on
the aforementioned idea involving shatterable sets.

e We prove a new asymptotic bound on the label complexities achievable by active learning in
the presence of label noise (the agnostic case), often significantly smaller than any previously
published results.

1477



HANNEKE

e We formulate a general conjecture on the theoretical advantages of active learning over pas-
sive learning in the presence of arbitrary types of label noise.

1.3 Outline of the Paper

The paper is organized as follows. In Section 2, we introduce the basic notation used throughout,
formally define the learning protocol, and formally define the label complexity. We also define the
notion of an activizer, which is a procedure that transforms a passive learning algorithm into an
active learning algorithm with asymptotically superior label complexity. In Section 3, we review
the established technique of disagreement-based active learning, and prove a new result precisely
characterizing the scenarios in which disagreement-based active learning can be used to construct
an activizer. In particular, we find that in many scenarios, disagreement-based active learning is not
powerful enough to provide the desired improvements. In Section 4, we move beyond disagreement-
based active learning, developing a new type of active learning algorithm based on shatterable sets
of points. We apply this technique to construct a simple 3-stage procedure, which we then prove is a
universal activizer for any concept space of finite VC dimension. In Section 5, we begin by review-
ing the known results for bounding the label complexity of disagreement-based active learning in
terms of the disagreement coefficient; we then develop a somewhat more involved procedure, again
based on shatterable sets, which takes full advantage of the sequential nature of active learning. In
addition to being an activizer, we show that this procedure often achieves dramatically superior la-
bel complexities than achievable by passive learning. In particular, we define a novel generalization
of the disagreement coefficient, and use it to bound the label complexity of this procedure. This
also provides us with concise sufficient conditions for obtaining exponential improvements over
passive learning. Continuing in Section 6, we extend our framework to allow for label noise (the
agnostic case), and discuss the possibility of extending the results from previous sections to these
noisy learning problems. We first review the known results for noise-robust disagreement-based ac-
tive learning, and characterizations of its label complexity in terms of the disagreement coefficient
and Mammen-Tsybakov noise parameters. We then proceed to develop a new type of noise-robust
active learning algorithm, again based on shatterable sets, and prove bounds on its label complexity
in terms of our aforementioned generalization of the disagreement coefficient. Additionally, we
present a general conjecture concerning the existence of activizers for certain passive learning al-
gorithms in the agnostic case. We conclude in Section 7 with a host of enticing open problems for
future investigation.

2. Definitions and Notation

For most of the paper, we consider the following formal setting. There is a measurable space
(X,Fx), where X is called the instance space; for simplicity, we suppose this is a standard Borel
space (Srivastava, 1998) (e.g., R™ under the usual Borel o-algebra), though most of the results gen-
eralize. A classifier is any measurable function 7 : X — {—1,+1}. There is a set C of classifiers
called the concept space. In the realizable case, the learning problem is characterized as follows.
There is a probability measure P on X, and a sequence Zx = {X}, X5, ...} of independent X’-valued
random variables, each with distribution P. We refer to these random variables as the sequence
of unlabeled examples; although in practice, this sequence would typically be large but finite, to
simplify the discussion and focus strictly on counting labels, we will suppose this sequence is inex-
haustible. There is additionally a special element f € C, called the target function, and we denote by
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Y; = f(X;); we further denote by Z = {(X;,Y1), (X2,Y2),...} the sequence of labeled examples, and
for m € N we denote by Z,, = {(X1,11),(X2,Y2),...,(Xm,Yn)} the finite subsequence consisting of
the first m elements of Z. For any classifier 4, we define the error rate er(h) = P(x : h(x) # f(x)).
Informally, the learning objective in the realizable case is to identify some & with small er(A) using
elements from Z, without direct access to f.

An active learning algorithm A is permitted direct access to the Zx sequence (the unlabeled
examples), but to gain access to the ¥; values it must request them one at a time, in a sequential
manner. Specifically, given access to the Zx values, the algorithm selects any index i € N, requests
to observe the ¥; value, then having observed the value of ¥;, selects another index i/, observes the
value of Yy, etc. The algorithm is given as input an integer n, called the label budget, and is permitted
to observe at most n labels total before eventually halting and returning a classifier h, = A(n); that
is, by definition, an active learning algorithm never attempts to access more than the given budget n
number of labels. We will then study the values of n sufficient to guarantee Eler(/,)] < &, for any
given value € € (0,1). We refer to this as the label complexity. We will be particularly interested in
the asymptotic dependence on € in the label complexity, as € — 0. Formally, we have the following
definition.

Definition 1 An active learning algorithm A achieves label complexity A(-,-,-) if, for every target
function f, distribution P, € € (0,1), and integer n > A(&, f,P), we have Eler (A(n))] < €.

This definition of label complexity is similar to one originally studied by Balcan, Hanneke, and
Vaughan (2010). It has a few features worth noting. First, the label complexity has an explicit
dependence on the target function f and distribution P. As noted by Dasgupta (2005), we need
this dependence if we are to fully understand the range of label complexities achievable by active
learning; we further illustrate this issue in the examples below. The second feature to note is that
the label complexity, as defined here, is simply a sufficient budget size to achieve the specified
accuracy. That is, here we are asking only how many label requests are required for the algorithm
to achieve a given accuracy (in expectation). However, as noted by Balcan, Hanneke, and Vaughan
(2010), this number might not be sufficiently large to detect that the algorithm has indeed achieved
the required accuracy based only on the observed data. That is, because the number of labeled
examples used in active learning can be quite small, we come across the problem that the number
of labels needed to learn a concept might be significantly smaller than the number of labels needed
to verify that we have successfully learned the concept. As such, this notion of label complexity
is most useful in the design of effective learning algorithms, rather than for predicting the number
of labels an algorithm should request in any particular application. Specifically, to design effective
active learning algorithms, we should generally desire small label complexity values, so that (in the
extreme case) if some algorithm .4 has smaller label complexity values than some other algorithm
A’ for all target functions and distributions, then (all other factors being equal) we should clearly
prefer algorithm A over algorithm A’; this is true regardless of whether we have a means to detect
(verify) how large the improvements offered by algorithm A over algorithm A’ are for any particular
application. Thus, in our present context, performance guarantees in terms of this notion of label
complexity play a role analogous to concepts such as universal consistency or admissibility, which
are also generally useful in guiding the design of effective algorithms, but are not intended to be
informative in the context of any particular application. See the work of Balcan, Hanneke, and
Vaughan (2010) for a discussion of this issue, as it relates to a definition of label complexity similar
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to that above, as well as other notions of label complexity from the active learning literature (some
of which include a verification requirement).

We will be interested in the performance of active learning algorithms, relative to the perfor-
mance of a given passive learning algorithm. In this context, a passive learning algorithm .4 takes
as input a finite sequence of labeled examples £ € |J, (X x {—1,+1})", and returns a classifier
h = A(L). We allow both active and passive learning algorithms to be randomized: that is, to
have independent internal randomness, in addition to the given random data. We define the label
complexity for a passive learning algorithm as follows.

Definition 2 A passive learning algorithm A achieves label complexity A(-,-,-) if, for every target
Sfunction f, distribution P, € € (0,1), and integer n > A(&, f,P), we have Eler (A(Z,))] < &.

Although technically some algorithms may be able to achieve a desired accuracy without any
observations, to make the general results easier to state (namely, those in Section 5), unless oth-
erwise stated we suppose label complexities (both passive and active) take strictly positive values,
among NU {oc}; note that label complexities (both passive and active) can be infinite, indicating
that the corresponding algorithm might not achieve expected error rate € for any n € N. Both the
passive and active label complexities are defined as a number of labels sufficient to guarantee the
expected error rate is at most €. It is also common in the literature to discuss the number of label
requests sufficient to guarantee the error rate is at most € with high probability 1 — § (e.g., Bal-
can, Hanneke, and Vaughan, 2010). In the present work, we formulate our results in terms of the
expected error rate because it simplifies the discussion of asymptotics, in that we need only study
the behavior of the label complexity as the single argument & approaches 0, rather than the more
complicated behavior of a function of € and & as both € and & approach 0 at various relative rates.
However, we note that analogous results for these high-probability guarantees on the error rate can
be extracted from the proofs below without much difficulty, and in several places we explicitly state
results of this form.

Below we employ the standard notation from asymptotic analysis, including O(-), o(+), Q2(+),
o(-), ©(-), <, and >. In all contexts below not otherwise specified, the asymptotics are always
considered as € — 0 when considering a function of &, and as n — oo when considering a function
of n; also, in any expression of the form “x — 0,” we always mean the limit from above (i.e., x | 0).
For instance, when considering nonnegative functions of €, A,(&) and A4,(€), the above notations

are defined as follows. We say A,(€) = o(4,(€)) when ling) ;‘18 = 0, and this is equivalent to
e—0 "M

writing A,(€) = ©(A4(€)), Aa(€) K A,(€), or A,(€) > A,(€). We say A (€) = O(A,(g)) when

limsup /’%;8 < 00, which can equivalently be expressed as A,(€) = (2(A,(€)). Finally, we write

£—0

Aq(€) = O(A,(€)) to mean that both A,(€) = O(A,(€)) and A,(€) = 2(A,(€)) are satisfied. We
also use the standard notation for the limit of a sequence of sets, such as lin(l)A,, defined by the
r—

property Liima, = liII(l) 1,4, (if the latter exists), where 14 is the indicator function for the set A.
r—0 r—

Define the class of functions Polylog(1/€) as those g : (0,1) — [0,00) such that, for some
k € [0,00), g(€) = O(log*(1/€)). For a label complexity A, also define the set Nontrivial(A) as the
collection of all pairs (f,P) of a classifier and a distribution such that, Ve > 0,A(e, f,P) < oo, and

Vg € Polylog(1/¢€), A(e, f,P) = w(g(€)).

1480



ACTIVIZED LEARNING

In this context, an active meta-algorithm is a procedure A, taking as input a passive algorithm
A, and a label budget n, such that for any passive algorithm A,, A,(A,,-) is an active learning
algorithm. We define an activizer for a given passive algorithm as follows.

Definition 3 We say an active meta-algorithm A, activizes a passive algorithm A, for a concept
space C if the following holds. For any label complexity A, achieved by A, the active learning
algorithm A,(A,,-) achieves a label complexity A, such that, for every f € C and every distribution
P on X with (f,P) € Nontrivial(A,), there exists a constant ¢ € [1,00) such that

Aa(CS,f,P) = O(Ap(87f773)) .

In this case, A, is called an activizer for A, with respect to C, and the active learning algorithm
Ay(Ap,-) is called the Ag-activized A,

We also refer to any active meta-algorithm A, that activizes every passive algorithm A, for C
as a universal activizer for C. One of the main contributions of this work is establishing that such
universal activizers do exist for any VC class C.

A bit of explanation is in order regarding Definition 3. We might interpret it as follows: an
activizer for A, strongly improves (in a little-o sense) the label complexity for all nontrivial target
functions and distributions. Here, we seek a meta-algorithm that, when given A, as input, results
in an active learning algorithm with strictly superior label complexities. However, there is a sense
in which some distributions P or target functions f are trivial relative to A,. For instance, perhaps
A, has a default classifier that it is naturally biased toward (e.g., with minimal P(x : h(x) = +1),
as in the Closure algorithm of Helmbold, Sloan, and Warmuth, 1990), so that when this default
classifier is the target function, .4, achieves a constant label complexity. In these trivial scenarios,
we cannot hope to improve over the behavior of the passive algorithm, but instead can only hope
to compete with it. The sense in which we wish to compete may be a subject of some controversy,
but the implication of Definition 3 is that the label complexity of the activized algorithm should be
strictly better than every nontrivial upper bound on the label complexity of the passive algorithm.
For instance, if A,(€, f,P) € Polylog(1/¢€), then we are guaranteed A, (g, f,P) € Polylog(1/¢)
as well, but if A, (g, f,P) = O(1), we are still only guaranteed A,(€, f,P) € Polylog(1/€). This
serves the purpose of defining a framework that can be studied without requiring too much obsession
over small additive terms in trivial scenarios, thus focusing the analyst’s efforts toward nontrivial
scenarios where A, has relatively large label complexity, which are precisely the scenarios for
which active learning is truly needed. In our proofs, we find that in fact Polylog(1/€) can be
replaced with O(log(1/¢)), giving a slightly broader definition of “nontrivial,” for which all of the
results below still hold. Section 7 discusses open problems regarding this issue of trivial problems.

The definition of Nontrivial(-) also only requires the activized algorithm to be effective in sce-
narios where the passive learning algorithm has reasonable behavior (i.e., finite label complexities);
this is only intended to keep with the reduction-based style of the framework, and in fact this re-
striction can easily be lifted using a trick from Balcan, Hanneke, and Vaughan (2010) (aggregating
the activized algorithm with another algorithm that is always reasonable).

Finally, we also allow a constant factor ¢ loss in the € argument to A,. We allow this to be an
arbitrary constant, again in the interest of allowing the analyst to focus only on the most signifi-
cant aspects of the problem; for most reasonable passive learning algorithms, we typically expect
A, (g, f,P) =Poly(1/€), in which case c can be set to 1 by adjusting the leading constant factors of
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Ag4. A careful inspection of our proofs reveals that ¢ can always be set arbitrarily close to 1 without
affecting the theorems below (and in fact, we can even get ¢ = (1 +0(1)), a function of €).

Throughout this work, we will adopt the usual notation for probabilities, such as P(er(h) > €),
and as usual we interpret this as measuring the corresponding event in the (implicit) underlying
probability space. In particular, we make the usual implicit assumption that all sets involved in
the analysis are measurable; where this assumption does not hold, we may turn to outer prob-
abilities, though we will not make further mention of these technical details. We will also use
the notation P¥(-) to represent k-dimensional product measures; for instance, for a measurable set
A C Xk, PKA) =P((X],...,X]) € A), for independent P-distributed random variables X],...,X].
Additionally, to simplify notation, we will adopt the convention that X* = {@} and P°(X°) = 1.
Throughout, we will denote by 14(z) the indicator function for a set A, which has the value 1 when
z € A and 0 otherwise; additionally, at times it will be more convenient to use the bipolar indicator
function, defined as 15 (2) = 214(2) — 1.

We will require a few additional definitions for the discussion below. For any classifier #: X' —
{—=1,+1} and finite sequence of labeled examples £ € |J,,(X x {—1,+1})™, define the empirical
error rate erp(h) = |£|7! > (vy)jec 1{—y (h(x)); for completeness, define ery(h) = 0. Also, for
L = Z,, the first m labeled examples in the data sequence, abbreviate this as er,,(h) = erz, (h). For
any probability measure P on &, set of classifiers H, classifier A, and r > 0, define By, p(h,r) =
{g € H: P(x:h(x) # g(x)) < r}; when P = P, the distribution of the unlabeled examples, and P
is clear from the context, we abbreviate this as By (h,r) = By p(h,r); furthermore, when P =P
and H = C, the concept space, and both P and C are clear from the context, we abbreviate this
as B(h,r) = B¢ p(h,r). Also, for any set of classifiers 7, and any sequence of labeled examples
L€ Up(X x{=1,+1})", define H[L] = {h € H :erz(h) = 0}; for any (x,y) € X x {—1,+1},
abbreviate H[(x,y)] = H[{(x,y)}| = {h € H : h(x) = y}.

We also adopt the usual definition of “shattering” used in learning theory (e.g., Vapnik, 1998).
Specifically, for any set of classifiers H, k € N, and § = (x1,...,x) € X k we say H shatters S if,
Y(y1,...,yk) € {—1,+1}, 3h € H such that Vi € {1,...,k}, h(x;) = y;; equivalently, H shatters S
if 3{hy,...,hy} C H such that for each i, j € {1,...,2%} with i # j, 3¢ € {1,... k} with h;(x;) #
hj(x¢). To simplify notation, we will also say that # shatters @ if and only if H # {}. As usual,
we define the VC dimension of C, denoted d, as the largest integer k such that 35 € X’* shattered by
C (Vapnik and Chervonenkis, 1971; Vapnik, 1998). To focus on nontrivial problems, we will only
consider concept spaces C with d > 0 in the results below. Generally, any such concept space C
with d < oo is called a VC class.

2.1 Motivating Examples

Throughout this paper, we will repeatedly refer to a few canonical examples. Although themselves
quite toy-like, they represent the boiled-down essence of some important distinctions between var-
ious types of learning problems. In some sense, the process of grappling with the fundamental
distinctions raised by these types of examples has been a driving force behind much of the recent
progress in understanding the label complexity of active learning.

The first example is perhaps the most classic, and is clearly the first that comes to mind when
considering the potential for active learning to provide strong improvements over passive learning.

Example 1 In the problem of learning threshold classifiers, we consider X = [0,1] and
C={h,(x)= Il[izvl](x) :z€(0,1)}
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There is a simple universal activizer for threshold classifiers, based on a kind of binary search.
Specifically, suppose n € N and that 4, is any given passive learning algorithm. Consider the
points in {X1,X2,..., X}, form= 2"=1 and sort them in increasing order: X(1):X2)s -+ X(m)- Also
initialize £ = 0 and u = m+ 1, and define Xy = 0 and X,,;.) = 1. Now request the label of X;) for
i=|({+u)/2] (i.e., the median point between ¢ and u); if the label is —1, let £ = i, and otherwise
let u = i; repeat this (requesting this median point, then updating ¢ or u accordingly) until we have
u={+1. Finally, let Z = X, construct the labeled sequence L = {(X1,hz(X1)), .- -, (Xm, 12 (Xmn)) },
and return the classifier i = A, (L).

Since each label request at least halves the set of integers between ¢ and u, the total number
of label requests is at most log,(m) + 1 = n. Supposing f € C is the target function, this proce-
dure maintains the invariant that f(Xs)) = —1 and f(X(,)) = +1. Thus, once we reach u = ¢+ 1,
since f is a threshold, it must be some &, with z € (¢,u]; therefore every X( J) with j < £ has
f(X(j)) = —1, and likewise every X(;) with j > u has f(X;) = +1; in particular, this means £
equals 2, the true labeled sequence. But this means i = A,(Z,). Since n = log,(m) + 1, this
active learning algorithm will achieve an equivalent error rate to what A, achieves with m labeled
examples, but using only log,(m) + 1 label requests. In particular, this implies that if .4, achieves
label complexity A, then this active learning algorithm achieves label complexity A, such that
Au(g, f,P) <logy Ap(e,f,P)+2;aslong as 1 < A,(e, f,P) < oo, this is o(A, (€, f,P)), so that
this procedure activizes A, for C.

The second example we consider is almost equally simple (only increasing the VC dimension
from 1 to 2), but is far more subtle in terms of how we must approach its analysis in active learning.

Example 2 In the problem of learning interval classifiers, we consider X = [0,1] and
C = {hpp(x) = Il[j;b} (x):0<a<b< 1}

For the intervals problem, we can also construct a universal activizer, though slightly more
complicated. Specifically, suppose again that n € N and that A, is any given passive learning
algorithm. We first request the labels {Y1,Y2, ..., Y], /21 } of the first [n/2] examples in the sequence.
If every one of these labels is —1, then we immediately return the all-negative constant classifier
h(x) = —1. Otherwise, consider the points {X;,X>,..., X}, for m = max{2W 4J_1,n}, and sort
them in increasing order X(;),X2),...,X(). For some value i € {1,...,[n/2]} with ¥; = +1, let
J+ denote the corresponding index j such that X(;) = X;. Also initialize £; =0, u; = ¢, = j, and
up =m+1, and define Xg) = 0 and X, 1) = 1. Now if £; +1 < uy, request the label of X; for
i =|(¢;+up)/2| (the median point between ¢; and u,); if the label is —1, let £; = i, and otherwise
let u; = i; repeat this (requesting this median point, then updating ¢; or u; accordingly) until we
have uy = 1 + 1. Now if £, + 1 < uy, request the label of X(;) fori = | (¢2+uy) /2] (the median point
between ¢ and u,); if the label is —1, let u, = i, and otherwise let ¢, = i; repeat this (requesting this
median point, then updating u, or ¢, accordingly) until we have u; = ¢, + 1. Finally, let @ = u; and

b = 05, construct the labeled sequence £ = { (Xl,h[&_l;] (X1)) e (meh[@j,] (Xm)) }, and return the

classifier i = A, (L).

Since each label request in the second phase halves the set of values between either ¢; and
uy or £ and u,, the total number of label requests is at most min{m, [n/2] 4 2log,(m)+2} < n.
Suppose f € C is the target function, and let w(f) = P(x: f(x) = +1). If w(f) = 0, then with
probability 1 the algorithm will return the constant classifier 2(x) = —1, which has er(/) = 0 in this

case. Otherwise, if w(f) > 0, then for any n > % In é, with probability at least 1 — €, there exists

()

1483



HANNEKE

i€{l,...,[n/2]} with ¥; = +1. Let H, denote the event that such an i exists. Supposing this is
the case, the algorithm will make it into the second phase. In this case, the procedure maintains the
invariant that f(X(s,)) = =1, f(X(4)) = f(X(s,)) = +1, and f(X,,)) = —1, where {1 <u; < {r <up.
Thus, once we have u; = ¢; + 1 and up = ¢, + 1, since f is an interval, it must be some h[mb] with
a€ (f1,u] and b € [0, u;); therefore, every X ;) with j < ¢ or j > up has f(X()) = —1, and like-
wise every X ;) with u; < j </ has f(X(;)) = +1; in particular, this means £ equals Z,, the true
labeled sequence. But this means h= .A ( m). Supposing A, achieves label complexity A,, and

thathmax{8+4log2 (&, f, ), 2 pIn g } then m > 21"/41=1 > A (e, £,P) and E [er(h)] <

E[er(h)ly, | +(1-P(H)) <E [er(A (Zm))] + & < 2¢. In particular, this means this active learn-
ing algorithm achieves label complexity A, such that, for any f € C withw(f) =0, A,(2¢, f,P) =

and for any £ € C with w(f) > 0, Aa(28,f,73)§max{8+4log2 o(e.1.P). i lnf} If (f,P) €

Nontrivial(A,), then W(Zf) Inl =o0(A,(e,f,P)) and 8 +4log, A, (&, f,P) = o(A,(&, f,P)), so that
Aa(2e,f,P) =0(Ap(e, f, 73)) Therefore, this procedure activizes A, for C.

This example also brings to light some interesting phenomena in the analysis of the label com-
plexity of active learning. Note that unlike the thresholds example, we have a much stronger de-
pendence on the target function in these label complexity bounds, via the w(f) quantity. This
issue is fundamental to the problem, and cannot be avoided. In particular, when P([0,x]) is con-
tinuous, this is the very issue that makes the minimax label complexity for this problem (i.e.,
miny, max rec Aq(€, f,P)) no better than passive learning (Dasgupta, 2005). Thus, this problem
emphasizes the need for any informative label complexity analysis of active learning to explicitly
describe the dependence of the label complexity on the target function, as advocated by Dasgupta
(2005). This example also highlights the unverifiability phenomenon explored by Balcan, Hanneke,
and Vaughan (2010), since in the case of w(f) = 0, the error rate of the returned classifier is zero,
but (for nondegenerate P) there is no way for the algorithm to verify this fact based only on the
finite number of labels it observes. In fact, Balcan, Hanneke, and Vaughan (2010) have shown that
under continuous P, for any f € C with w(f) = 0, the number of labels required to both find a clas-
sifier of small error rate and verify that the error rate is small based only on observable quantities is
essentially no better than for passive learning.

These issues are present to a small degree in the intervals example, but were easily handled
in a very natural way. The target-dependence shows up only in an initial phase of waiting for a
positive example, and the always-negative classifiers were handled by setting a default return value.
However, we can amplify these issues so that they show up in more subtle and involved ways.
Specifically, consider the following example, studied by Balcan, Hanneke, and Vaughan (2010).

Example 3 In the problem of learning unions of i intervals, we consider X = [0,1] and

(C:{h() ﬂi [szlzzl]():O<2’1§22§...§2’2i<1}.

The challenge of this problem is that, because sometimes z; = z; for some j values, we do not
know how many intervals are required to minimally represent the target function: only that it is at
most i. This issue will be made clearer below. We can essentially think of any effective strategy here
as having two components: one component that searches (perhaps randomly) with the purpose of
identifying at least one example from each decision region, and another component that refines our
estimates of the end-points of the regions the first component identifies. Later, we will go through
the behavior of a universal activizer for this problem in detail.
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3. Disagreement-Based Active Learning

At present, perhaps the best-understood active learning algorithms are those choosing their label
requests based on disagreement among a set of remaining candidate classifiers. The canonical algo-
rithm of this type, a version of which we discuss below in Section 5.1, was proposed by Cohn, Atlas,
and Ladner (1994). Specifically, for any set H of classifiers, define the region of disagreement:

DIS(H) = {X € X :3dhy,hy € H s.t. hy (x) 75 hz(x)} .

The basic idea of disagreement-based algorithms is that, at any given time in the algorithm,
there is a subset V C C of remaining candidates, called the version space, which is guaranteed to
contain the target f. When deciding whether to request a particular label ¥;, the algorithm simply
checks whether X; € DIS(V): if so, the algorithm requests ¥;, and otherwise it does not. This gen-
eral strategy is reasonable, since for any X; ¢ DIS(V), the label agreed upon by V must be f(X;),
so that we would get no information by requesting ¥;; that is, for X; ¢ DIS(V), we can accurately
infer Y; based on information already available. This type of algorithm has recently received sub-
stantial attention, not only for its obvious elegance and simplicity, but also because (as we discuss
in Section 6) there are natural ways to extend the technique to the general problem of learning with
label noise and model misspecification (the agnostic setting). The details of disagreement-based
algorithms can vary in how they update the set V and how frequently they do so, but it turns out
almost all disagreement-based algorithms share many of the same fundamental properties, which
we describe below.

3.1 A Basic Disagreement-Based Active Learning Algorithm

In Section 5.1, we discuss several known results on the label complexities achievable by these types
of active learning algorithms. However, for now let us examine a very basic algorithm of this type.
The following is intended to be a simple representative of the family of disagreement-based active
learning algorithms. It has been stripped down to the bare essentials of what makes such algorithms
work. As a result, although the gap between its label complexity and that achieved by passive
learning is not necessarily as large as those achieved by the more sophisticated disagreement-based
active learning algorithms of Section 5.1, it has the property that whenever those more sophisticated
methods have label complexities asymptotically superior to those achieved by passive learning, that
guarantee will also be true for this simpler method, and vice versa. The algorithm operates in only
2 phases. In the first, it uses one batch of label requests to reduce the version space V to a subset of
C; in the second, it uses another batch of label requests, this time only requesting labels for points
in DIS(V). Thus, we have isolated precisely that aspect of disagreement-based active learning that
involves improvements due to only requesting the labels of examples in the region of disagreement.
The procedure is formally defined as follows, in terms of an estimator P, (DIS(V)) specified below.
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Meta-Algorithm 0
Input: passive algorithm A, label budget n
Output: classifier 2

0. Request the first [n/2] labels {Y1,...,Y], >}, and let ¢ < |n/2]

1. LetV = {h eC: €r(p)2| (h) = 0}

. Let A « B,(DIS(V))

.Let £+ {}

.Form=|n/2] +1,...|n/2) + |n/(4A) |

If X,, € DIS(V) and ¢ < n, request the label Y,, of X,,, and let § < Y, and ¢t 1+ 1
Else let § <— h(X,,) for an arbitrary h € V

Let £+ LU{(Xm,¥)}

. Return A, (L)

0NN AW

Meta-Algorithm 0 depends on a data-dependent estimator £,(DIS(V)) of P(DIS(V)), which
we can define in a variety of ways using only unlabeled examples. In particular, for the theorems
below, we will take the following definition for £,(DIS(V)), designed to be a confidence upper
bound on P(DIS(V)). LetU, = {X,2_1,...,X5,2}. Then define

ey

S

A 2
P,(DIS(V)) = max ) Z Ipis(v) (),

xeU,

Meta-Algorithm 0 is divided into two stages: one stage where we focus on reducing V, and a
second stage where we construct the sample £ for the passive algorithm. This might intuitively seem
somewhat wasteful, as one might wish to use the requested labels from the first stage to augment
those in the second stage when constructing £, thus feeding all of the observed labels into the
passive algorithm .A,,. Indeed, this can improve the label complexity in some cases (albeit only by
a constant factor); however, in order to get the general property of being an activizer for all passive
algorithms A, we construct the sample £ so that the conditional distribution of the X components
in £ given | L] is PI£ 5o that it is (conditionally) an i.i.d. sample, which is essential to our analysis.
The choice of the number of (unlabeled) examples to process in the second stage guarantees (by a
Chernoff bound) that the “¢# < n” constraint in Step 5 is redundant; this is a trick we will employ in
several of the methods below. As explained above, because f € V, this implies that every (x,y) € £
has y = f(x).

To give some basic intuition for how this algorithm behaves, consider the example of learning
threshold classifiers (Example 1); to simplify the explanation, for now we ignore the fact that P,
is only an estimate, as well as the “¢ < n” constraint in Step 5 (both of which will be addressed in
the general analysis below). In this case, suppose the target function is f = h,. Let a = max{X; :
Xi<z1<i<|n/2|}and b=min{X;:X; > 2,1 <i<|n/2]}. ThenV = {h, :a <z <b} and
DIS(V) = (a,b), so that the second phase of the algorithm only requests labels for a number of
points in the region (a,b). With probability 1 — €, the probability mass in this region is at most
O(log(1/€)/n), so that |£| > £, ¢ = Q(n?/1log(1/€)); also, since the labels in £ are all correct, and
the X, values in £ are conditionally iid (with distribution P) given |L|, we see that the conditional
distribution of £ given |£| = £ is the same as the (unconditional) distribution of Z,. In particular, if
A, achieves label complexity A, and h, is the classifier returned by Meta-Algorithm O applied to

1486



ACTIVIZED LEARNING

A, then for any n = Q) (\/A, (g, f,P)log(1/€)) chosen so that £, ¢ > A, (g, f,P), we have

E[er(h,)] <&+ sup Eler(A,(20))] <e+ sup Eler(A,(2))] < 2e.
(>l e (>A,(e.f,P)

This indicates the active learning algorithm achieves label complexity A, with A,(2¢,f,P) =
O (\/Ap(€, f,P)log(1/€)). In particular, if co > A,(€, f,P) = o(log(1/€)), then A,(2¢€, f,P) =
o(Ap(g,f,P)). Therefore, Meta-Algorithm O is a universal activizer for the space of threshold
classifiers.

In contrast, consider the problem of learning interval classifiers (Example 2). In this case,
suppose the target function f has P(x: f(x) = +1) = 0, and that P is uniform in [0, 1]. Since (with
probability one) every ¥; = —1, we have V = {h|,  : {X1,...,X|n/2) } N[a,b] = 0}. But this contains
classifiers hy, 4 for every a € (0,1)\ {Xi,..., X2/}, so that DIS(V) = (0, 1) \ {X1,..., X2 }-
Thus, P(DIS(V)) = 1, and |£| = O(n); that is, A, gets run with no more labeled examples than
simple passive learning would use. This indicates we should not expect Meta-Algorithm O to be
a universal activizer for interval classifiers. Below, we formalize this by constructing a passive
learning algorithm A, that Meta-Algorithm 0 does not activize in scenarios of this type.

3.2 The Limiting Region of Disagreement

In this subsection, we generalize the examples from the previous subsection. Specifically, we prove
that the performance of Meta-Algorithm O is intimately tied to a particular limiting set, referred to
as the disagreement core. A similar definition was given by Balcan, Hanneke, and Vaughan (2010)
(there referred to as the boundary, for reasons that will become clear below); it is also related to
certain quantities in the work of Hanneke (2007b, 2011) described below in Section 5.1.

Definition 4 Define the disagreement core of a classifier f with respect to a set of classifiers H and
probability measure P as

onyprf= }LH(I)DIS (B, p(f,r)).

When P = P, the data distribution on X', and P is clear from the context, we abbreviate this as
Onf = Oy pf; if additionally H = C, the full concept space, which is clear from the context, we
further abbreviate this as df = dcf = Oc pf.

As we will see, disagreement-based algorithms often tend to focus their label requests around
the disagreement core of the target function. As such, the concept of the disagreement core will
be essential in much of our discussion below. We therefore go through a few examples to build
intuition about this concept and its properties. Perhaps the simplest example to start with is C
as the class of threshold classifiers (Example 1), under P uniform on [0, 1]. For any %, € C and
sufficiently small r > 0, B(f,r) = {hy : |2’ — z| <r}, and DIS(B(f,r)) = [z —r,z + r). There-
fore, Oh, = }i_r)r(l)DIS(B(hz, r)) = }i_r}(l)[z —r,z+r) = {z}. Thus, in this case, the disagreement core
of h, with respect to C and P is precisely the decision boundary of the classifier. As a slightly
more involved example, consider again the example of interval classifiers (Example 2), again un-
der P uniform on [0,1]. Now for any Ay, € C with b —a > 0, for any sufficiently small r > 0,
B(higp),7) = {hwp) : la—d'| +|b—b'| <r}, and DIS(B(hyp), 7)) = [a—ra+r)U(b—rb+r].
Therefore, Oh, ) = }i%n(l)DIS(B(h[a’b],r)) = }ijr})[a —rna+r)U(b—rb+r|={a,b}. Thus, in this
case as well, the disagreement core of &, ;) with respect to C and P is again the decision boundary
of the classifier.
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As the above two examples illustrate, Jf often corresponds to the decision boundary of f in
some geometric interpretation of A and f. Indeed, under fairly general conditions on C and P,
the disagreement core of f does correspond to (a subset of) the set of points dividing the two
label regions of f; for instance, Friedman (2009) derives sufficient conditions, under which this is
the case. In these cases, the behavior of disagreement-based active learning algorithms can often
be interpreted in the intuitive terms of seeking label requests near the decision boundary of the
target function, to refine an estimate of that boundary. However, in some more subtle scenarios
this is no longer the case, for interesting reasons. To illustrate this, let us continue the example of
interval classifiers from above, but now consider A, 4 (i.e., h, ) With a = b). This time, for any
r € (0,1) we have B(hjyq,7) = {hjg ) € C: b’ —d' < r}, and DIS(B(hy, 4),7)) = (0, 1). Therefore,
Ohy g = lim DIS(B(hy, 4, 7)) = 1im(0,1) = (0, 1).

r—0 r—0

This example shows that in some cases, the disagreement core does not correspond to the de-
cision boundary of the classifier, and indeed has P(9f) > 0. Intuitively, as in the above example,
this typically happens when the decision surface of the classifier is in some sense simpler than it
could be. For instance, consider the space C of unions of two intervals (Example 3 with i = 2)
under uniform P. The classifiers f € C with P(9f) > 0 are precisely those representable (up to
probability zero differences) as a single interval. The others (with 0 < z; < 2, < 23 < 24 < 1) have
Ohg = {z1,22,23,24}. In these examples, the f € C with P(9f) > 0 are not only simpler than other
nearby classifiers in C, but they are also in some sense degenerate relative to the rest of C; however,
it turns out this is not always the case, as there exist scenarios (C,P), even with d = 2, and even
with countable C, for which every f € C has P(9f) > 0; in these cases, every classifier is in some
important sense simpler than some other subset of nearby classifiers in C.

In Section 3.3, we show that the label complexity of disagreement-based active learning is in-
timately tied to the disagreement core. In particular, scenarios where P(0f) > 0, such as those
mentioned above, lead to the conclusion that disagreement-based methods are sometimes insuffi-
cient for activized learning. This motivates the design of more sophisticated methods in Section 4,
which overcome this deficiency, along with a corresponding refinement of the definition of “dis-
agreement core ~ in Section 5.2 that eliminates the above issue with “simple” classifiers.

3.3 Necessary and Sufficient Conditions for Disagreement-Based Activized Learning

In the specific case of Meta-Algorithm 0, for large n we may intuitively expect it to focus its second
batch of label requests in and around the disagreement core of the target function. Thus, when-
ever P(Jf) = 0, we should expect the label requests to be quite focused, and therefore the algo-
rithm should achieve smaller label complexity compared to passive learning. On the other hand, if
P(0f) > 0, then the label requests will not become focused beyond a constant fraction of the space,
so that the improvements achieved by Meta-Algorithm 0 over passive learning should be, at best, a
constant factor. This intuition is formalized in the following general theorem, the proof of which is
included in Appendix A.

Theorem 5 For any VC class C, Meta-Algorithm 0 is a universal activizer for C if and only if every
f € C and distribution P has P (Ocpf) = 0.

While the formal proof is given in Appendix A, the general idea is simple. As we always have
f €V, any § inferred in Step 6 must equal f(x), so that all of the labels in £ are correct. Also, as n
grows large, classic results on passive learning imply the diameter of the set V will become small,
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shrinking to zero as n — oo (Vapnik and Chervonenkis, 1971; Vapnik, 1982; Blumer, Ehrenfeucht,
Haussler, and Warmuth, 1989). Therefore, as n — oo, DIS(V) should converge to a subset of Jf,
so that in the case P(9f) = 0, we have A — 0; thus |£| > n, which implies an asymptotic strict
improvement in label complexity over the passive algorithm A, that £ is fed into in Step 8. On the
other hand, since 0f is defined by classifiers arbitrarily close to f, it is unlikely that any finite sample
of correctly labeled examples can contradict enough classifiers to make DIS(V) significantly smaller
than 9, so that we always have P(DIS(V)) > P(df). Therefore, if P(9f) > 0, then A converges
to some nonzero constant, so that |£| = O(n), representing only a constant factor improvement in
label complexity. In fact, as is implied from this sketch (and is proven in Appendix A), the targets
f and distributions P for which Meta-Algorithm O achieves asymptotic strict improvements for all
passive learning algorithms (for which f and P are nontrivial) are precisely those (and only those)
for which P(0c pf) = 0.

There are some general conditions under which the zero-probability disagreement cores con-
dition of Theorem 5 will hold. For instance, it is not difficult to show this will always hold when
X is countable. Furthermore, with some effort one can show it will hold for most classes having
VC dimension one (e.g., any countable C with d = 1). However, as we have seen, not all spaces
C satisfy this zero-probability disagreement cores property. In particular, for the interval classifiers
studied in Section 3.2, we have P(0hj,4) = P((0,1)) = 1. Indeed, the aforementioned special
cases aside, for most nontrivial spaces C, one can construct distributions P that in some sense make
C mimic the intervals problem, so that we should typically expect disagreement-based methods will
not be activizers. For detailed discussions of various scenarios where the P(dc p f) = 0 condition
is (or is not) satisfied for various C, P, and f, see the works of Hanneke (2009b), Hanneke (2007b),
Hanneke (2011), Balcan, Hanneke, and Vaughan (2010), Friedman (2009), Wang (2009) and Wang
(2011).

4. Beyond Disagreement: A Basic Activizer

Since the zero-probability disagreement cores condition of Theorem 5 is not always satisfied, we are
left with the question of whether there could be other techniques for active learning, beyond simple
disagreement-based methods, which could activize every passive learning algorithm for every VC
class. In this section, we present an entirely new type of active learning algorithm, unlike anything
in the existing literature, and we show that indeed it is a universal activizer for any class C of finite
VC dimension.

4.1 A Basic Activizer

As mentioned, the case P(Jf) = 0 is already handled nicely by disagreement-based methods, since
the label requests made in the second stage of Meta-Algorithm O will become focused into a small
region, and L therefore grows faster than n. Thus, the primary question we are faced with is what
to do when P(Jf) > 0. Since (loosely speaking) we have DIS(V) — 0f in Meta-Algorithm O,
P(0f) > 0 corresponds to scenarios where the label requests of Meta-Algorithm 0 will not become
focused beyond a certain extent; specifically, as we show in Appendix B (Lemmas 35 and 36),
P(DIS(V) & 0f) — 0 almost surely, where & is the symmetric difference, so that we expect Meta-
Algorithm 0 will request labels for at least some constant fraction of the examples in L.

On the one hand, this is definitely a major problem for disagreement-based methods, since it
prevents them from improving over passive learning in those cases. On the other hand, if we do not
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restrict ourselves to disagreement-based methods, we may actually be able to exploit properties of
this scenario, so that it works to our advantage. In particular, in addition to the fact that P (DIS(V) &
dcf) — 0, we show in Appendix B (Lemma 35) that P(dy f @ dcf) = 0 (almost surely) in Meta-
Algorithm 0; this implies that for sufficiently large n, a random point x; in DIS(V) is likely to be in
Ov f. We can exploit this fact by using x; to split V into two subsets: V[(x,+1)] and V[(x;,—1)].

Now, if x| € Oy f, then (by definition of the disagreementcore) ~ inf er(h)= inf er(h)=
heV[(x1,+1)] heV((x;,—1)]

0. Therefore, for almost every point x ¢ DIS(V[(x;,+1)]), the label agreed upon for x by classifiers
in V[(x1,+1)] should be f(x). Likewise, for almost every point x ¢ DIS(V[(x;,—1)]), the label
agreed upon for x by classifiers in V[(x;, —1)] should be f(x). Thus, we can accurately infer the label
of any point x ¢ DIS(V[(x1,+1)]) "DIS(V[(x1,—1)]) (except perhaps a zero-probability subset).
With these sets V[(x;,+1)] and V[(x;, —1)] in hand, there is no longer a need to request the labels of
points for which either of them has agreement about the label, and we can focus our label requests
to the region DIS(V[(x1,+1)]) "NDIS(V[(x1,—1)]), which may be much smaller than DIS(V). Now
if P(DIS(V[(x1,+1)]) NDIS(V[(x1,—1)])) — O, then the label requests will become focused to a
shrinking region, and by the same reasoning as for Theorem 5 we can asymptotically achieve strict
improvements over passive learning by a method analogous to Meta-Algorithm O (with the above
changes).

Already this provides a significant improvement over disagreement-based methods in many
cases; indeed, in some cases (such as intervals) this fully addresses the nonzero-probability dis-
agreement core issue in Theorem 5. In other cases (such as unions of two intervals), it does
not completely address the issue, since for some targets we do not have P(DIS(V[(x1,+1)]) N
DIS(V[(x;,—1)])) — 0. However, by repeatedly applying this same reasoning, we can address
the issue in full generality. Specifically, if P(DIS(V[(x1,+1)]) NDIS(V[(x1,—1)])) - 0, then
DIS(V([(x1,+1)]) N DIS(V[(x;,—1)]) essentially converges to a region Jcj,, +1)f N Ic|x,—1)f>
which has nonzero probability, and is nearly equivalent to dy |y, 11)./ N Oy(x,,—1)f- Thus, for suffi-
ciently large n, a random x; in DIS(V[(x1,+1)]) NDIS(V[(x1, —1)]) will likely be in Oy, 1)/ N
Oy((x,,—1)f- In this case, we can repeat the above argument, this time splitting V' into four sets
(V[(xl ’ +1)] [()Cz, +1)]’ V[(X] ’ +1)][(X2, _1)]’ V[(X] ) —1)][()62, +1)]’ and V[(xl ) —1)][()62, _1)])’ each
with infimum error rate equal zero, so that for a point x in the region of agreement of any of these
four sets, the agreed-upon label will (almost surely) be f(x), so that we can infer that label. Thus,
we need only request the labels of those points in the intersection of all four regions of disagree-
ment. We can further repeat this process as many times as needed, until we get a partition of V with
shrinking probability mass in the intersection of the regions of disagreement, which (as above) can
then be used to obtain asymptotic improvements over passive learning.

Note that the above argument can be written more concisely in terms of shattering. That is, any
x € DIS(V) is simply an x such that V shatters {x}; a point x € DIS(V[(x1,+1)]) NDIS(V[(x1,—1)])
is simply one for which V shatters {x;,x}, and for any x ¢ DIS(V[(x1,+1)]) "DIS(V[(x1,—1)]), the
label y we infer about x has the property that the set V[(x, —y)] does not shatter {x; }. This continues
for each repetition of the above idea, with x in the intersection of the four regions of disagreement
simply being one for which V shatters {x;,x,,x}, and so on. In particular, this perspective makes it
clear that we need only repeat this idea at most d times to get a shrinking intersection region, since
no set of d 4+ 1 points is shatterable. Note that there may be unobservable factors (e.g., the target
function) determining the appropriate number of iterations of this idea sufficient to have a shrinking
probability of requesting a label, while maintaining the accuracy of inferred labels. To address this,
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we can simply try all d + 1 possibilities, and then select one of the resulting d + 1 classifiers via a
kind of tournament of pairwise comparisons. Also, in order to reduce the probability of a mistaken
inference due to x; ¢ Oy f (or similarly for later x;), we can replace each single x; with multiple
samples, and then take a majority vote over whether to infer the label, and which label to infer if
we do so; generally, we can think of this as estimating certain probabilities, and below we write
these estimators as P, and discuss the details of their implementation later. Combining Meta-
Algorithm 0 with the above reasoning motivates a new type of active learning algorithm, referred to
as Meta-Algorithm 1 below, and stated as follows.

Meta-Algorithm 1
Input: passive algorithm .A,, label budget n
Output: classifier &

0. Request the first m, = |n/3] labels, {Y1,...,Y,, }, and let t < m,
1. LetV={heC:ery, (h)=0}

2. Fork=1,2,....d+1

3. AW B, (x: P (S € X*71: V shatters SU{x}|V shatters S) > 1/2)

4. Let £y <+ {}

5. Form=m,+1,...,m,+|n/(6-2FAW)|

6. If B, (S € X1V shatters SU{X,,}|V shatters §) > 1/2 and ¢ < [2n/3]

7. Request the label ¥,,, of X,,,, and let < Y,,, and ¢ <— 1+ 1

8. Else, let § < argmax B, (S € X*~1:V[(X,,, —y)] does not shatter S|V shatters S)
ye{-1,+1}

9. Let ﬁk%ﬁkU{(Xm,)A))}

10. Return ActiveSelect({A,(L1), Ap(L2), ., Ap(Las1)}s [7/3] AKX, +max |£e+15 - - 1)

Subroutine: ActiveSelect
Input: set of classifiers {h1,ha,...,hy}, label budget m, sequence of unlabeled examples U
Output: classifier 4

0. Foreach j,k € {1,2,...,N} s.t. j <k,

1. Let Rj be the first L(N_]’;’WJ points in YN {x : hj(x) # hi(x)} (if such values exist)
2. Request the labels for R j; and let Q j; be the resulting set of labeled examples

3. Letmy; =erg, (h)

4. Return hy, where k = max {k e{l,...,N} :maxmy; < 7/12}

Meta-Algorithm 1 is stated as a function of three types of estimated probabilities: namely,

b, (S € X*71. V shatters SU {x}‘V shatters S) ,
B, (S € X1 v|(x, —y)] does not shatter S’V shatters S) ,

and P, (x P (S € X*71. V shatters SU {x}’V shatters S) > 1/2) .

These can be defined in a variety of ways to make this a universal activizer for C. Generally, the
only requirement seems to be that they converge to the appropriate respective probabilities at a
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sufficiently fast rate. For the theorem stated below regarding Meta-Algorithm 1, we will take the
specific definitions stated in Appendix B.1.

Meta-Algorithm 1 requests labels in three batches: one to initially prune down the version
space V, a second one to construct the labeled samples Ly, and a third batch to select among the
d + 1 classifiers A, (L) in the ActiveSelect subroutine. As before, the choice of the number of
(unlabeled) examples to process in the second batch guarantees (by a Chernoff bound) that the
“t < [2n/3]” constraint in Step 6 is redundant. The mechanism for requesting labels in the second
batch is motivated by the reasoning outlined above, using the shatterable sets S to split V into
2%=1 subsets, each of which approximates the target with high probability (for large n), and then
checking whether the new point x is in the regions of disagreement for all 2~! subsets (by testing
shatterability of SU{x}). To increase confidence in this test, we use many such S sets, and let them
vote on whether or not to request the label (Step 6). As mentioned, if x is not in the region of
disagreement for one of these 2¥~! subsets (call it V'), the agreed-upon label y has the property that
V[(x,—y)] does not shatter S (since V[(x,—y)] does not intersect with V’, which represents one of
the 2¢~! labelings required to shatter S). Therefore, we infer that this label y is the correct label
of x, and again we vote over many such S sets to increase confidence in this choice (Step 8). As
mentioned, this reasoning leads to correctly inferred labels in Step 8 as long as # is sufficiently large
and P*=1(S € X*~1:V shatters §) - 0. In particular, we are primarily interested in the largest value
of k for which this reasoning holds, since this is the value at which the probability of requesting a
label (Step 7) shrinks to zero as n — oo. However, since we typically cannot predict a priori what
this largest valid k value will be (as it is target-dependent), we try all d + 1 values of k, to generate
d + 1 hypotheses, and then use a simple pairwise testing procedure to select among them; note that
we need at most try d + 1 values, since V definitely cannot shatter any S € X4*!. We will see that
the ActiveSelect subroutine is guaranteed to select a classifier with error rate never significantly
larger than the best among the classifiers given to it (say within a factor of 2, with high probability).
Therefore, in the present context, we need only consider whether some & has a set £; with correct
labels and |Li| > n.

4.2 Examples

In the next subsection, we state a general result for Meta-Algorithm 1. But first, to illustrate how
this procedure operates, we walk through its behavior on our usual examples; as we did for the
examples of Meta-Algorithm 0, to simplify the explanation, for now we will ignore the fact that
the P, values are estimates, as well as the “¢ < [2n/3]” constraint of Step 6, and the issue of
effectiveness of ActiveSelect; in the proofs of the general results below, we will show that these
issues do not fundamentally change the analysis. For now, we merely focus on showing that some
k has L correctly labeled and |Ly| > n.

For threshold classifiers (Example 1), we have d = 1. In this case, the kK = 1 round of the
algorithm is essentially identical to Meta-Algorithm O (recall our conventions that X° = {&},
P(X°) =1, and V shatters @ iff V # {}), and we therefore have |L;| > n, as discussed previ-
ously, so that Meta-Algorithm 1 is a universal activizer for threshold classifiers.

Next consider interval classifiers (Example 2), with P uniform on [0, 1]; in this case, we have
d=2.1If f=hyy for a <b, then again the k = 1 round behaves essentially the same as Meta-
Algorithm 0, and since we have seen P(0h, ;) = 0 in this case, we have |£] > n. However, the
behavior becomes far more interesting when f = hj, ,, which was precisely the case that prevented
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Meta-Algorithm O from improving over passive learning. In this case, as we know from above,
the k = 1 round will have |£;| = O(n), so that we need to consider larger values of k to identify
improvements. In this case, the k = 2 round behaves as follows. With probability 1, the initial
|n/3]| labels used to define V will all be negative. Thus, V is precisely the set of intervals that do
not contain any of the initial [7/3| points. Now consider any S = {x;} € X'!, with x; not equal to
any of these initial |n/3] points, and consider any x ¢ {x1,Xi,...,X|,,/3/}. First note that V shatters
S, since we can optionally put a small interval around x; using an element of V. If there is a point
x" among the initial |1n/3] between x and x;, then any h, ;) € V with x € [a,b] cannot also have
X1 € [a,b], as it would also contain the observed negative point between them. Thus, V does not
shatter {x;,x} = SU{x}, so that this S will vote to infer (rather than request) the label of x in Step 6.
Furthermore, we see that V[(x,+1)] does not shatter S, while V[(x, —1)] does shatter S, so that this
S would also vote for the label § = —1 in Step 8. For sufficiently large n, with high probability, any
given x not equal one of the initial [7/3] should have most (probability at least 1 — O(n~'logn))
of the possible x; values separated from it by at least one of the initial [n/3] points, so that the
outcome of the vote in Step 6 will be a decision to infer (not request) the label, and the vote in
Step 8 will be for —1. Since, with probability one, every X,, # a, we have every Y,, = —1, so that
every point in £, is labeled correctly. This also indicates that, for sufficiently large n, we have
P(x:PY(S€ X' :V shatters SU{x}|V shatters S) > 1/2) = 0, so that the size of £, is only limited
by the precision of estimation in Pm,, in Step 3. Thus, as long as we implement pmn so that its value
is at most o(1) larger than the true probability, we can guarantee |L;| > n.

The unions of i intervals example (Example 3), again under P uniform on [0, 1], is slightly
more involved; in this case, the appropriate value of k to consider for any given target depends on
the minimum number of intervals necessary to represent the target function (up to zero-probability
differences). If j intervals are required for this, then the appropriate value is k =i — j+ 1. Specifi-
cally, suppose the target is minimally representable as a union of j € {1,...,i} intervals of nonzero
width: [21,20] U [23,24] U+ U[22j-1,205]: thatis, 21 < 2 < ... < 2pj_1 < 22j. Every target in C
has distance zero to some classifier of this type, and will agree with that classifier on all samples
with probability one, so we lose no generality by assuming all j intervals have nonzero width. Then
consider any x € (0,1) and S = {x1,...,x_;} € X"/ such that, between any pair of elements of
SU{x}U{z,...,2;}, there is at least one of the initial |n/3] points, and none of SU {x} are them-
selves equal to any of those initial points. First note that V shatters S, since for any x, not in one of
the [2,—1,22,] intervals (i.e., negative), we may optionally add an interval [xy,x,] while stayingin V,
and for any x, in one of the [22,_1, 22,] intervals (i.e., positive), we may optionally split [25,_1, 22p]
into two intervals to barely exclude the point x, (and a small neighborhood around it), by adding at
most one interval to the representation; thus, in total we need to add at most i — j intervals to the
representation, so that the largest number of intervals used by any of these 2!~/ classifiers involved
in shattering is i, as required; furthermore, note that one of these 2°~/ classifiers actually requires i
intervals. Now for any such x and § as above, since one of the 2i=J classifiers in V used to shatter
S requires i intervals to represent it, and x is separated from each element of SU{z1,...,22;} by a
labeled example, we see that V cannot shatter SU {x}. Furthermore, if f(x) =y, then any labeled
example to the immediate left or right of x is also labeled y, and in particular among the 2~/ classi-
fiers h from V that shatter S, the one 4 that requires i intervals to represent must also have i(x) =y,
so that V[(x, —y)] does not shatter S. Thus, any set S satisfying this separation property will vote to
infer (rather than request) the label of x in Step 6, and will vote for the label f(x) in Step 8. Fur-
thermore, for sufficiently large n, for any given x separated from {z1,...,2;} by {Xi,... s X|n/3] 1
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with high probability most of the sets S € X~/ will satisfy this pairwise separation property, and
therefore so will most of the shatterable sets S € X7/, so that the overall outcome of the votes will
favor inferring the label of x, and in particular inferring the label f(x) for x. On the other hand, for x
not satisfying this property (i.e., not separated from some z, by any of the initial |n/3] examples),
for any set S as above, V can shatter SU {x}, since we can optionally increase or decrease this z,, to
include or exclude x from the associated interval, in addition to optionally adding the extra intervals
to shatter S; therefore, by the same reasoning as above, for sufficiently large n, any such x will sat-
isfy the condition in Step 6, and thus have its label requested. Thus, for sufficiently large n, every
example in £;_ ;| will be labeled correctly. Finally, note that with probability one, the set of points
x separated from each of the z, values by at least one of the |n/3] initial points has probability
approaching one as n — 00, so that again we have |£;_ ;| > n.

The above examples give some intuition about the operation of this procedure. Next, we turn to
general results showing that this type of improvement generally holds.

4.3 General Results on Activized Learning

Returning to the abstract setting, we have the following general theorem, representing one of the
main results of this paper. Its proof is included in Appendix B.

Theorem 6 For any VC class C, Meta-Algorithm 1 is a universal activizer for C.

This result is interesting both for its strength and generality. Recall that it means that given any
passive learning algorithm A, the active learning algorithm obtained by providing .A,, as input to
Meta-Algorithm 1 achieves a label complexity that strongly dominates that of .4,, for all nontrivial
distributions P and target functions f € C. Results of this type were not previously known. The
specific technical advance over existing results (namely, those of Balcan, Hanneke, and Vaughan,
2010) is the fact that Meta-Algorithm 1 has no direct dependence on the distribution P; as mentioned
earlier, the (very different) approach proposed by Balcan, Hanneke, and Vaughan (2010) has a strong
direct dependence on the distribution, to the extent that the distribution-dependence in that approach
cannot be removed by merely replacing certain calculations with data-dependent estimators (as we
did in Meta-Algorithm 1). In the proof, we actually show a somewhat more general result: namely,
that Meta-Algorithm 1 achieves these asymptotic improvements for any target function f in the
closure of C (i.e., any f such that Vr > 0,B(f,r) # ().

The following corollary is one concrete implication of Theorem 6.

Corollary 7 For any VC class C, there exists an active learning algorithm achieving a label com-
plexity A, such that, for all target functions f € C and distributions P,

Au(e, f,P)=0(1/¢).

Proof The one-inclusion graph passive learning algorithm of Haussler, Littlestone, and Warmuth
(1994) is known to achieve label complexity at most d/¢, for every target function f € C and dis-
tribution P. Thus, Theorem 6 implies that the (Meta-Algorithm 1)-activized one-inclusion graph
algorithm satisfies the claim. |

As a byproduct, Theorem 6 also establishes the basic fact that there exist activizers. In some
sense, this observation opens up a new realm for exploration: namely, characterizing the properties
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that activizers can possess. This topic includes a vast array of questions, many of which deal with
whether activizers are capable of preserving various properties of the given passive algorithm (e.g.,
margin-based dimension-independence, minimaxity, admissibility, etc.). Section 7 describes a vari-
ety of enticing questions of this type. In the sections below, we will consider quantifying how large
the gap in label complexity between the given passive learning algorithm and the resulting activized
algorithm can be. We will additionally study the effects of label noise on the possibility of activized
learning.

4.4 Implementation and Efficiency

Meta-Algorithm 1 typically also has certain desirable efficiency guarantees. Specifically, suppose
that for any m labeled examples Q, there is an algorithm with poly(d - m) running time that finds
some i € C with erg(h) = 0 if one exists, and otherwise returns a value indicating that no such
h exists in C; for many concept spaces there are known methods with this capability (e.g., linear
or polynomial separators, rectangles, k-DNF) (Khachiyan, 1979; Karmarkar, 1984; Valiant, 1984;
Kearns and Vazirani, 1994), while for others this is known to be hard (e.g., k-term DNF, bounded-
size decision trees) (Pitt and Valiant, 1988; Alekhnovich, Braverman, Feldman, Klivans, and Pitassi,
2004). Given such a subroutine, we can create an efficient implementation of the main body of
Meta-Algorithm 1. Specifically, rather than explicitly representing V in Step 1, we can simply store
the set Qo = {(X1,1),...,(Xm,,Ym,)}- Then for any step in the algorithm where we need to test
whether V shatters a set R, we can simply try all 2/l possible labelings of R, and for each one
temporarily add these |R| additional labeled examples to Qp and check whether there is an 7 € C
consistent with all of the labels. At first, it might seem that these 2¥ evaluations would be prohibitive;
however, supposing P, is implemented so that it is (2(1/poly(n)) (as it is in Appendix B.1), note
that the loop beginning at Step 5 executes a nonzero number of times only if n/ AW > 2k 5o that
2k < poly(n); we can easily add a condition that skips the step of calculating AW if 2k exceeds this
poly(n) lower bound on n/ AW 5o that even those shatterability tests can be skipped in this case.
Thus, for the actual occurrences of it in the algorithm, testing whether V shatters R requires only
poly(n) - poly(d - (|Qo| +|R|)) time. The total number of times this test is performed in calculating
A® (from Appendix B.1) is itself only poly(n), and the number of iterations of the loop in Step 5 is
at most n/ AW = poly(n). Determining the label ¥ in Step 8 can be performed in a similar fashion.
So in general, the total running time of the main body of Meta-Algorithm 1 is poly(d - n).

The only remaining question is the efficiency of the final step. Of course, we can require A,
to have running time polynomial in the size of its input set (and d). But beyond this, we must con-
sider the efficiency of the ActiveSelect subroutine. This actually turns out to have some subtleties
involved. The way it is stated above is simple and elegant, but not always efficient. Specifically,
we have no a priori bound on the number of unlabeled examples the algorithm must process before
finding a point X,,, where h;(X,,) # hie(Xn). Indeed, if P(x : hj(x) # hi(x)) = 0, we may effectively
need to examine the entire infinite sequence of X, values to determine this. Fortunately, these prob-
lems can be corrected without difficulty, simply by truncating the search at a predetermined number
of points. Specifically, rather than taking the next |m/ (1;’ )J examples for which 4; and h; disagree,
simply restrict ourselves to at most this number, or at most the number of such points among the
next M unlabeled examples. In Appendix B, we show that ActiveSelect, as originally stated, has
a high-probability (1 —exp{—(2(m)}) guarantee that the classifier it selects has error rate at most
twice the best of the N it is given. With the modification to truncate the search at M unlabeled exam-
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ples, this guarantee is increased to minger(/) + max{er(h),m/M}. For the concrete guarantee of
Corollary 7, it suffices to take M > m?. However, to guarantee the modified ActiveSelect can still
be used in Meta-Algorithm 1 while maintaining (the stronger) Theorem 6, we need M at least as big
as (2 (min{exp {m‘},m/minger(h)}), for any constant ¢ > 0. In general, if we have a 1/poly(n)
lower bound on the error rate of the classifier produced by A, for a given number of labeled ex-
amples as input, we can set M as above using this lower bound in place of minger(/y), resulting
in an efficient version of ActiveSelect that still guarantees Theorem 6. However, it is presently not
known whether there always exist universal activizers for C that are efficient (either poly(d - n) or
poly(d/e) running time) when the above assumptions on efficiency of .A, and finding 4 € C with
erp(h) = 0 hold.

5. The Magnitudes of Improvements

In the previous section, we saw that we can always improve the label complexity of a passive
learning algorithm by activizing it. However, there remains the question of how large the gap is
between the passive algorithm’s label complexity and the activized algorithm’s label complexity.
In the present section, we refine the above procedures to take greater advantage of the sequential
nature of active learning. For each, we characterize the improvements it achieves relative to any
given passive algorithm.

As a byproduct, this provides concise sufficient conditions for exponential gains, addressing
an open problem of Balcan, Hanneke, and Vaughan (2010). Specifically, consider the following
definition, essentially similar to one explored by Balcan, Hanneke, and Vaughan (2010).

Definition 8 For a concept space C and distribution P, we say that (C,P) is learnable at an ex-
ponential rate if there exists an active learning algorithm achieving label complexity A such that,
VfeC, Ale, f,P) € Polylog(1/¢€). We further say C is learnable at an exponential rate if there
exists an active learning algorithm achieving label complexity A such that, for all distributions P

and all f € C, A(e, f,P) € Polylog(1/¢).

5.1 The Label Complexity of Disagreement-Based Active Learning

As before, to establish a foundation to build upon, we begin by studying the label complexity gains
achievable by disagreement-based active learning. From above, we already know that disagreement-
based active learning is not sufficient to achieve the best possible gains; but as before, it will serve as
a suitable starting place to gain intuition for how we might approach the problem of improving Meta-
Algorithm 1 and quantifying the improvements achievable over passive learning by the resulting
more sophisticated methods.

The upper bounds on the label complexity of disagreement-based learning in this subsection are
essentially already known and available in the published literature (though in a slightly less gen-
eral form). Specifically, we review (a modified version of) the method of Cohn, Atlas, and Ladner
(1994), referred to as Meta-Algorithm 2 below, which was historically the original disagreement-
based active learning algorithm. We then state the known results on the label complexities achiev-
able by this method, in terms of a quantity known as the disagreement coefficient; that result is due
to Hanneke (2011, 2007b). We further provide a novel lower bound on the label complexity of this
method, again in terms of the disagreement coefficient; in particular, this shows that the stated upper
bounds represent a fairly tight analysis of this method.
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5.1.1 THE CAL ACTIVE LEARNING ALGORITHM

To begin, we consider the following simple disagreement-based method, typically referred to as
CAL after its discoverers Cohn, Atlas, and Ladner (1994), though the version here is slightly modi-
fied compared to the original (see below). It essentially represents a refinement of Meta-Algorithm
0 to take greater advantage of the sequential aspect of active learning. That is, rather than request-
ing only two batches of labels, as in Meta-Algorithm 0, this method updates the version space after
every label request, thus focusing the region of disagreement (and therefore the region in which it
requests labels) after each label request.

Meta-Algorithm 2
Input: passive algorithm A, label budget n
Output: classifier 1

0. V«C,t+0,m<«0,L<+{}

1. Whilet < [n/2] and m <2"

2. m«—m+1

3. IfX,, € DIS(V)

4. Request the label Y, of X, and let # <— ¢+ 1
5. LetV < V[(Xm,Ym)]

6. Let A« B, (DIS(V))

7. Do |n/(6A)] times

8. m«—m+1

9. IfX,eDIS(V)andr<n

10. Request the label Y, of X,,, and let § < Y,, and t <1+ 1
11.  Else let y = h(X,,) for an arbitrary h € V

12.  Let L+ LU{(Xy,9)} and V + V[(X,,7)]

13. Return A, (L)

The procedure is specified in terms of an estimator F,,; for our purposes, we define this as in
(13) of Appendix B.1 (with k = 1 there). Every example X,,, added to the set £ in Step 12 either has
its label requested (Step 10) or inferred (Step 11). By the same Chernoff bound argument mentioned
for the previous methods, we are guaranteed (with high probability) that the “¢# < n” constraint in
Step 9 is always satisfied when X,,, € DIS(V). Since we assume f € C, an inductive argument shows
that we will always have f € V as well; thus, every label requested or inferred will agree with f,
and therefore the labels in £ are all correct.

As with Meta-Algorithm 0, this method has two stages to it: one in which we focus on reducing
the version space V, and a second in which we focus on constructing a set of labeled examples to
feed into the passive algorithm. The original algorithm of Cohn, Atlas, and Ladner (1994) essen-
tially used only the first stage, and simply returned any classifier in V after exhausting its budget for
label requests. Here we have added the second stage (Steps 6-13) so that we can guarantee a certain
conditional independence (given |£|) among the examples fed into the passive algorithm, which is
important for the general results (Theorem 10 below). Hanneke (2011) showed that the original
(simpler) algorithm achieves the (less general) label complexity bound of Corollary 11 below.
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5.1.2 EXAMPLES

Not surprisingly, by essentially the same argument as Meta-Algorithm O, one can show Meta-
Algorithm 2 satisfies the claim in Theorem 5. That is, Meta-Algorithm 2 is a universal activizer
for C if and only if P(0f) = 0 for every P and f € C. However, there are further results known on
the label complexity achieved by Meta-Algorithm 2. Specifically, to illustrate the types of improve-
ments achievable by Meta-Algorithm 2, consider our usual toy examples; as before, to simplify the
explanation, for these examples we ignore the fact that £, is only an estimate, as well as the “t < n”
constraint in Step 9 (both of which will be addressed in the general results below).

First, consider threshold classifiers (Example 1) under a uniform P on [0,1], and suppose
f=h. € C. Suppose the given passive algorithm has label complexity A,. To get expected error at
most € in Meta-Algorithm 2, it suffices to have |£| > A, (€/2, f,P) with probability at least 1 — g /2.
Starting from any particular V set obtained in the algorithm, call it V), the set DIS(Vp) is simply the
region between the largest negative example observed so far (say z;) and the smallest positive exam-
ple observed so far (say z,). With probability at least 1 — £/n, at least one of the next O(log(n/€))
examples in this [z, z,] region will be in [z, 4 (1/3) (2, — 2¢), 2 — (1/3) (2, — 2¢)], so that after pro-
cessing that example, we definitely have P(DIS(V)) < (2/3)P(DIS(Vy)). Thus, upon reaching Step
6, since we have made n/2 label requests, a union bound implies that with probability 1 — £/2, we
have P(DIS(V)) < exp{—(2(n/log(n/€))}, and therefore |L| > exp{(2(n/log(n/€))}. Thus, for
some value A4(g, f,P) = O(log(A,(e/2, f,P))log(log(A,(€/2, f,P))/€)), any n > A4(g, f,P)
gives |L| > A,(€/2, f,P) with probability at least 1 — &/2, so that the activized algorithm achieves
label complexity A, (€, f,P) € Polylog(A,(g/2, f,P)/€).

Consider also the intervals problem (Example 2) under a uniform P on [0, 1], and suppose
f =hyp €C, for b > a. In this case, as with any disagreement-based algorithm, until the al-
gorithm observes the first positive example (i.e., the first X,, € [a,b]), it will request the label of
every example (see the reasoning above for Meta-Algorithm 0). However, at every time after ob-
serving this first positive point, say x, the region DIS(V) is restricted to the region between the
largest negative point less than x and smallest positive point, and the region between the largest
positive point and the smallest negative point larger than x. For each of these two regions, the
same arguments used for the threshold problem above can be applied to show that, with probability
1 — O(€), the region of disagreement is reduced by at least a constant fraction every O(log(n/¢))
label requests, so that |£| > exp{2(n/log(n/€))}. Thus, again the label complexity is of the form
O(log(A,(g/2,f,P))log(log(A,(€/2, f,P))/€)), which is Polylog(A,(g/2, f,P)/€), though this
time there is a significant (additive) target-dependent term (roughly ocbfla log(1/€)), accounting for
the length of the initial phase before observing any positive examples. On the other hand, as with
any disagreement-based algorithm, when f = hy, 4], because the algorithm never observes a positive
example, it requests the label of every example it considers; in this case, by the same argument given
for Meta-Algorithm 0, upon reaching Step 6 we have P(DIS(V)) = 1, so that |£| = O(n), and we
observe no improvements for some passive algorithms A,,.

A similar analysis can be performed for unions of i intervals under P uniform on [0, 1]. In that
case, we find that any 4, € C not representable (up to zero-probability differences) by a union of i — 1
or fewer intervals allows for the exponential improvements of the type observed in the previous two
examples; this time, the phase of exponentially decreasing P(DIS(V')) only occurs after observing
an example in each of the i intervals and each of the i — 1 negative regions separating the intervals,

resulting in an additive term of roughly ocm log(i/€) in the label complexity. However,
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any h, € C representable (up to zero-probability differences) by a union of i — 1 or fewer intervals
has P(0h,) = 1, which means |£| = O(n), and therefore (as with any disagreement-based algorithm)
Meta-Algorithm 2 will not provide improvements for some passive algorithms A,,.

5.1.3 THE DISAGREEMENT COEFFICIENT

Toward generalizing the arguments from the above examples, consider the following definition of
Hanneke (2007b).

Definition 9 For € > 0, the disagreement coefficient of a classifier f with respect to a concept space
C under a distribution P is defined as
DIS(B

r>€ r

Also abbreviate 6y = 07(0).

Informally, the disagreement coefficient describes the rate of collapse of the region of disagree-
ment, relative to the distance from f. It has been useful in characterizing the label complexities
achieved by several disagreement-based active learning algorithms (Hanneke, 2007b, 2011; Das-
gupta, Hsu, and Monteleoni, 2007; Beygelzimer, Dasgupta, and Langford, 2009; Wang, 2009;
Koltchinskii, 2010; Beygelzimer, Hsu, Langford, and Zhang, 2010), and itself has been studied
and bounded for various families of learning problems (Hanneke, 2007b, 2011; Balcan, Hanneke,
and Vaughan, 2010; Friedman, 2009; Beygelzimer, Dasgupta, and Langford, 2009; Mahalanabis,
2011; Wang, 2011). See the paper of Hanneke (2011) for a detailed discussion of the disagreement
coefficient, including its relationships to several related quantities, as well as a variety of general
properties that it satisfies. In particular, below we use the fact that, for any constant ¢ € [1,00),
0r(e) < 0r(g/c) < cBf(€). Also note that P(0f) = 0 if and only if 67(€) = o(1/¢). See the papers
of Friedman (2009) and Mahalanabis (2011) for some general conditions on C and P, under which
every f € C has 6y < oo, which (as we explain below) has particularly interesting implications for
active learning (Hanneke, 2007b, 2011).

To build intuition about the behavior of the disagreement coefficient, we briefly go through its
calculation for our usual toy examples from above. The first two of these calculations are taken from
Hanneke (2007b), and the last is from Balcan, Hanneke, and Vaughan (2010). First, consider the
thresholds problem (Example 1), and for simplicity suppose the distribution P is uniform on [0, 1].
In this case, as in Section 3.2, B(h,,r) = {hy € C: |2’ — z| <r}, and DIS(B(h,,r)) C [z —r,z+7)
with equality for sufficiently small . Therefore, P(DIS(B(%.,r))) < 2r (with equality for small r),
and 6;,_(&) < 2 with equality for sufficiently small €. In particular, 6),, = 2.

On the other hand, consider the intervals problem (Example 2), again under P uniform on [0, 1].
This time, for /i, € C with b—a > 0, we have for 0 <r <b—a, B(hyp),7) = {hjgpy) €C:|a—
d'|+[b—0b'| <r}, DIS(B(hp), 1)) Cla—r,a+r)U(b—r,b+r], and P(DIS(B(hjap), 1)) < 4r (with
equality for sufficiently small r). But for 0 < b —a < r, we have B(hy ), 7) 2 {hjg o) : @ € (0,1)},
so that DIS(B(h, 4),7)) = (0,1) and P(DIS(B(hy4),r))) = 1. Thus, we generally have 6y, (€) <
max { bfla , 4} , with equality for sufficiently small €. However, this last reasoning also indicates Vr >
O,B(h[aaa},}’) D) {h[a’,a’] d € (0, 1)}, so that DIS(B(h[aya],l”)) = (0, 1) and 'P(DIS(B(}IM“],F))) =1;
therefore, 6y, , (e) = é, the largest possible value for the disagreement coefficient; in particular, this

also means 6;,[“ = o0.

]

1499



HANNEKE

Finally, consider the unions of i intervals problem (Example 3), again under P uniform on [0, 1].
First take any h, € C such that any h, € C representable as a union of i — 1 intervals has P({x :
hy(x) # hy(x)}) > 0. Then for 0 < r < min zj1 —zj, B(hg,r) ={hy € C: 7 |2, =2} <r},

1<j<2i 1<j<2i

so that P(DIS(B(hy,r))) < 4ir, with equality for sufficiently small r. For r > 1gljn2.z i1 — 2,
<J<Zi

B(hy,r) contains a set of classifiers that flips the labels (compared to /,) in that smallest region and
uses the resulting extra interval to disagree with 4, on a tiny region at an arbitrary location (either
by encompassing some point with a small interval, or by splitting an interval into two intervals
separated by a small gap). Thus, DIS(B (A, 7)) = (0,1), and P(DIS(h,,r)) = 1. Soin total, 6, (€) <
represented by a union of i — 1 (or fewer) intervals, then we can use the extra interval to disagree with
h, on a tiny region at an arbitrary location, while still remaining in B (%, r), so that DIS(B(h4,7)) =

(0,1), P(DIS(B(hy,r))) =1, and 6,(¢) = %; in particular, in this case we have 6, = co.

max 4i », with equality for sufficiently small €. On the other hand, if /, € C can be

5.1.4 GENERAL UPPER BOUNDS ON THE LABEL COMPLEXITY OF META-ALGORITHM 2

As mentioned, the disagreement coefficient has implications for the label complexities achievable
by disagreement-based active learning. The intuitive reason for this is that, as the number of label
requests increases, the diameter of the version space shrinks at a predictable rate. The disagreement
coefficient then relates the diameter of the version space to the size of its region of disagreement,
which in turn describes the probability of requesting a label. Thus, the expected frequency of label
requests in the data sequence decreases at a predictable rate related to the disagreement coefficient,
so that | £| in Meta-Algorithm 2 can be lower bounded by a function of the disagreement coefficient.
Specifically, the following result was essentially established by Hanneke (2011, 2007b), though
actually the result below is slightly more general than the original.

Theorem 10 For any VC class C, and any passive learning algorithm A, achieving label com-
plexity A, the active learning algorithm obtained by applying Meta-Algorithm 2 with A, as input
achieves a label complexity A, that, for any distribution P and classifier f € C, satisfies

At P) =0 (6 (Ap(e/2.5.P)tog? ML),

The proof of Theorem 10 is similar to the original result of Hanneke (2011, 2007b), with only
minor modifications to account for using A, instead of returning an arbitrary element of V. The
formal details are implicit in the proof of Theorem 16 below (since Meta-Algorithm 2 is essentially
identical to the k = 1 round of Meta-Algorithm 3, defined below). We also have the following simple
corollaries.

Corollary 11 For any VC class C, there exists a passive learning algorithm A, such that, for every
f € C and distribution P, the active learning algorithm obtained by applying Meta-Algorithm 2 with
A, as input achieves label complexity

Ad(&,f,P) =0 (04(g)log* (1/¢)).
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Proof The one-inclusion graph algorithm of Haussler, Littlestone, and Warmuth (1994) is a passive
learning algorithm achieving label complexity A, (g, f,P) < d/e. Plugging this into Theorem 10,
using the fact that 6;(€/2d) < 2d0y(¢€), and simplifying, we arrive at the result. In fact, we will see
in the proof of Theorem 16 that incurring this extra constant factor of d is not actually necessary. B

Corollary 12 For any VC class C and distribution P, if Vf € C, 8y < oo, then (C,P) is learnable
at an exponential rate. If this is true for all P, then C is learnable at an exponential rate.

Proof The first claim follows directly from Corollary 11, since 8(€) < 6;. The second claim then
follows from the fact that Meta-Algorithm 2 is adaptive to P (has no direct dependence on P except
via the data). |

Aside from the disagreement coefficient and A, terms, the other constant factors hidden in the
big-O in Theorem 10 are only C-dependent (i.e., independent of f and P). As mentioned, if we are
only interested in achieving the label complexity bound of Corollary 11, we can obtain this result
more directly by the simpler original algorithm of Cohn, Atlas, and Ladner (1994) via the analysis
of Hanneke (2011, 2007b).

5.1.5 GENERAL LOWER BOUNDS ON THE LABEL COMPLEXITY OF META-ALGORITHM 2

It is also possible to prove a kind of lower bound on the label complexity of Meta-Algorithm 2 in
terms of the disagreement coefficient, so that the dependence on the disagreement coefficient in
Theorem 10 is unavoidable. Specifically, there are two simple observations that intuitively explain
the possibility of such lower bounds. The first observation is that the expected number of label
requests Meta-Algorithm 2 makes among the first [1/€] unlabeled examples is at least 0(€)/2
(assuming it does not halt first). Similarly, the second observation is that, to arrive at a region of
disagreement with expected probability mass less than P(DIS(B(f,€)))/2, Meta-Algorithm 2 re-
quires a budget n of size at least 67(¢)/2. These observations are formalized in Appendix C as
Lemmas 47 and 48. The relevance of these observations in the context of deriving lower bounds
based on the disagreement coefficient is clear. In particular, we can use the latter of these insights to
arrive at the following theorem, which essentially complements Theorem 10, showing that it cannot
generally be improved beyond reducing the constants and logarithmic factors, without altering the
algorithm or introducing additional .4,-dependent quantities in the label complexity bound. The
proof is included in Appendix C.

Theorem 13 For any set of classifiers C, f € C, distribution P, and nonincreasing function A :
(0,1) = N, there exists a passive learning algorithm A, achieving a label complexity A, with
A, (e, f,P) = A(€) for all € >0, such that if Meta-Algorithm 2, with A, as its argument, achieves
label complexity A,, then

Ad(e, f,P) =67 (Ap(2e,£,P)7 ).

Recall that there are many natural learning problems for which 6y = oo, and indeed where
0r(€) = Q(1/¢): for instance, intervals with f = hj, , under uniform P, or unions of i intervals un-
der uniform P with f representable as i — 1 or fewer intervals. Thus, since we have just seen that the
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improvements gained by disagreement-based methods are well-characterized by the disagreement
coefficient, if we would like to achieve exponential improvements over passive learning for these
problems, we will need to move beyond these disagreement-based methods. In the subsections that
follow, we will use an alternative algorithm and analysis, and prove a general result that is always
at least as good as Theorem 10 (in a big-O sense), and often significantly better (in a little-o sense).
In particular, it leads to a sufficient condition for learnability at an exponential rate, strictly more
general than that of Corollary 12.

5.2 An Improved Activizer

In this subsection, we define a new active learning method based on shattering, as in Meta-Algorithm
1, but which also takes fuller advantage of the sequential aspect of active learning, as in Meta-
Algorithm 2. We will see that this algorithm can be analyzed in a manner analogous to the disagree-
ment coefficient analysis of Meta-Algorithm 2, leading to a new and often dramatically-improved
label complexity bound. Specifically, consider the following meta-algorithm.

Meta-Algorithm 3
Input: passive algorithm .A,, label budget n
Output: classifier &

0. V«Vo=C,TH« [2n/3],t < 0,m«0

1. Fork=1,2,....d+1

2. Let£k<—{}, Ty < Tp_1 —t,and lett < 0

3. Whiler < [T;/4] and m < k-2"

4. m<—m+1

5. If B, (S € X1V shatters SU{X,, }|V shatters §) >1/2

6. Request the label Y, of X,,, and let § < Y,,, and ¢ <— 7 + 1

7. Else let § < argmax P, (S € X 1:V[(Xn,—y)] does not shatter S|V shatters )
ye{—-1,+1}

8. LetV <V, =Vu1 [(Xm,)?)]

9. AW B, (x: P(S€ A%V shatters SU{x}|V shatters §) > 1/2)
10. Do |T;/(3AK) ] times

11. m<—m+1

12. If B, (S € X*¥1: V shatters SU{X,, }|V shatters §) > 1/2 and t < |3T;/4]

13. Request the label Y, of X;,,, and let § < Y, and t <1+ 1

14. Else, let § + argmax P, (S € X 1:V[(X,y, —y)] does not shatter S|V shatters S)

ye{-1,+1}
15. Let ,Ck(—EkU{(Xm,)'})} andV <V, = mfl[(Xm,)’/\)]
16. Return ActiveSelect({A,(L1), A, (L2),..., Ap(Lat1)}, [7/3 ] {Xm+1,Xms2,---})

As before, the procedure is specified in terms of estimators F,,. Again, these can be defined in a
variety of ways, as long as they converge (at a fast enough rate) to their respective true probabilities.
For the results below, we will use the definitions given in Appendix B.1: that is, the same definitions
used in Meta-Algorithm 1. Following the same argument as for Meta-Algorithm 1, one can show
that Meta-Algorithm 3 is a universal activizer for C, for any VC class C. However, we can also
obtain more detailed results in terms of a generalization of the disagreement coefficient given below.
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As with Meta-Algorithm 1, this procedure has three main components: one in which we focus
on reducing the version space V, one in which we focus on collecting a (conditionally) i.i.d. sample
to feed into .4, and one in which we select from among the d 4 1 executions of .A,. However,
unlike Meta-Algorithm 1, here the first stage is also broken up based on the value of k, so that each
k has its own first and second stages, rather than sharing a single first stage. Again, the choice of the
number of (unlabeled) examples processed in each second stage guarantees (by a Chernoff bound)
that the “¢ < |37} /4|” constraint in Step 12 is redundant. Depending on the type of label complexity
result we wish to prove, this multistage architecture is sometimes avoidable. In particular, as with
Corollary 11 above, to directly achieve the label complexity bound in Corollary 17 below, we can
use a much simpler approach that replaces Steps 9-16, instead simply returning an arbitrary element
of V upon termination.

Within each value of k, Meta-Algorithm 3 behaves analogous to Meta-Algorithm 2, requesting
the label of an example only if it cannot infer the label from known information, and updating the
version space V after every label request; however, unlike Meta-Algorithm 2, for values of k > 1,
the mechanism for inferring a label is based on shatterable sets, as in Meta-Algorithm 1, and is mo-
tivated by the same argument of splitting V into subsets containing arbitrarily good classifiers (see
the discussion in Section 4.1). Also unlike Meta-Algorithm 2, even the inferred labels can be used
to reduce the set V (Steps 8 and 15), since they are not only correct but also potentially informative
in the sense that x € DIS(V). As with Meta-Algorithm 1, the key to obtaining improvement guaran-
tees is that some value of k has |L;| > n, while maintaining that all of the labels in £ are correct;
ActiveSelect then guarantees the overall performance is not too much worse than that obtained by
A, (Ly) for this value of k.

To build intuition about the behavior of Meta-Algorithm 3, let us consider our usual toy exam-
ples, again under a uniform distribution P on [0, 1]; as before, for simplicity we ignore the fact that
B, is only an estimate, as well as the constraint on # in Step 12 and the effectiveness of ActiveSelect,
all of which will be addressed in the general analysis. First, for the behavior of the algorithm for
thresholds and nonzero-width intervals, we may simply refer to the discussion of Meta-Algorithm
2, since the k = 1 round of Meta-Algorithm 3 is essentially identical to Meta-Algorithm 2; in this
case, we have already seen that |£;| grows as exp{(2(n/log(n/€))} for thresholds, and does so for
nonzero-width intervals after some initial period of slow growth related to the width of the target
interval (i.e., the period before finding the first positive example). As with Meta-Algorithm 1, for
zero-width intervals, we must look to the k = 2 round of Meta-Algorithm 3 to find improvements.
Also as with Meta-Algorithm 1, for sufficiently large n, every X,, processed in the k = 2 round will
have its label inferred (correctly) in Step 7 or 14 (i.e., it does not request any labels). But this means
we reach Step 9 with m = 2-2" + 1; furthermore, in these circumstances the definition of £,, from
Appendix B.1 guarantees (for sufficiently large 1) that A() = 2/m, so that | Ly|ocn-m = Q (n-2").
Thus, we expect the label complexity gains to be exponentially improved compared to A,,.

For a more involved example, consider unions of 2 intervals (Example 3), under uniform P
on [0, 1], and suppose f = Ay pqp) for b—a > 0; that is, the target function is representable as
a single nonzero-width interval [a,b] C (0,1). As we have seen, df = (0,1) in this case, so that
disagreement-based methods are ineffective at improving over passive. This also means the k = 1
round of Meta-Algorithm 3 will not provide improvements (i.e., |£| = O(n)). However, consider
the £k = 2 round. As discussed in Section 4.2, for sufficiently large n, after the first round (k = 1) the
set V is such that any label we infer in the k = 2 round will be correct. Thus, it suffices to determine
how large the set £, becomes. By the same reasoning as in Section 4.2, for sufficiently large n, the
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examples X, whose labels are requested in Step 6 are precisely those not separated from both a and
b by at least one of the m — 1 examples already processed (since V is consistent with the labels of all
m — 1 of those examples). But this is the same set of points Meta-Algorithm 2 would query for the
intervals example in Section 5.1; thus, the same argument used there implies that in this problem we
have | £,| > exp{Q(n/log(n/€))} with probability 1 — /2, which means we should expect a label
complexity of O (log(A,(€/2, f,P))log(log(A,(e/2,f,P))/€)), where A, is the label complexity
of A,,. For the case f = h(q 4 4,4), kK = 3 is the relevant round, and the analysis goes similarly to the
hjsq) scenario for intervals above. Unions of i > 2 intervals can be studied analogously, with the
appropriate value of k to analyze being determined by the number of intervals required to represent
the target up to zero-probability differences (see the discussion in Section 4.2).

5.3 Beyond the Disagreement Coefficient

In this subsection, we introduce a new quantity, a generalization of the disagreement coefficient,
which we will later use to provide a general characterization of the improvements achievable by
Meta-Algorithm 3, analogous to how the disagreement coefficient characterized the improvements
achievable by Meta-Algorithm 2 in Theorem 10. First, let us define the following generalization of
the disagreement core.

Definition 14 For an integer k > 0, define the k-dimensional shatter core of a classifier f with
respect to a set of classifiers H and probability measure P as

8%7Pf:li£13){S€ X% : By p(f,r) shatters S}.

As before, when P = P, and P is clear from the context, we will abbreviate 8;‘{ f= 8;‘{‘73 f, and
when we also intend H = C, the full concept space, and C is clearly defined in the given context,
we further abbreviate 9% f = Ok f = 867, f. We have the following definition, which will play a key
role in the label complexity bounds below.

Definition 15 For any concept space C, distribution P, and classifier f, Vk € N, Ve > 0, define

Pk (S € Xk :B(f,r) shatters S
6" (e) = 1V sup ( (,r) shatters S)

r>€ r

Then define
Jf:min{kEN:Pk (8kf> :0}

and

Also abbreviate 9}]‘) = G}k) (0) and 6; = 6,(0).

We might refer to the quantity Gf(k)(e) as the order-k (or k-dimensional) disagreement coeffi-
cient, as it represents a direct generalization of the disagreement coefficient (). However, rather
than merely measuring the rate of collapse of the probability of disagreement (one-dimensional
shatterability), G}k) (&) measures the rate of collapse of the probability of k-dimensional shatterabil-

ity. In particular, we have 8;(g) = Q;df)(e) < Q)(cl)(s) = 6¢(€), so that this new quantity is never
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larger than the disagreement coefficient. However, unlike the disagreement coefficient, we always
have 8(¢) = o(1/¢) for VC classes C. In fact, we could equivalently define 8;(¢) as the value
of G}k)(s) for the smallest k with G}k)(s) = o(1/€). Additionally, we will see below that there are
many interesting cases where 6y = oo (even 8;(g) = (1/¢€)) but 6y < co (e.g., intervals with a
zero-width target, or unions of i intervals where the target is representable as a union of i — 1 or
fewer intervals). As was the case for 67, we will see that showing éf < oo for a given learning prob-
lem has interesting implications for the label complexity of active learning (Corollary 18 below). In
the process, we have also defined the quantity d, r» which may itself be of independent interest in the
asymptotic analysis of learning in general. For VC classes, d '+ always exists, and in fact is at most
d + 1 (since C cannot shatter any d + 1 points). When d = oo, the quantity J r might not be defined
(or defined as c0), in which case éf(s) is also not defined; in this work we restrict our discussion to
VC classes, so that this issue never comes up; Section 7 discusses possible extensions to classes of
infinite VC dimension.

We should mention that the restriction of éf(e) > 1 in the definition is only for convenience, as
it simplifies the theorem statements and proofs below. It is not fundamental to the definition, and
can be removed (at the expense of slightly more complicated theorem statements). In fact, this only
makes a difference to the value of éf(z-:) in some (seemingly unusual) degenerate cases. The same
is true of (&) in Definition 9.

The process of calculating éf(s) is quite similar to that for the disagreement coefficient; we
are interested in describing B(f,r), and specifically the variety of behaviors of elements of B(f,r)
on points in &, in this case with respect to shattering. To illustrate the calculation of éf(e), con-
sider our usual toy examples, again under P uniform on [0,1]. For the thresholds example (Ex-
ample 1), we have dy = 1, so that 0;(¢) = 9}1)(8) = 0¢(¢), which we have seen is equal 2 for
small €. Similarly, for the intervals example (Example 2), any f = hy, ;) € C with b —a > 0 has
dr =1, so that 6;(g) = }1)(8) = 67(¢), which for sufficiently small &, is equal max { ;1-,4}.
Thus, for these two examples, 87(¢) = /(). However, continuing the intervals example, consider
f =hjq € C. In this case, we have seen O'f =0f = (0,1), so that P(9'f) =1 > 0. For any
x1,x2 € (0,1) with 0 < [x; —x2| < r, B(f,r) can shatter (x;,x>), specifically using the classifiers
{h[x17x2]7h[x1,x1]7h[x27x2]7h[X3,X3]} for any x3 € (0, 1) \ {xl,xz}. However, for any x;,x; € (0, 1) with
|x1 — x2| > r, no element of B(f,r) classifies both as +1 (as it would need width greater than r,
and thus would have distance from hy, ;) greater than r). Therefore, {S € X% : B(f,r) shatters S} =
{(x1,%2) € (0,1)?:0 < |x; —x2| < r}; this latter set has probability 2r(1—r) +r> = (2—r) -, which
shrinks to 0 as r — 0. Therefore, d; = 2. Furthermore, this shows (&) = 6}2) (e)=sup,..(2—r)=
2 — & < 2. Contrasting this with 8(¢) = 1/¢, we see 0(€) is significantly smaller than the dis-

agreement coefficient; in particular, 8; = 2 < co, while 8 = <.
Consider also the space of unions of i intervals (Example 3) under P uniform on [0,1]. In
this case, we have already seen that, for any f = h, € C not representable (up to zero-probability

differences) by a union of i — 1 or fewer intervals, we have P(0'f) = P(df) =0, so that d; = 1,
and éf = Ql.(pl) =0; = max{1 4i } To generalize this, suppose f = h; is minimally

min_ z,.1—2p’

1<p<2i
representable as a union of any number j < i of intervals of nonzero width: [z, 23] U [23, 24] U+ - U
[22j—1,%2j], with 0 < 21 < 2 < --- < 22 < 1. For our purposes, this is fully general, since every
element of C has distance zero to some h;, of this type, and 6, = 6}y for any h,h’ with P (x : h(x) #

' (x)) = 0. Now for any k < i— j+ 1, and any S = (xi,...,x) € X* with all elements distinct, the
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set B(f,r) can shatter S, as follows. Begin with the intervals [25,_1,22,] as above, and modify the
classifier in the following way for each labeling of S. For any of the x, values we wish to label +1,
if it is already in an interval [2,,_1, 22, we do nothing; if it is not in one of the [27,_1, 22| intervals,
we add the interval [x;,x/] to the classifier. For any of the x; values we wish to label —1, if it is not
in any interval [22,_1, 22,], we do nothing; if it is in some interval [22,_1, 22,], we split the interval
by setting to —1 the labels in a small region (x; — y,x; + ¥), for ¥ < r/k chosen small enough so
that (x; — 7,x¢ + ) does not contain any other element of S. These operations add at most k new
intervals to the minimal representation of the classifier as a union of intervals, which therefore has
at most j+ k < i intervals. Furthermore, the classifier disagrees with f on a set of size at most r, so
that it is contained in B(f, ). We therefore have P*(S € X% : B(f,r) shatters S) = 1. However, note

that for 0 < r < 1inin2 2p+1— 2p, for any k and S € X* with all elements of SU{z,: 1 < p <2j}
<p<2j

separated by a distance greater than r, classifying the points in S opposite to f while remaining

r-close to f requires us to increase to a minimum of j+ k intervals. Thus, fork=i— j+ 1, any S =

(x1,...,x¢) € X* with min |y1 — y2| > ris not shatterable by B(f,r). We therefore have
}’17}’2€SU{Z,;},71)’175)/2

k. k. . .
{Se€ X*:B(f,r) shatters S} C {S ekX .yl,yzesjl{l;,{l},ﬁy]#yz i —y2| < r}. For r < lgjlilzjzp+1 Zp,
we can bound the probability of this latter set by considering sampling the points x, sequentially;
the probability the £ point is within r of one of x1,...,x/_1,21,... ,22j is at most 2r(2j+ £ —1),
so (by a union bound) the probability any of the k points x1,...,x; is within r of any other or any
of 21,...,2; is at most S, 2r(2j + € — 1) = 2r (2jk—|— (g)) = (1+i—j)(i+3))r. Since this
approaches zero as r — 0, we have d~ r=i— j+ 1. Furthermore, this analysis shows éf = 9)(,"7]' D) <

max { m, (I+i—j)(i+3 ])} In fact, careful further inspection reveals that this upper
1<p<2j”"

bound is tight (i.e., this is the exact value of ;). Recalling that 6,(¢) = 1/€ for j < i, we see that
again éf(e) is significantly smaller than the disagreement coefficient; in particular, éf < oo while
Gf = OQ.

Of course, for the quantity éf(e) to be truly useful, we need to be able to describe its behav-
ior for families of learning problems beyond these simple toy problems. Fortunately, as with the
disagreement coefficient, for learning problems with simple “geometric” interpretations, one can
typically bound the value of éf without too much difficulty. For instance, consider X the surface of
a unit hypersphere in p-dimensional Euclidean space (with p > 3), with P uniform on X, and C the
space of linear separators: C = {hy ;(X) = ]l[jg‘oo)(w-x—i—b) :w € R”, b € R}. Balcan, Hanneke, and
Vaughan (2010) proved that (C,P) is learnable at an exponential rate, by a specialized argument
for this space. In the process, they established that for any f € C with P(x: f(x) = +1) € (0,1),
0y < oo; in fact, a similar argument shows 6y < 4, /p/min,P(x : f(x) =y). Thus, in this case,
dy=1,and 0y = 6y < co. However, consider f € C with P(x: f(x) =y) =1 forsomeyec {—1,+1}.
In this case, every h € C with P(x: h(x) = —y) < rhas P(x: h(x) # f(x)) < r and is therefore con-
tained in B(f, r). In particular, for any x € X, there is such an A that disagrees with f on only a small
spherical cap containing x, so that DIS(B(f,r)) = X for all r > 0. But this means 0f = X', which

implies 67(¢) = 1/€ and d; > 1. However, let us examine the value of 9;2). LetA, = % denote
: 3

the surface area of the unit sphere in R”, and let C,(2) = %APIZZ—ZZ (”—gl ) denote the surface
I'(a

1
12
area of a spherical cap of height z € (0,1) (Li, 2011), where I\(a,b) = ﬁ Jore (1 —r)b-1de
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B
is the regularized incomplete beta function. In particular, since /{5 < 1_(51()212(1) < %\/ p—?2, the
=)
)4 _
probability mass C”A(pz) = %r (1)1;1()212 B 022 - (1— t)‘%dt contained in a spherical cap of height
z satisfies
22—22 2 r—1 2 p—1
CP(Z)zl ﬁ/ = p (22 z)22(2z Z)z’ 2
A, 2V 12 ) 12 p-—1 Vv12p

Cp(z) 2CP (2) 1 /‘22_2 p—3 1
< < = -2 t 2 (1—¢) 2dt
A, = A, —2VPT7) (1-1)
2z—2% — 5 gt p-l
< p—2/ tpT3dt: M(Zz—zz)pTl < (22-27) > < (22) = . 3)
0 p—1 p/6 p/6

Consider any linear separator & € B(f,r) for r < 1/2, and let z(/) denote the height of the spherical

p—1
cap where h(x) = —y. Then (2) indicates the probability of this region is at least %

Since 1 € B(f,r), we know this probability mass is at most r, and we therefore have 2z(h) — z(h)* <
2
(v/12pr)7-'. Now for any x| € X, the set of x, € X for which B(f, r) shatters (x;,x,) is equivalent

to the set DIS({h € B(f,r) : h(x1) = —y}). Butif h(x;) = —y, then x; is in the aforementioned
spherical cap associated with 4. A little trigonometry reveals that, for any spherical cap of height

1
z(h), any two points on the surface of this cap are within distance 21/2z(h) — z(h)> <2 (/12pr) 7"
1
of each other. Thus, for any point x, further than 2 (/12pr)”~" from x;, it must be outside the
spherical cap associated with i, which means /(x;) = y. But this is true for every 4 € B(f,r) with
h(x1) = —y, so that DIS({h € B(f,r) : h(x;) = —y}) is contained in the spherical cap of all elements
1

of X within distance 2 (\/@r) 7T of x1; a little more trigonometry reveals that the height of this

2
spherical cap is 2 (\/ 12pr) »=1. Then (3) indicates the probability mass in this region is at most

72\/%7 = 27\/18r. Thus, P2((x1,x,) : B(f, r) shatters (x,x2)) = [ P(DIS({h € B(f,r) : h(x) =

—y}))P(dx1) < 2P+/18r. In particular, since this approaches zero as r — 0, we have dy = 2. This
also shows that éf = 9}2) < 2P/18, a finite constant (albeit a rather large one). Following similar
reasoning, using the opposite inequalities as appropriate, and taking r sufficiently small, one can
also show 8y > 27/(12v/2).

5.4 Bounds on the Label Complexity of Activized Learning

We have seen above that in the context of several examples, Meta-Algorithm 3 can offer signif-
icant advantages in label complexity over any given passive learning algorithm, and indeed also
over disagreement-based active learning in many cases. In this subsection, we present a general re-
sult characterizing the magnitudes of these improvements over passive learning, in terms of éf(s).
Specifically, we have the following general theorem, along with two immediate corollaries. The
proof is included in Appendix D.
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Theorem 16 For any VC class C, and any passive learning algorithm A, achieving label complex-
ity Ap, the (Meta-Algorithm 3)-activized A, algorithm achieves a label complexity A, that, for any
distribution P and classifier f € C, satisfies

Adle.f.P) =0 <éf (Ap(e/d,£,P) ) 1gA</4fP>> |

Corollary 17 For any VC class C, there exists a passive learning algorithm A, such that, the
(Meta-Algorithm 3)-activized A, algorithm achieves a label complexity A, that, for any distribution
‘P and classifier f € C, satisfies

Aq(e,f,P) =0 (0s(e)log*(1/¢)).

Proof The one-inclusion graph algorithm of Haussler, Littlestone, and Warmuth (1994) is a passive
learning algorithm achieving label complexity A, (g, f,P) < d/e. Plugging this into Theorem 16,
using the fact that 8;(¢/4d) < 4d;(¢), and simplifying, we arrive at the result. In fact, we will see
in the proof of Theorem 16 that incurring this extra constant factor of d is not actually necessary. l

Corollary 18 For any VC class C and distribution P, if Vf € C, 9f < o0, then (C,P) is learnable
at an exponential rate. If this is true for all P, then C is learnable at an exponential rate.

Proof The first claim follows directly from Corollary 17, since éf(s) < éf. The second claim then
follows from the fact that Meta-Algorithm 3 is adaptive to P (has no direct dependence on P except
via the data). |

Actually, in the proof we arrive at a somewhat more general result, in that the bound of The-
orem 16 actually holds for any target function f in the “closure” of C: that is, any f such that
Vr > 0,B(f,r) # (. As previously mentioned, if our goal is only to obtain the label complexity
bound of Corollary 17 by a direct approach, then we can use a simpler procedure (which cuts out
Steps 9-16, instead returning an arbitrary element of V'), analogous to how the analysis of the orig-
inal algorithm of Cohn, Atlas, and Ladner (1994) by Hanneke (2011) obtains the label complexity
bound of Corollary 11 (see also Algorithm 5 below). However, the general result of Theorem 16 is
interesting in that it applies to any passive algorithm.

Inspecting the proof, we see that it is also possible to state a result that separates the prob-
ability of success from the achieved error rate, similar to the PAC model of Valiant (1984) and
the analysis of active learning by Balcan, Hanneke, and Vaughan (2010). Specifically, suppose
A, is a passive learning algorithm such that, Ve, 0 € (0,1), there is a value A(g,6,f,P) € N
such that Vn > A(g,8, f,P), P(er(A,(2,)) > €) < 8. Suppose f, is the classifier returned by the
(Meta-Algorithm 3)-activized A, with label budget n. Then for some (C, P, f)-dependent constant
ce[l,00),Ve, 8 € (0,e73), letting A = A(g/2,8/2,f,P),

Vn > cby (7L*1)log2 (A/8), P(er (ﬁn) >g) <6

For instance, if .4, is an empirical risk minimization algorithm, then this is océf(e)polylog (%)
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5.5 Limitations and Potential Improvements

Theorem 16 and its corollaries represent significant improvements over most known results for
the label complexity of active learning, and in particular over Theorem 10 and its corollaries. As
for whether this also represents the best possible label complexity gains achievable by any active
learning algorithm, the answer is mixed. As with most algorithms and analyses, Meta-Algorithm
3, Theorem 16, and corollaries, represent one set of solutions in a spectrum that trades strength
of performance guarantees with simplicity. As such, there are several possible modifications one
might make, which could potentially improve the performance guarantees. Here we sketch a few
such possibilities. This subsection can be skipped by the casual reader without loss of continuity.

Even with Meta-Algorithm 3 as-is, various improvements to the bound of Theorem 16 should
be possible, simply by being more careful in the analysis. For instance, as mentioned, Meta-
Algorithm 3 is a universal activizer for any VC class C, so in particular we know that whenever
6r(e) #o(1/ (e log?(1/¢€))), the above bound is not tight (see the work of Balcan, Hanneke, and
Vaughan, 2010 for a construction leading to such 6;(€) values), and indeed any bound of the form
0/ (g)polylog(1/€) will not be tight in some cases of this type. A more refined analysis may close
this gap.

Another type of potential improvement is in the constant factors. Specifically, in the case when
éf < o0, if we are only interested in asymptotic label complexity guarantees in Corollary 17, we can

replace “sup” in Definition 15 with “limsup,” which can sometimes be significantly smaller and/or
r>0 r—0
easier to study. This is true for the disagreement coefficient in Corollary 11 as well. Additionally,

the proof (in Appendix D) reveals that there are significant (C,P, f)-dependent constant factors
other than éf(e), and it is quite likely that these can be improved by a more careful analysis of
Meta-Algorithm 3 (or in some cases, possibly an improved definition of the estimators B,,).

However, even with such refinements to improve the results, the approach of using éf to prove
learnability at an exponential rate has limits. For instance, it is known that any countable C is learn-
able at an exponential rate (Balcan, Hanneke, and Vaughan, 2010). However, there are countable
VC classes C for which éf = oo for some elements of C (e.g., take the tree-paths concept space of
Balcan, Hanneke, and Vaughan (2010), except instead of all infinite-depth paths from the root, take
all of the finite-depth paths from the root, but keep one infinite-depth path f; for this modified space
C, which is countable, every i € C has d, = 1, and for that one infinite-depth f we have éf = 00).

Inspecting the proof reveals that it is possible to make the results slightly sharper by replacing
8¢ (ro) (for ro = A, (€/4, f,P)~1) with a somewhat more complicated quantity: namely,

minsupr ' P (x cx: P (S € X*: B(f,r) shatters SU{x}) >P <8kf> /16) : 4)

k<dyr>rg

This quantity can be bounded in terms of éf(ro) via Markov’s inequality, but is sometimes smaller.

As for improving Meta-Algorithm 3 itself, there are several possibilities. One immediate im-
provement one can make is to replace the condition in Steps 5 and 12 by min;< < ]5m(S cxi-l:
V shatters SU {X,, }|V shatters §) > 1/2, likewise replacing the corresponding quantity in Step 9,
and substituting in Steps 7 and 14 the quantity max, <<t P,(S € X7/~1: V[(X,y, —y)] does not shat-
ter S|V shatters S); in particular, the results stated for Meta-Algorithm 3 remain valid with this
substitution, requiring only minor modifications to the proofs. However, it is not clear what gains
in theoretical guarantees this achieves.

1509



HANNEKE

Additionally, there are various quantities in this procedure that can be altered almost arbitrarily,
allowing room for fine-tuning. Specifically, the 2/3 in Step 0 and 1/3 in Step 16 can be set to
arbitrary constants summing to 1. Likewise, the 1/4 in Step 3, 1/3 in Step 10, and 3/4 in Step 12
can be changed to any constants in (0, 1), possibly depending on k, such that the sum of the first
two is strictly less than the third. Also, the 1/2 in Steps 5, 9, and 12 can be set to any constant in
(0,1). Furthermore, the k- 2" in Step 3 only prevents infinite looping, and can be set to any function
growing superlinearly in n, though to get the largest possible improvements it should at least grow
exponentially in n; typically, any active learning algorithm capable of exponential improvements
over reasonable passive learning algorithms will require access to a number of unlabeled examples
exponential in n, and Meta-Algorithm 3 is no exception to this.

One major issue in the design of the procedure is an inherent trade-off between the achieved
label complexity and the number of unlabeled examples used by the algorithm. This is noteworthy
both because of the practical concerns of gathering such large quantities of unlabeled data, and also
for computational efficiency reasons. In contrast to disagreement-based methods, the design of the
estimators used in Meta-Algorithm 3 introduces such a trade-off, though in contrast to the splitting
index analysis of Dasgupta (2005), the trade-off here seems only in the constant factors. The choice
of these P,, estimators, both in their definition in Appendix B.1, and indeed in the very quantities
they estimate, is such that we can (if desired) limit the number of unlabeled examples the main body
of the algorithm uses (the actual number it needs to achieve Theorem 16 can be extracted from the
proofs in Appendix D.1). However, if the number of unlabeled examples used by the algorithm is
not a limiting factor, we can suggest more effective quantities. Specifically, following the original
motivation for using shatterable sets, we might consider a greedily-constructed distribution over the
set {S € X/ :V shatters S,1 < j <k, and either j =k —1or P(s:V shatters SU{s}) = 0}. We can
construct the distribution implicitly, via the following generative model. First we set S = {}. Then
repeat the following. If [S| =k— 1 or P(s € X : V shatters SU{s}) = 0, output S; otherwise, sample
s according to the conditional distribution of X given that V shatters SU{X }. If we denote this distri-
bution (over S) as P, then replacing the estimator Pm (S € X*1.V shatters SU {Xin}|V shatters S)
in Meta-Algorithm 3 with an appropriately constructed estimator of Py (S :V shatters SU{X,,})
(and similarly replacing the other estimators) can lead to some improvements in the constant factors
of the label complexity. However, such a modification can also dramatically increase the number
of unlabeled examples required by the algorithm, since rejection-sampling to get a point from the
conditional distribution of X given V shatters SU{X} can be costly, as can determining whether
P(s€ X :V shatters SU{s}) =~ 0.

Unlike Meta-Algorithm 1, there remain serious efficiency concerns about Meta-Algorithm 3. If
we knew the value of d, '+ and d '+ < clog,(d) for some constant c, then we could potentially design an
efficient version of Meta-Algorithm 3 still achieving Corollary 17. Specifically, suppose we can find
a classifier in C consistent with any given sample, or determine that no such classifier exists, in time
polynomial in the sample size (and d), and also that A, efficiently returns a classifier in C consistent
with the sample it is given. Then restricting the loop of Step 1 to those k < Jf and returning
A, (L d}), the algorithm becomes efficient, in the sense that with high probability, its running time
is poly(d /€), where ¢ is the error rate guarantee from inverting the label complexity at the value
of n given to the algorithm. To be clear, in some cases we may obtain values mocexp{(2(n)}, but
the error rate guaranteed by A, is O(1/m) in these cases, so that we still have m polynomial in
d/e. However, in the absence of this access to d, t, the values of k > d ¢ in Meta-Algorithm 3 may
reach values of m much larger than poly(d/e), since the error rates obtained from these A, (Lx)
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evaluations are not guaranteed to be better than the A, (L d}) evaluations, and yet we may have
|Li|>|L d |. Thus, there remains a challenging problem of obtaining the results above (Theorem 16
and Corollary 17) via an efficient algorithm, adaptive to the value of d r.

6. Toward Agnostic Activized Learning

The previous sections addressed learning in the realizable case, where there is a perfect classifier
f €C (e, er(f) =0). To move beyond these scenarios, to problems in which f is not a perfect
classifier (i.e., stochastic labels) or not well-approximated by C, requires a change in technique to
make the algorithms more robust to such issues. As we will see in Section 6.2, the results we can
prove in this more general setting are not quite as strong as those of the previous sections, but in
some ways they are more interesting, both from a practical perspective, as we expect real learning
problems to involve imperfect teachers or underspecified instance representations, and also from a
theoretical perspective, as the class of problems addressed is significantly more general than those
encompassed by the realizable case above.

In this context, we will be largely interested in more general versions of the same types of
questions as above, such as whether one can activize a given passive learning algorithm, in this
case guaranteeing strictly improved label complexities for all nontrivial joint distributions over
X x{—1,+1}. In Section 6.3, we present a general conjecture regarding this type of strong dom-
ination. To approach such questions, we will explore techniques for making the above algorithms
robust to label noise. Specifically, we will use a natural generalization of a technique developed for
noise-robust disagreement-based active learning. Toward this end, as well as for the sake of com-
parison, we will review the known techniques and results for disagreement-based agnostic active
learning in Section 6.5. We then extend these techniques in Section 6.6 to develop a new type of ag-
nostic active learning algorithm, based on shatterable sets, which relates to the disagreement-based
agnostic active learning algorithms in a way analogous to how Meta-Algorithm 3 relates to Meta-
Algorithm 2. Furthermore, we present a bound on the label complexities achieved by this method,
representing a natural generalization of both Corollary 17 and the known results on disagreement-
based agnostic active learning (Hanneke, 2011).

Although we present several new results, in some sense this section is less about what we know
and more about what we do not yet know. As such, we will focus less on presenting a complete
and elegant theory, and more on identifying potentially promising directions for exploration. In
particular, Section 6.8 sketches out some interesting directions, which could potentially lead to a
resolution of the aforementioned general conjecture from Section 6.3.

6.1 Definitions and Notation

In this setting, there is a joint distribution Pxy on X x {—1,+1}, with marginal distribution P on
X. For any classifier &, we denote by er(h) = Pxy((x,y) : h(x) #y). Also, denote by v*(Pxy) =

i{nf }er(h) the Bayes error rate, or simply v* when Pyy is clear from the context; also define
X —{—1+1

the conditional label distribution 1 (x; Pxy) = P(Y = +1|X = x), where (X,Y) ~ Pxy, or n(x) =
1N (x; Pxy) when Pxy is clear from the context. For a given concept space C, denote v(C;Pxy) =

2n£ er(h), called the noise rate of C; when C and/or Pyy is clear from the context, we may abbreviate
S

v =v(C) = v(C;Pxy). For H C C, the diameter is defined as diam(#H;P) = sup P(x:hi(x) #

hyhheH
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hy(x)). Also, for any € > 0, define the e-minimal set C(e;Pxy) = {h € C:er(h) < v+¢€}. For
any set of classifiers H, define the closure, denoted cl(;P), as the set of all measurable i : X —
{—=1,+1} such that Vr > 0,By p(h,r) # (. When Pyxy is clear from the context, we will simply refer
to C(g) = C(&;Pxy), and when P is clear, we write diam(# ) = diam(#;P) and cl(H) = cl(H;P).

In the noisy setting, rather than being a perfect classifier, we will let f denote an arbitrary
element of cl(C;P) with er(f) = v(C;Pxy): thatis, f € () cl(C(&;Pxy);P). Such a classifier

>0
must exist, since cl(C) is compact in the pseudo-metric p(h,g) = [ |h — g|dPxP(x : h(x) # g(x))

(in the usual sense of the equivalence classes being compact in the p-induced metric). This can be
seen by recalling that C is totally bounded (Haussler, 1992), and thus so is cl(C), and that cl(C) is
a closed subset of £!(P), which is complete (Dudley, 2002), so cl(C) is also complete (Munkres,
2000). Total boundedness and completeness together imply compactness (Munkres, 2000), and this
implies the existence of f since monotone sequences of nonempty closed subsets of a compact space
have a nonempty limit set (Munkres, 2000).

As before, in the learning problem there is a sequence Z = {(X1,Y1),(X2,Y2),...}, where the
(X;,Y;) are independent and identically distributed, and we denote by Z,, = {(X;,Y;) }I",. As before,
the X; ~ P, but rather than having each Y; value determined as a function of X;, instead we have
each pair (X;,Y;) ~ Pxy. The learning protocol is defined identically as above; that is, the algorithm
has direct access to the X; values, but must request the Y; (Iabel) values one at a time, sequentially,
and can request at most n total labels, where n is a budget provided as input to the algorithm. The
label complexity is now defined just as before (Definition 1), but generalized by replacing (f,P)
with the joint distribution Pyy. Specifically, we have the following formal definition, which will be
used throughout this section (and the corresponding appendices).

Definition 19 An active learning algorithm A achieves label complexity A(-,-) if, for any joint
distribution Pxy, for any € € (0, 1) and any integer n > A(€,Pxy), we have E[er (A(n))] < €.

However, because there may not be any classifier with error rate less than any arbitrary € € (0,1),
our objective changes here to achieving error rate at most v + € for any given € € (0, 1). Thus, we
are interested in the quantity A(v + &, Pxy), and will be particularly interested in this quantity’s
asymptotic dependence on &, as € — 0. In particular, A(€,Pxy) may often be infinite for € < v.

The label complexity for passive learning can be generalized analogously, again replacing (f,P)
by Pxy in Definition 2 as follows.

Definition 20 A passive learning algorithm A achieves label complexity A(-,-) if, for any joint
distribution Pxy, for any € € (0, 1) and any integer n > A(€,Pxy), we have Eler (A (Z,))] < €.

For any label complexity A in the agnostic case, define the set Nontrivial(A;C) as the set of all
distributions Pxy on X’ x {—1,+1} such that Ve > 0,A(v +¢€,Pxy) < oo, and Vg € Polylog(1/e),
A(v+€,Pxy) = o(g(€)). In this context, we can define an activizer for a given passive algorithm
as follows.

Definition 21 We say an active meta-algorithm A, activizes a passive algorithm A, for C in
the agnostic case if the following holds. For any label complexity A, achieved by A, the ac-
tive learning algorithm A,(A,,-) achieves a label complexity A, such that, for every distribution
Pxy € Nontrivial(A,;C), there exists a constant ¢ € [1,00) such that

Aa(V+C8,ny) = O(Ap(v+8,PXY)) .
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In this case, A, is called an activizer for A, with respect to C in the agnostic case, and the active
learning algorithm A,(Ap,-) is called the A,-activized A,,.

6.2 A Negative Result

First, the bad news: we cannot generally hope for universal activizers for VC classes in the agnostic
case. In fact, there even exist passive algorithms that cannot be activized, even by any specialized
active learning algorithm.

Specifically, consider again Example 1, where X = [0, 1] and C is the class of threshold clas-
sifiers, and let ,le be a passive learning algorithm that behaves as follows. Given n points 2, =

{(X1,11),(X2,Y2), ..., (X, Yu) }, A,(2,) returns the classifier iz € C, where 2 = 1112%0 and flo =

<Hl€‘%€{ln})}i’}:;£0:ﬁ1}‘ Y %) A3, taking flo = 1/8 if {i € {1,...,n} : X; = 0} = (). For most distri-
butions Pyy, this algorithm clearly would not behave “reasonably,” in that its error rate would be
quite large; in particular, in the realizable case, the algorithm’s worst-case expected error rate does
not converge to zero as n — 0o. However, for certain distributions Pyy engineered specifically for
this algorithm, it has near-optimal behavior in a strong sense. Specifically, we have the following

result, the proof of which is included in Appendix E.1.

Theorem 22 There is no activizer for flp with respect to the space of threshold classifiers in the
agnostic case.

Recall that threshold classifiers were, in some sense, one of the simplest scenarios for activized
learning in the realizable case. Also, since threshold-like problems are embedded in most “geo-
metric” concept spaces, this indicates we should generally not expect there to exist activizers for
arbitrary passive algorithms in the agnostic case. However, this leaves open the question of whether
certain families of passive learning algorithms can be activized in the agnostic case, a topic we turn
to next.

6.3 A Conjecture: Activized Empirical Risk Minimization

The counterexample above is interesting, in that it exposes the limits on generality in the agnostic
setting. However, the passive algorithm that cannot be activized there is in many ways not very rea-
sonable, in that it has suboptimal worst-case expected excess error rate (among other deficiencies).
It may therefore be more interesting to ask whether some family of “reasonable” passive learning
algorithms can be activized in the agnostic case. It seems that, unlike /vlp above, certain passive
learning algorithms should not have too peculiar a dependence on the label noise, so that they use
Y; to help determine f(X;) and that is all. In such cases, any ¥; value for which we can already infer
the value f(X;) should simply be ignored as redundant information, so that we needn’t request such
values. While this discussion is admittedly vague, consider the following formal conjecture.

Recall that an empirical risk minimization algorithm for C is a type of passive learning algorithm
A, characterized by the fact that for any set £ € |J,,(X x {—1,+1})", A(L) € argminerg(h).

heC

Conjecture 23 For any VC class, there exists an active meta-algorithm A, and an empirical risk
minimization algorithm A, for C such that A, activizes A, for C in the agnostic case.

Resolution of this conjecture would be interesting for a variety of reasons. If the conjecture
is correct, it means that the vast (and growing) literature on the label complexity of empirical risk
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minimization has direct implications for the potential performance of active learning under the same
conditions. We might also expect activized empirical risk minimization to be quite effective in
practical applications.

While this conjecture remains open at this time, the remainder of this section might be viewed
as partial evidence in its favor, as we show that active learning is able to achieve improvements over
the known bounds on the label complexity of passive learning in many cases.

6.4 Low Noise Conditions

In the subsections below, we will be interested in stating bounds on the label complexity of active
learning, analogous to those of Theorem 10 and Theorem 16, but for learning with label noise.
As in the realizable case, we should expect such bounds to have some explicit dependence on
the distribution Pyxy. Initially, one might hope that we could state interesting label complexity
bounds purely in terms of a simple quantity such as v(C;Pxy). However, it is known that any
label complexity bound for a nontrivial C (for either passive or active) depending on Pxy only via
V(C;Pxy) will be 2 (¢72) when v(C;Pxy) > 0 (Kédridinen, 2006). Since passive learning can
achieve a Pyy-independent O (8_2) label complexity bound for any VC class (Alexander, 1984),
we will need to discuss label complexity bounds that depend on Pxy via more detailed quantities
than merely v(C;Pxy) if we are to characterize the improvements of active learning over passive.

In this subsection, we review an index commonly used to describe certain properties of Pyxy
relative to C: namely, the Mammen-Tsybakov margin conditions (Mammen and Tsybakov, 1999;
Tsybakov, 2004; Koltchinskii, 2006). Specifically, we have the following formal condition from
Koltchinskii (2006).

A=

Condition 1 There exist constants |1,k € [1,00) such that Ve > 0, diam(C(&; Pxy);P) < u-€x.

This condition has recently been studied in depth in the passive learning literature, as it can be
used to characterize scenarios where the label complexity of passive learning is between the worst-
case ©(1/€?) and the realizable case ®(1/¢) (e.g., Mammen and Tsybakov, 1999; Tsybakov, 2004;
Massart and Nédélec, 2006; Koltchinskii, 2006). The condition can equivalently be stated as

Ju' € (0,1],x € [1,00) s.t. Vh € C,er(h) — v(C; Pxy) > u' - P(x: h(x) # f(x))*.

The condition is implied by a variety of interesting special cases. For instance, it is satisfied when
V(C;ny) = V*(ny) and

Elu//’a c (0,00) S.t. VS > 07P(X: ’n(x,ny) — 1/2| S 8) S M//_£a7

where k and u are functions of o and u” (Mammen and Tsybakov, 1999; Tsybakov, 2004); in
particular, k = (1 + a)/c. This can intuitively be interpreted as saying that very noisy points
are relatively rare. Special cases of this condition have also been studied in depth; for instance,
bounded noise conditions, wherein v(C;Pxy) = v*(Pxy) and Vx, |1 (x; Pxy) — 1/2| > ¢ for some
constant ¢ > 0 (e.g., Giné and Koltchinskii, 2006; Massart and Nédélec, 2006), are a special case of
Condition 1 with k¥ = 1.

Condition 1 can be interpreted in a variety of ways, depending on the context. For instance, in
certain concept spaces with a geometric interpretation, it can often be realized as a kind of /arge
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margin condition, under some condition relating the noisiness of a point’s label to its distance from
the optimal decision surface. That is, if the magnitude of noise (1/2 — | (x;Pxy) — 1/2]) for a
given point depends inversely on its distance from the optimal decision surface, so that points closer
to the decision surface have noisier labels, a small value of x in Condition 1 will occur if the
distribution P has low density near the optimal decision surface (assuming v(C;Pxy) = v*(Pxy))
(e.g., Dekel, Gentile, and Sridharan, 2010). On the other hand, when there is high density near the
optimal decision surface, the value of k¥ may be determined by how quickly 7 (x;Pxy) changes as
x approaches the decision boundary (Castro and Nowak, 2008). See the works of Mammen and
Tsybakov (1999), Tsybakov (2004), Koltchinskii (2006), Massart and Nédélec (2006), Castro and
Nowak (2008), Dekel, Gentile, and Sridharan (2010) and Bartlett, Jordan, and McAuliffe (2006) for
further interpretations of Condition 1.

In the context of passive learning, one natural method to study is that of empirical risk minimiza-
tion. Recall that a passive learning algorithm A is called an empirical risk minimization algorithm
for C if it returns a classifier from C making the minimum number of mistakes on the labeled sam-
ple it is given as input. It is known that for any VC class C, for any Pxy satisfying Condition 1 for
finite 4 and «, every empirical risk minimization algorithm for C achieves a label complexity

A(V+¢,Pxy) :0<8'1€2-10g::>. (5)

This follows from the works of Koltchinskii (2006) and Massart and Nédélec (2006). Furthermore,
for nontrivial concept spaces, one can show that infs supp, A(V+€;Pxy) = Q2 <8lr<_2) , where the
supremum ranges over all Pyy satisfying Condition 1 for the given ¢ and x values, and the infimum
ranges over all label complexities achievable by passive learning algorithms (Castro and Nowak,
2008; Hanneke, 2011); that is, the bound (5) cannot be significantly improved by any passive al-
gorithm, without allowing the label complexity to have a more refined dependence on Pxy than
afforded by Condition 1.

In the context of active learning, a variety of results are presently known, which in some cases
show improvements over (5). Specifically, for any VC class C and any Pyxy satisfying Condition 1,
a certain noise-robust disagreement-based active learning algorithm achieves label complexity

1
A(VJrS,ny) =0 <9f (8%> '8%_2 ~10g2 €> .

This general result was established by Hanneke (2011) (analyzing the algorithm of Dasgupta,
Hsu, and Monteleoni, 2007), generalizing earlier C-specific results by Castro and Nowak (2008)
and Balcan, Broder, and Zhang (2007), and was later simplified and refined in some cases by
Koltchinskii (2010). Comparing this to (5), when 6y < oo this is an improvement over passive
learning by a factor of ex -log(1/¢€). Note that this generalizes the label complexity bound of
Corollary 11 above, since the realizable case entails Condition 1 with k = u/2 = 1. It is also
known that this type of improvement is essentially the best we can hope for when we describe Pxy
purely in terms of the parameters of Condition 1. Specifically, for any nontrivial concept space C,
infa supp, , A(v+e,Pxy) =0 <max {8%*2, log é }) , where the supremum ranges over all Pxy sat-
isfying Condition 1 for the given u and x values, and the infimum ranges over all label complexities
achievable by active learning algorithms (Hanneke, 2011; Castro and Nowak, 2008).

In the following subsection, we review the established techniques and results for disagreement-
based agnostic active learning; the algorithm presented here is slightly different from that originally
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analyzed by Hanneke (2011), but the label complexity bounds of Hanneke (2011) hold for this
new algorithm as well. We follow this in Section 6.7 with a new agnostic active learning method
that goes beyond disagreement-based learning, again generalizing the notion of disagreement to the
notion of shatterability; this can be viewed as analogous to the generalization of Meta-Algorithm

2 represented by Meta-Algorithm 3, and as in that case the resulting label complexity bound replaces
ef() with éf()

For both passive and active learning, results under Condition 1 are also known for more general
scenarios than VC classes: namely, under entropy conditions (Mammen and Tsybakov, 1999; Tsy-
bakov, 2004; Koltchinskii, 2006, 2011; Massart and Nédélec, 2006; Castro and Nowak, 2008; Han-
neke, 2011; Koltchinskii, 2010). For a nonparametric class known as boundary fragments, Castro
and Nowak (2008) find that active learning sometimes offers advantages over passive learning, un-
der a special case of Condition 1. Furthermore, Hanneke (2011) shows a general result on the label
complexity achievable by disagreement-based agnostic active learning, which sometimes exhibits
an improved dependence on the parameters of Condition 1 under conditions on the disagreement
coefficient and certain entropy conditions for (C,P) (see also Koltchinskii, 2010). These results
will not play a role in the discussion below, as in the present work we restrict ourselves strictly to
VC classes, leaving more general results for future investigations.

6.5 Disagreement-Based Agnostic Active Learning

Unlike the realizable case, here in the agnostic case we cannot eliminate a classifier from the version
space after making merely a single mistake, since even the best classifier is potentially imperfect.
Rather, we take a collection of samples with labels, and eliminate those classifiers making signifi-
cantly more mistakes relative to some others in the version space. This is the basic idea underlying
most of the known agnostic active learning algorithms, including those discussed in the present
work. The precise meaning of “significantly more,” sufficient to guarantee the version space always
contains some good classifier, is typically determined by established bounds on the deviation of
excess empirical error rates from excess true error rates, taken from the passive learning literature.

The following disagreement-based algorithm is slightly different from any in the existing lit-
erature, but is similar in style to a method of Beygelzimer, Dasgupta, and Langford (2009); it also
bares resemblance to the algorithms of Koltchinskii (2010); Dasgupta, Hsu, and Monteleoni (2007);
Balcan, Beygelzimer, and Langford (2006a, 2009). It should be considered as representative of the
family of disagreement-based agnostic active learning algorithms, and all results below concerning
it have analogous results for variants of these other disagreement-based methods.
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Algorithm 4
Input: label budget n, confidence parameter o
Output: classifier 1

0.m«+0,i+0,Vo«C, L)« {}

1. Whilet <nand m < 2"

2. m+<—m+1

3. IfX, €DIS(V)

4 Request the label Y,, of X,,,, and let £ < L1 U{(Xn,Ym)} and 1 <1+ 1

5. Else let § be the label agreed upon by classifiers in V;, and L;11 < Li1 U{ (X, )}
6. Ifm=2"!
7 Vit1 < {h eVi: erﬁiﬂ(h) _illl,lei‘r}erﬁiﬂ(h/) < Oi-l—l Vi, 6)}
8

9.

i< i+1,and then £; < {}
Return any h € V;

The algorithm is specified in terms of an estimator, U;. The definition of U; should typically be
based on generalization bounds known for passive learning. Inspired by the work of Koltchinskii
(2006) and applications thereof in active learning (Hanneke, 2011; Koltchinskii, 2010), we will take
a definition of U; based on a data-dependent Rademacher complexity, as follows. Let &1,&, ...
denote a sequence of independent Rademacher random variables (i.e., uniform in {—1,+1}), also
independent from all other random variables in the algorithm (i.e., Z). Then for any set H C C,
define

2i
R,‘(H) = Ssup 2_i Z ém'(hl(Xm)_hZ(Xm))a

hyhpeH m=2i-111
2i
Di(H)= sup 27 Z |1 (Xon) — ha (Xom ),
S S

In(32i2/8) N 7521n(32i2/§)

Ui(H,8) = 12R;(H) +34\/15,~(”H) i 201

(6)

Algorithm 4 operates by repeatedly doubling the sample size |L;1 |, while only requesting the
labels of the points in the region of disagreement of the version space. Each time it doubles the size
of the sample £, 1, it updates the version space by eliminating any classifiers that make significantly
more mistakes on £, relative to others in the version space. Since the labels of the examples we
infer in Step 5 are agreed upon by all elements of the version space, the difference of empirical error
rates in Step 7 is identical to the difference of empirical error rates under the true labels. This allows
us to use established results on deviations of excess empirical error rates from excess true error rates
to judge suboptimality of some of the classifiers in the version space in Step 7, thus reducing the
version space.

As with Meta-Algorithm 2, for computational feasibility, the sets V; and DIS(V;) in Algorithm
4 can be represented implicitly by a set of constraints imposed by previous rounds of the loop. Also,
the update to £;;; in Step 5 is included only to make Step 7 somewhat simpler or more intuitive;
it can be be removed without altering the behavior of the algorithm, as long as we compensate by
multiplying er., , by an appropriate renormalization constant in Step 7: namely, 27| L;, 1].

i+1
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We have the following result about the label complexity of Algorithm 4; it is representative of
the type of theorem one can prove about disagreement-based active learning under Condition 1.

Lemma 24 Let C be a VC class and suppose the joint distribution Pxy on X x {—1,+1} satisfies
Condition 1 for finite parameters U and K. There is a (C, Pxy)-dependent constant ¢ € (0,00) such
that, for any €,8 € (0,e73), and any integer

1 2 l
>c-0 (8?) ex 2. log? —,
n>c-6y g’ <

if hy, is the output of Algorithm 4 when run with label budget n and confidence parameter 8, then on
an event of probability at least 1 — &,

er(fzn) <v+e.

The proof of this result is essentially similar to the proof by Hanneke (2011), combined with
some simplifying ideas from Koltchinskii (2010). It is also implicit in the proof of Lemma 26 below
(by replacing “J ¢ with “1”” in the proof). The details are omitted. This result leads immediately to
the following implication concerning the label complexity.

Theorem 25 Let C be a VC class and suppose the joint distribution Pxy on X x {—1,+1} satisfies
Condition 1 for finite parameters W,k € (1,00). With an appropriate (n, x )-dependent setting of J,
Algorithm 4 achieves a label complexity A, with

1
Ao(V+EPxy) =0 (Gf <e%> g% 2. 1og? 8) .

Proof Taking 6 = n~ 72, the result follows by simple algebra. |

We should note that it is possible to design a kind of wrapper to adaptively determine an appro-
priate & value, so that the algorithm achieves the label complexity guarantee of Theorem 25 without
requiring any explicit dependence on the noise parameter k. Specifically, one can use an idea simi-
lar to the model selection procedure of Hanneke (2011) for this purpose. However, as our focus in
this work is on moving beyond disagreement-based active learning, we do not include the details of
such a procedure here.

Note that Theorem 25 represents an improvement over the known results for passive learning
(namely, (5)) whenever (&) is small, and in particular this gap can be large when 6y < co. The
results of Lemma 24 and Theorem 25 represent the state-of-the-art (up to logarithmic factors) in our
understanding of the label complexity of agnostic active learning for VC classes. Thus, any signif-
icant improvement over these would advance our understanding of the fundamental capabilities of
active learning in the presence of label noise. Next, we provide such an improvement.

6.6 A New Type of Agnostic Active Learning Algorithm Based on Shatterable Sets

Algorithm 4 and Theorem 25 represent natural extensions of Meta-Algorithm 2 and Theorem 10 to
the agnostic setting. As such, they not only benefit from the advantages of those methods (small
0r(€) implies improved label complexity), but also suffer the same disadvantages (P(Jf) > 0 im-
plies no strong improvements over passive). It is therefore natural to investigate whether the im-
provements offered by Meta-Algorithm 3 and the corresponding Theorem 16 can be extended to the
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agnostic setting in a similar way. In particular, as was possible for Theorem 16 with respect to The-
orem 10, we might wonder whether it is possible to replace 0y (elx> in Theorem 25 with éf <£%>
by a modification of Algorithm 4 analogous to the modification of Meta-Algorithm 2 embodied in
Meta-Algorithm 3. As we have seen, éf (fﬁ) is often significantly smaller in its asymptotic depen-

dence on g, compared to 6 <8%<) , in many cases even bounded by a finite constant when 6 (z—ﬁ)

is not. This would therefore represent a significant improvement over the known results for active
learning under Condition 1. Toward this end, consider the following algorithm.

Algorithm 5
Input: label budget n, confidence parameter o
Output: classifier &

0.m<+0,ip«0,Vy«<C
1.Fork=1,2,...,d+1
2.t 0,ip g1, m 25V Vi, Liy1 < {}
3. Whilet < LZ*/‘nJ andm <k-2"
4 m<+<m+1
5. If Py, (S € X 12V, 4 shatters SU{X,}|V; 11 shatters §) > 1/2
6 Request the label Y, of X, and let £ 41 < Lj 41 U{(Xn,Vn)} and 1 <1+ 1
7 Else y+— argmax 154m(S € xk-1 :Vie+1[(Xm,—y)] does not shatter S|Vj | shatters S)
ye{—1,+1}
Li+1 4+ Lip1 U{(Xm, ) } and V11 = Vi1 [(Xm, 9)]
9. Ifm=2i"!

*®

eV 41

and L 1 <+ {}

10. Vik—l—l — {h € Vik+1 : erﬁik+l (h) — min erﬁiﬁl (h/) S Uik+1 (Vik7 5)}

11. ik<—ik+1,then‘/ik+l<—‘/ik,
12. Returnany h € V;, 11

For the argmax in Step 7, we break ties in favor of a § value with Vj, 41 [(Xn, )] # 0 to maintain
the invariant that V; | # () (see the proof of Lemma 59); when both y values satisfy this, we may
break ties arbitrarily. The procedure is specified in terms of several estimators. The P4, estimators,
as usual, are defined in Appendix B.1. For U;, we again use the definition (6) above, based on a
data-dependent Rademacher complexity.

Algorithm 5 is largely based on the same principles as Algorithm 4, combined with Meta-
Algorithm 3. As in Algorithm 4, the algorithm proceeds by repeatedly doubling the size of a labeled
sample L, 1, while only requesting a subset of the labels in £;;, inferring the others. As before, it
updates the version space every time it doubles the size of the sample £, |, and the update eliminates
classifiers from the version space that make significantly more mistakes on £;; | compared to others
in the version space. In Algorithm 4, this is guaranteed to be effective, since the classifiers in the
version space agree on all of the inferred labels, so that the differences of empirical error rates
remain equal to the frue differences of empirical error rates (i.e., under the true Y, labels for all
elements of £;,1); thus, the established results from the passive learning literature bounding the
deviations of excess empirical error rates from excess true error rates can be applied, showing that
this does not eliminate the best classifiers. In Algorithm 5, the situation is somewhat more subtle,
but the principle remains the same. In this case, we enforce that the classifiers in the version space
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agree on the inferred labels in £;;; by explicitly removing the disagreeing classifiers in Step 8.
Thus, as long as Step 8 does not eliminate all of the good classifiers, then neither will Step 10. To
argue that Step 8 does not eliminate all good classifiers, we appeal to the same reasoning as for
Meta-Algorithm 1 and Meta-Algorithm 3. That is, for £k < d~f and sufficiently large n, as long as
there exist good classifiers in the version space, the labels § inferred in Step 7 will agree with some
good classifiers, and thus Step 8 will not eliminate all good classifiers. However, for k > d r, the
labels y in Step 7 have no such guarantees, so that we are only guaranteed that some classifier in
the version space is not eliminated. Thus, determining guarantees on the error rate of this algorithm
hinges on bounding the worst excess error rate among all classifiers in the version space at the
conclusion of the k = d '+ round. This is essentially determined by the size of £;, at the conclusion of
that round, which itself is largely determined by how frequently the algorithm requests labels during
this k =d r round. Thus, once again the analysis rests on bounding the rate at which the frequency
of label requests shrinks in the k = d, '+ round, which determines the rate of growth of |£; |, and thus
the final guarantee on the excess error rate.

As before, for computational feasibility, we can maintain the sets V; implicitly as a set of con-
straints imposed by the previous updates, so that we may perform the various calculations required
for the estimators P as constrained optimizations. Also, the update to £; 4 in Step 8 is merely
included to make the algorithm statement and the proofs somewhat more elegant; it can be omit-
ted, as long as we compensate with an appropriate renormalization of the erz, ., values in Step 10
(i.e., multiplying by 27*|L; 1]). Additionally, the same potential improvements we proposed in
Section 5.5 for Meta-Algorithm 3 can be made to Algorithm 5 as well, again with only minor mod-
ifications to the proofs. We should note that Algorithm 5 is certainly not the only reasonable way to
extend Meta-Algorithm 3 to the agnostic setting. For instance, another natural extension of Meta-
Algorithm 1 to the agnostic setting, based on a completely different idea, appears in the author’s
doctoral dissertation (Hanneke, 2009b); that method can be improved in a natural way to take advan-
tage of the sequential aspect of active learning, yielding an agnostic extension of Meta-Algorithm
3 differing from Algorithm 5 in several interesting ways (see the discussion in Section 6.8 below).

In the next subsection, we will see that the label complexities achieved by Algorithm 5 are often
significantly better than the known results for passive learning. In fact, they are often significantly
better than the presently-known results for any active learning algorithms in the published literature.

6.7 Improved Label Complexity Bounds for Active Learning with Noise

Under Condition 1, we can extend Lemma 24 and Theorem 25 in an analogous way to how The-
orem 16 extends Theorem 10. Specifically, we have the following result, the proof of which is
included in Appendix E.2.

Lemma 26 Let C be a VC class and suppose the joint distribution Pxy on X x {—1,+1} satisfies
Condition 1 for finite parameters |t and k. There is a (C, Pxy )-dependent constant ¢ € (0,00) such
that, for any €,8 € (0,6_3), and any integer

~ I 2 1
>c.0 (g?) cex 2. og? —,
n=-c-oy og 86

if hy is the output of Algorithm 5 when run with label budget n and confidence parameter 8, then on
an event of probability at least 1 — &,

er(izn) <v+e.
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This has the following implication for the label complexity of Algorithm 5.

Theorem 27 Let C be a VC class and suppose the joint distribution Pxy on X x {—1,+1} satisfies
Condition 1 for finite parameters [,k € (1,00). With an appropriate (n, K)-dependent setting of 9,
Algorithm 5 achieves a label complexity A, with

- 1
Ay(Vv+E,Pxy) =0 <9f <8l’<) ~ei2~log28> .

Proof Taking 6 = n~ %72, the result follows by simple algebra. |

Theorem 27 represents an interesting generalization beyond the realizable case, and beyond the
disagreement coefficient analysis. Note that if 8;(¢) = o (¢ "'log?(1/¢)), Theorem 27 represents
an improvement over the known results for passive learning (Massart and Nédélec, 2006). As we
always have 0/(€) = o(1/€), we should typically expect such improvements for all but the most
extreme learning problems. Recall that 6/(€) is often not o(1/¢€), so that Theorem 27 is often a
much stronger statement than Theorem 25. In particular, this is a significant improvement over the
known results for passive learning whenever éf < 00, and an equally significant improvement over
Theorem 25 whenever 6y < oo but 8;(g) = (2(1/¢€) (see above for examples of this). However,
note that unlike Meta-Algorithm 3, Algorithm 5 is not an activizer. Indeed, it is not clear (to the
author) how to modify the algorithm to make it a universal activizer for C (even for the realizable
case), while maintaining the guarantees of Theorem 27.

As with Theorem 16 and Corollary 17, Algorithm 5 and Theorem 27 can potentially be improved
in a variety of ways, as outlined in Section 5.5. In particular, Theorem 27 can be made slightly

sharper in some cases by replacing éf (8%) with the sometimes-smaller (though more complicated)

quantity (4) (with ro = £+).

6.8 Beyond Condition 1

While Theorem 27 represents an improvement over the known results for agnostic active learn-
ing, Condition 1 is not fully general, and disallows many important and interesting scenarios. In
particular, one key property of Condition 1, heavily exploited in the label complexity proofs for
both passive learning and disagreement-based active learning, is that it implies diam(C(g)) —
0 as € — 0. In scenarios where this shrinking diameter condition is not satisfied, the existing
proofs of (5) for passive learning break down, and furthermore, the disagreement-based algo-
rithms themselves cease to give significant improvements over passive learning, for essentially
the same reasons leading to the “only if” part of Theorem 5 (i.e., the sampling region never fo-
cuses beyond some nonzero-probability region). Even more alarming (at first glance) is the fact
that this same problem can sometimes be observed for the k = d, '+ round of Algorithm 5; that is,

P (x cPh=1(§ e XA waH shatters SU {x}|V; i+ shatters S) > 1/ 2) is no longer guaranteed
to approach 0 as the budget n increases (as it does when diam(C(g)) — 0). Thus, if we wish to ap-
proach an understanding of improvements achievable by active learning in general, we must come
to terms with scenarios where diam(C(¢€)) does not shrink to zero.

Interestingly, it seems that diam(C(g)) - 0 might not be a problem for some algorithms based
on shatterable sets, such as Algorithm 5. In particular, Algorithm 5 appears to continue exhibiting
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reasonable behavior in such scenarios. That is, even if there is a nonshrinking probability that the
query condition in Step 5 is satisfied for k = d~ £, on any given sequence Z there must be some
smallest value of k for which this probability does shrink as n — oo. For this value of k, we should
expect to observe good behavior from the algorithm, in that (for sufficiently large n) the inferred
labels in Step 7 will tend to agree with some classifier f € cl(C) with er(f) = v(C;Pxy). Thus, the
algorithm addresses the problem of multiple optimal classifiers by effectively selecting one of the
optimal classifiers.

To illustrate this phenomenon, consider learning with respect to the space of threshold classifiers
(Example 1) with P uniform in [0,1], and let (X,Y) ~ Pxy satisfy P(Y = +1|X) =0 for X <
1/3, P(Y =+1|X) =1/2for 1/3< X <2/3, and P(Y = +1|X) = 1 for 2/3 < X. As we know
from above, d; = 1 here. However, in this scenario we have DIS(C(g)) — [1/3,2/3] as € — 0.
Thus, Algorithm 4 never focuses its queries beyond a constant fraction of &X', and therefore cannot
improve over certain passive learning algorithms in terms of the asymptotic dependence of its label
complexity on € (assuming a worst-case choice of hin Step 9). However, for k =2 in Algorithm 5,
every X, will be assigned a label ¥ in Step 7 (since no two points are shattered); furthermore, for
sufficiently large n we have (with high probability) DIS(V;,) not too much larger than [1/3,2/3],
so that most points in DIS(V;,) can be labeled either +1 or —1 by some optimal classifier. For us,
this has two implications. First, one can show that with very high probability, the S € [1/3,2/3]!
will dominate the votes for y in Step 7 (for all m processed while k = 2), so that the y inferred
for any X, ¢ [1/3,2/3] will agree with all of the optimal classifiers. Second, the inferred labels
¥y for X, € [1/3,2/3] will definitely agree with some optimal classifier. Since we also impose the
h(X,,) = ¥ constraint for Vj,; in Step 8, the inferred y labels must all be consistent with the same
optimal classifier, so that V;, 1 will quickly converge to within a small neighborhood around that
classifier, without any further label requests. Note, however, that the particular optimal classifier
the algorithm converges to will be a random variable, determined by the particular sequence of
data points processed by the algorithm; thus, it cannot be determined a priori, which significantly
complicates any general attempt to analyze the label complexity achieved by the algorithm for
arbitrary C and Pxy. In particular, for some C and Pyy, even this minimal k for which convergence
occurs may be a nondeterministic random variable. At this time, it is not entirely clear how general
this phenomenon is (i.e., Algorithm 5 providing improvements over certain passive algorithms even
for distributions with diam(C(g)) - 0), nor how to characterize the label complexity achieved by
Algorithm 5 in general settings where diam(C(g)) - 0.

However, as mentioned earlier, there are other natural ways to generalize Meta-Algorithm 3 to
handle noise, some of which have more predictable behavior. In particular, the original thesis work
of Hanneke (2009b) explores a technique for active learning, which unlike Algorithm 5, only uses
the requested labels, not the inferred labels, and as a consequence never eliminates any optimal
classifier from V. Because of this fact, the sampling region for each k converges to a predictable
limiting region, so that we have an accurate a priori characterization of the algorithm’s behavior.
However, it is not immediately clear (to the author) whether this alternative technique might lead to
a method achieving results similar to Theorem 27.

To get a better understanding of the scenario where diam(C(€)) — 0, it will be helpful to par-
tition the distributions into two distinct categories, which we will refer to as the benign noise case
and the misspecified model case. The Pxy in the benign noise case are characterized by the property
that v(C; Pxy) = v*(Pxy); this is in some ways similar to the realizable case, in that C can approx-
imate an optimal classifier, except that the labels are stochastic. In the benign noise case, the only
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reason diam(C(¢g)) would not shrink to zero is if there is a nonzero probability set of points x with
n(x) = 1/2; that is, there are at least two classifiers achieving the Bayes error rate, and they are at
nonzero distance from each other, which must mean they disagree on some points that have equal
probability of either label occurring. In contrast, the misspecified model case is characterized by
v(C;Pxy) > v*(Pxy). In this case, if the diameter does not shrink, it is because of the existence of
two classifiers i, hy € cl(C) achieving error rate v(C; Pxy), with P (x : b1 (x) # ha(x)) > 0. How-
ever, unlike above, since they do not achieve the Bayes error rate, it is possible that a significant
fraction of the set of points they disagree on may have 1 (x) # 1/2.

Intuitively, the benign noise case is relatively easier for active learning, since the noisy points
that prevent diam(C(¢€)) from shrinking can essentially be assigned arbitrary labels, as in the thresh-
olds example above. For instance, as in Algorithm 5, we could assign a label to points in this region
and discard any classifiers inconsistent with the label, confident that we have kept at least one opti-
mal classifier. Another possibility is simply to ignore the points in this region, since in the end they
are inconsequential for the excess error rate of the classifier we return; in some sense, this is the
strategy taken by the method of Hanneke (2009b).

In contrast, the misspecified model case intuitively makes the active learning problem more
difficult. For instance, if &; and /5 in cl(C) both have error rate v(C; Pxy), the original method of
Hanneke (2009b) has the possibility of inferring the label &, (x) for some point x when in fact 4 (x)
is better for that particular x, and vice versa for the points x where /;,(x) would be better, thus getting
the worst of both and potentially doubling the error rate in the process. Algorithm 5 may fare better
in this case, since imposing the inferred label y as a constraint in Step 8 effectively selects one of
hy or hy, and discards the other one. As before, whether Algorithm 5 selects /1 or i, will generally
depend on the particular data sequence Z, which therefore makes any a priori analysis of the label
complexity more challenging.

Interestingly, it turns out that, for the purpose of exploring Conjecture 23, we can circumvent all
of these issues by noting that there is a trivial solution to the misspecified model case. Specifically,
since in our present context we are only interested in the label complexity for achieving error rate
better than v + €, we can simply turn to any algorithm that asymptotically achieves an error rate
strictly better than v (e.g., Devroye et al., 1996), in which case the algorithm should require only
a finite constant number of labels to achieve an expected error rate better than v. To make the
algorithm effective for the general case, we simply split our budget in three: one part for an active
learning algorithm, such as Algorithm 5, for the benign noise case, one part for the method above
handling the misspecified model case, and one part to select among their outputs. The full details of
such a procedure are specified in Appendix E.3, along with a proof of its performance guarantees,
which are summarized as follows.

Theorem 28 Fix any concept space C. Suppose there exists an active learning algorithm A,
achieving a label complexity A,. Then there exists an active learning algorithm A, achieving a
label complexity A, such that, for any distribution Pxy on X x {—1,41}, there exists a function
A(€) € Polylog(1/¢€) such that

A (Ve Pyy) < max {2A,(V+€/2,Pxy),A(€)}, in the benign noise case
¢ ’ ~ | Ae), in the misspecified model case
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The main point of Theorem 28 is that, for our purposes, we can safely ignore the misspecified
model case (as its solution is a trivial extension), and focus entirely on the performance of algorithms
for the benign noise case. In particular, for any label complexity A, every Pxy € Nontrivial(A,;C)
in the misspecified model case has A, (v + €, Pxy) = o(A,(V +¢€,Pxy)), for A as in Theorem 28.
Thus, if there exists an active meta-algorithm achieving the strong improvement guarantees of an
activizer for some passive learning algorithm A, (Definition 21) for all distributions Pxy in the
benign noise case, then there exists an activizer for A, with respect to C in the agnostic case.

7. Open Problems

In some sense, this work raises more questions than it answers. Here, we list several problems that
remain open at this time. Resolving any of these problems would make a significant contribution to
our understanding of the fundamental capabilities of active learning.

e We have established the existence of universal activizers for VC classes in the realizable case.
However, we have not made any serious attempt to characterize the properties that such ac-
tivizers can possess. In particular, as mentioned, it would be interesting to know whether
activizers exist that preserve certain favorable properties of the given passive learning algo-
rithm. For instance, we know that some passive learning algorithms (say, for linear separators)
achieve a label complexity that is independent of the dimensionality of the space X', under
a large margin condition on f and P (Balcan, Blum, and Vempala, 2006b). Is there an ac-
tivizer for such algorithms that preserves this large-margin-based dimension-independence in
the label complexity? Similarly, there are passive algorithms whose label complexity has a
weak dependence on dimensionality, due to sparsity considerations (Bunea, Tsybakov, and
Wegkamp, 2009; Wang and Shen, 2007). Is there an activizer for these algorithms that pre-
serves this sparsity-based weak dependence on dimension? Is there an activizer that preserves
adaptiveness to the dimension of the manifold to which P is restricted? What about an ac-
tivizer that is sparsistent (Rocha, Wang, and Yu, 2009), given any sparsistent passive learning
algorithm as input? Is there an activizer that preserves admissibility, in that given any ad-
missible passive learning algorithm, the activized algorithm is an admissible active learning
algorithm? Is there an activizer that, given any minimax optimal passive learning algorithm
as input, produces a minimax optimal active learning algorithm? What about preserving other
notions of optimality, or other properties?

e There may be some waste in the above activizers, since the label requests used in their ini-
tial phase (reducing the version space) are not used by the passive algorithm to produce the
final classifier. This guarantees the examples fed into the passive algorithm are conditionally
independent given the number of examples. Intuitively, this seems necessary for the gen-
eral results, since any dependence among the examples fed to the passive algorithm could
influence its label complexity. However, it is not clear (to the author) how dramatic this effect
can be, nor whether a simpler strategy (e.g., slightly randomizing the budget of label requests)
might yield a similar effect while allowing a single-stage approach where all labels are used in
the passive algorithm. It seems intuitively clear that some special types of passive algorithms
should be able to use the full set of examples, from both phases, while still maintaining the
strict improvements guaranteed in the main theorems above. What general properties must
such passive algorithms possess?
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e As previously mentioned, the vast majority of empirically-tested heuristic active learning al-
gorithms in the published literature are designed in a reduction style, using a well-known
passive learning algorithm as a subroutine, constructing sets of labeled examples and feed-
ing them into the passive learning algorithm at various points in the execution of the active
learning algorithm (e.g., Abe and Mamitsuka, 1998; McCallum and Nigam, 1998; Schohn and
Cohn, 2000; Campbell, Cristianini, and Smola, 2000; Tong and Koller, 2001; Roy and McCal-
lum, 2001; Muslea, Minton, and Knoblock, 2002; Lindenbaum, Markovitch, and Rusakov,
2004; Mitra, Murthy, and Pal, 2004; Roth and Small, 2006; Schein and Ungar, 2007; Har-
Peled, Roth, and Zimak, 2007; Beygelzimer, Dasgupta, and Langford, 2009). However, rather
than including some examples whose labels are requested and other examples whose labels
are inferred in the sets of labeled examples given to the passive learning algorithm (as in our
rigorous methods above), these heuristic methods typically only input to the passive algo-
rithm the examples whose labels were requested. We should expect that meta-algorithms of
this type could not be universal activizers for C, but perhaps there do exist meta-algorithms
of this type that are activizers for every passive learning algorithm of some special type. What
are some general conditions on the passive learning algorithm so that some meta-algorithm
of this type (i.e., feeding in only the requested labels) can activize every passive learning
algorithm satisfying those conditions?

o As discussed earlier, the definition of “activizer” is based on a trade-off between the strength
of claimed improvements for nontrivial scenarios, and ease of analysis within the framework.
There are two natural questions regarding the possibility of stronger notions of “activizer.” In
Definition 3 we allow a constant factor ¢ loss in the € argument of the label complexity. In
most scenarios, this loss is inconsequential (e.g., typically A,(g/c, f,P) = O(A, (€, f,P))).
but one can construct scenarios where it does make a difference. In our proofs, we see that
it is possible to achieve ¢ = 3; in fact, a careful inspection of the proofs reveals we can even
get ¢ = (1 +o(1)), a function of €, converging to 1. However, whether there exist universal
activizers for every VC class that have ¢ = 1 remains an open question.

A second question regards our notion of “nontrivial problems.” In Definition 3, we have
chosen to think of any target and distribution with label complexity growing faster than
Polylog(1/¢€) as nontrivial, and do not require the activized algorithm to improve over the
underlying passive algorithm for scenarios that are trivial for the passive algorithm. As men-
tioned, Definition 3 does have implications for the label complexities of these problems,
as the label complexity of the activized algorithm will improve over every nontrivial up-
per bound on the label complexity of the passive algorithm. However, in order to allow for
various operations in the meta-algorithm that may introduce additive Polylog(1/¢) terms due
to exponentially small failure probabilities, such as the test that selects among hypotheses in
ActiveSelect, we do not require the activized algorithm to achieve the same order of label
complexity in trivial scenarios. For instance, there may be cases in which a passive algo-
rithm achieves O(1) label complexity for a particular (f,P), but its activized counterpart has
O(log(1/€)) label complexity. The intention is to define a framework that focuses on non-
trivial scenarios, where passive learning uses prohibitively many labels, rather than one that
requires us to obsess over extra additive logarithmic terms. Nonetheless, there is a question of
whether these losses in the label complexities of trivial problems are necessary to gain these
improvements in the label complexities of nontrivial problems.

1525



HANNEKE

There is also the question of how much the definition of “nontrivial” can be relaxed. Specifi-
cally, we have the following question: to what extent can we relax the notion of “nontrivial” in
Definition 3, while still maintaining the existence of universal activizers for VC classes? We
see from our proofs that we can at least replace Polylog(1/€) with O(log(1/¢€)). However, it
is not clear whether we can go further than this in the realizable case (e.g., to say “nontrivial”
means @(1)). When there is noise, it is clear that we cannot relax the notion of “nontriv-
ial” beyond replacing Polylog(1/€) with O(log(1/¢€)). Specifically, whenever DIS(C) # 0,
for any label complexity A, achieved by an active learning algorithm, there must be some
Pxy with Ay(v+€,Pxy) = Q(log(1/€)), even with the support of P restricted to a single
point x € DIS(C); the proof of this is via a reduction from sequential hypothesis testing for
whether a coin has bias « or 1 — @, for some « € (0,1/2). Since passive learning via empiri-
cal risk minimization can achieve label complexity A,(v +¢€,Pxy) = O(log(1/¢€)) whenever
the support of P is restricted to a single point, we cannot further relax the notion of “nontriv-
ial,” while preserving the possibility of a positive outcome for Conjecture 23. It is interesting
to note that this entire issue vanishes if we are only interested in methods that achieve er-
ror at most € with probability at least 1 — 0, where 6 € (0,1) is some acceptable constant
failure probability, as in the work of Balcan, Hanneke, and Vaughan (2010); in this case,
we can simply take “nontrivial” to mean @(1) label complexity, and both Meta-Algorithm
1 and Meta-Algorithm 3 remain universal activizers for C under this alternative definition,
and achieve O(1) label complexity in trivial scenarios.

Another interesting question concerns efficiency. Suppose there exists an algorithm to find
an element of C consistent with any labeled sequence £ in time polynomial in |£| and d,
and that A, (L) has running time polynomial in |£| and d. Under these conditions, is there
an activizer for A, capable of achieving an error rate smaller than any € in running time
polynomial in 1/€ and d, given some appropriately large budget n? Recall that if we knew
the value of d '+ and d r < clogd, then Meta-Algorithm 1 could be made efficient, as discussed
above. Therefore, this question is largely focused on the issue of adapting to the value of d., r.
Another related question is whether there is an efficient active learning algorithm achieving
the label complexity bound of Corollary 7 or Corollary 17.

One question that comes up in the results above is the minimum number of batches of label
requests necessary for a universal activizer for C. In Meta-Algorithm O and Theorem 5, we
saw that sometimes two batches are sufficient: one to reduce the version space, and another
to construct the labeled sample by requesting only those points in the region of disagreement.
We certainly cannot use fewer than two batches in a universal activizer for any nontrivial
concept space, so that this represents the minimum. However, to get a universal activizer
for every concept space, we increased the number of batches to three in Meta-Algorithm 1.
The question is whether this increase is really necessary. Is there always a universal activizer
using only rwo batches of label requests, for every VC class C?

For some C, the learning process in the above methods might be viewed in two components:
one component that performs active learning as usual (say, disagreement-based) under the
assumption that the target function is very simple, and another component that searches for
signs that the target function is in fact more complex. Thus, for some natural classes such
as linear separators, it would be interesting to find simpler, more specialized methods, which
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explicitly execute these two components. For instance, for the first component, we might con-
sider the usual margin-based active learning methods, which query near a current guess of the
separator (Dasgupta, Kalai, and Monteleoni, 2005, 2009; Balcan, Broder, and Zhang, 2007),
except that we bias toward simple hypotheses via a regularization penalty in the optimization
that defines how we update the separator in response to a query. The second component might
then be a simple random search for points whose correct classification requires larger values
of the regularization term.

Can we construct universal activizers for some concept spaces with infinite VC dimension?
What about under some constraints on the distribution P or Pxy (e.g., the usual entropy
conditions)? It seems we can still run Meta-Algorithm 1, Meta-Algorithm 3, and Algorithm
5 in this case, except we should increase the number of rounds (values of k) as a function
of n; this may continue to have reasonable behavior even in some cases where d, = 00, es-
pecially when P¥(9* f) — 0 as k — oo. However, it is not clear whether they will continue
to guarantee the strict improvements over passive learning in the realizable case, nor what
label complexity guarantees they will achieve. One specific question is whether there is a
method always achieving label complexity o (8%72» where p is from the entropy condi-
tions (van der Vaart and Wellner, 1996) and « is from Condition 1. This would be an improve-
ment over the known results for passive learning (Mammen and Tsybakov, 1999; Tsybakov,
2004; Koltchinskii, 2006). Another related question is whether we can improve over the
known results for active learning in these scenarios. Specifically, Hanneke (2011) proved a

bound of O <9f <8lw> e+ _2> on the label complexity of a certain disagreement-based active

learning method, under entropy conditions and Condition 1. Do there exist active learning
methods achieving asymptotically smaller label complexities than this, in particular improv-
ing the 6y (ﬁ) factor? The quantity éf (8%) is no longer defined when d, 't = 00, so this
might not be a direct extension of Theorem 27, but we could perhaps use the sequence of

O}k) (8%) values in some other way to replace 6y (&‘lk) in this case.

Generalizing the previous question, we might even be so bold as to ask whether there exists a
universal activizer for the space of all classifiers. Let us refer to such a method as a universal
activizer (in general). The present work shows that there is a universal activizer for every
VC class. Furthermore, Lemma 34 implies that, for any sequence C;,C,,... of concept
spaces for which there exist universal activizers, there also exists a universal activizer for
U=, C;: namely, the method that runs each of the activizers for C; with respective budgets
|3n/(mi)?|, for i = 1,2,...,[\/3n/x|, producing hypotheses his... .k /55 then returns
the value of ActiveSelect({Ay,... N +o[n/21,{ X, Xp41,- - . }), where M is larger than

any index accessed by these |v/3n/7| activizers. In fact, the proof of Theorem 6 entails that
the o(A, (€, f,P)) guarantee holds for f in the closure cl(C) of any VC class C. Combined
with the above trick, it follows that we can achieve the o(A, (g, f,P)) strong improvement
guarantee over passive learning for all f in [J7Z, cl(C;), where the C; sets are VC classes.
We can always construct a sequence of VC classes Cy,C,, ... such that cl(JZ; C;) is the
set of all classifiers. However, ;= cl(C;) is generally not the same as cl (U2, C;), so that
achieving A,(ce, f,P) =o(A, (g, f,P)) forall f € UZ, cl(C;) does not necessarily guarantee
the same for all f € cl(U=; C;). Thus, constructing a general universal activizer would be
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a nontrivial extension of the present work, and the fundamental question of the existence (or
nonexistence) of such meta-algorithms remains a fascinating open question.

There is also a question about generalizing this approach to label spaces other than {—1,+1},
and possibly other loss functions. It should be straightforward to extend these results to the
setting of multiclass classification. However, it is not clear what the implications would be
for general structured prediction problems, where the label space may be quite large (even
infinite), and the loss function involves a notion of distance between labels. From a practical
perspective, this question is particularly interesting, since problems with more complicated
label spaces are often the scenarios where active learning is most needed, as it takes substan-
tial time or effort to label each example. At this time, there are no published theoretical results
on the label complexity improvements achievable for general structured prediction problems.

All of the claims in this work also hold when A, is a semi-supervised passive learning al-
gorithm, simply by withholding a set of unlabeled data points in a preprocessing step, and
feeding them into the passive algorithm along with the labeled set generated by the activizer.
However, it is not clear whether further claims are possible when activizing a semi-supervised
algorithm, for instance by taking into account specific details of the learning bias used by the
particular semi-supervised algorithm (e.g., a cluster assumption).

The splitting index analysis of Dasgupta (2005) has the interesting feature of characterizing a
trade-off between the number of label requests and the number of unlabeled examples used
by the active learning algorithm. In the present work, we do not characterize any such trade-
off. Indeed, the algorithms do not really have any parameter to adjust the number of unlabeled
examples they use (aside from the precision of the P estimators), so that they simply use as
many as they need and then halt. This is true in both the realizable case and in the agnostic
case. It would be interesting to try to modify these algorithms and their analysis so that,
when there are more unlabeled examples available than would be used by the above methods,
the algorithms can take advantage of this in a way that can be reflected in improved label
complexity bounds, and when there are fewer unlabeled examples available, the algorithms
can alter their behavior to compensate for this, at the cost of an increased label complexity.
This would be interesting both for the realizable and agnostic cases. In fact, in the agnostic
case, there are no known methods that exhibit this type of trade-off.

Finally, as mentioned in the previous section, there is a serious question concerning what
types of algorithms can be activized in the agnostic case, and how large the improvements in
label complexity will be. In particular, Conjecture 23 hypothesizes that for any VC class, we
can activize some empirical risk minimization algorithm in the agnostic case. Resolving this
conjecture (either positively or negatively) should significantly advance our understanding of
the capabilities of active learning compared to passive learning.
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Appendix A. Proofs Related to Section 3: Disagreement-Based Learning

The following result follows from a theorem of Anthony and Bartlett (1999), based on the clas-
sic results of Vapnik (1982) (with slightly better constant factors); see also the work of Blumer,
Ehrenfeucht, Haussler, and Warmuth (1989).

Lemma 29 For any VC class C, m € N, and classifier [ such that ¥r > 0,B(f,r) £ 0, let V) =
{he C:Vi<m,h(X;)= f(X;)}, forany & € (0,1), there is an event H,,(6) with P (H,,(6)) > 1—8
such that, on H,(0), V;; CB(f,9(m;0)), where

,dIn Zemax{md} | 15(2/8)

6(m:5) = ;
A fact we will use repeatedly is that, for any N(&) = w(log(1/¢€)), we have ¢ (N(€);€) = o(1).
Lemma 30 For P,(DIS(V)) from (1), on an event J, with P(J,,) > 1 —2-exp{—n/4},
max {P(DIS(V)),4/n} < P,(DIS(V)) < max {4P(DIS(V)),8/n}.

Proof Note that the sequence U, from (1) is independent from both V and £. By a Chernoff bound,
on an event J, with P(J,,) > 1 —2-exp{—n/4},

P(DIS(V))
,lezxeu,, ]lDIS( (%)

and P(DIS(V)) <2/n = — Z Lpis(vy (x) < 4/n.
XEU,

PDIS(V)) >2/n = €[1/2,2],

This immediately implies the stated result. |

Lemma 31 Let A :(0,1) — (0,00) and L:Nx (0,1) — [0,00) be s.t. A(€) = @(1), L(1,€) =0 and
L(n,€) — oo as n — oo for every € € (0,1), and for any N-valued N(€) = o(A(¢€)), ( (€),€) =
®(N(g)). Let L™'(m;e) = max{n € N: L(n,e) <m} for every m € (0,00). Then for any A :
(0,1) — (0,00) with A(€) = ®@(A(€)), we have L' (A(g);€) = o (A(€)).

Proof First note that L~! is well-defined and finite, due to the facts that L(n,€) can be 0 and is
diverging in n. Let A(¢) = (A (¢)). It is fairly straightforward to show L~'(A(€);€) # Q(A(¢)),
but the stronger o(A(€)) result takes slightly more work. Let L(n,€) = min {L(n,€),n*/A(g)} for
every n € Nand € € (0,1), and let L~ ! (m;€) = max {n € N: L(n,&) < m}. We will first prove the
result for L.

Note that by definition of L~!, we know

(L (Ae):e) +1) /A(e) 2 L(L™ (Ale):e) + L&) > Ale) = @(A(e)),
which implies Z~! (A(g);€) = w(A(&)). But, by definition of L' and the condition on L,
A(e)>L(L ' (Ae)ie),e) = (L7 (A(e);¢)).

Since L™ (m;€) > L' (m;¢) for all m > 0, this implies A(g) = (L™ (A(€);€)), or equivalently
LY (A(g);€) = 0 (A(e)). |
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Lemma 32 For any VC class C and passive algorithm A, if A, achieves label complexity A,
then Meta-Algorithm 0, with A, as its argument, achieves a label complexity A, such that, for
every f € C and distribution P over X, if P(Ocpf) =0and co > A, (€, f,P) = w(log(1/€)), then
Aa(2e,f,P) =0(Ay(g, f,P)).

Proof This proof follows similar lines to a proof of a related result of Balcan, Hanneke, and
Vaughan (2010). Suppose A, achieves a label complexity A,, and that f € C and distribution
P satisfy oo > A, (e, f,P) = w(log(1/¢)) and P(0cpf) =0. Let € € (0,1). For n € N, let

A,(g) = P(DIS(B (f 0(|n/2];€/2)))), L(n;e) = |n/max{32/n,16A,(¢)}|, and for m € (0,00)
let L=!(m;€) = max{n € N: L(n;€) < m}. Suppose

n> max{12ln(6/8), 1+L7 " (A,(e,f,P);€) }

Consider running Meta-Algorithm 0 with .4, and n as arguments, while f is the target function and
P is the data distribution. Let V and £ be as in Meta-Algorithm 0, and let /1, = A, (L) denote the
classifier returned at the end.

By Lemma 29, on the event H,, /5| (¢/2), V C B(f,¢(|n/2];€/2)), so that P(DIS(V)) < A,(€).
Letting U = {X|n/2) 115 - -- X /2] 4 ) (44 | }» by Lemma 30, on H,, /5| (€/2) NJ, we have

|n/max {32/n,16A,(¢)}] < |U| < |n/max{4P(DIS(V)),16/n}|. (7)

By a Chernoff bound, for an event K, with P(K,) > 1 —exp{—n/12}, on H|,,/5|(€/2) NJ, N Ky,
[UNDIS(V)| <2P(DIS(V)) - |[n/ max{4P(DIS(V)),16/n} | < [n/2]. Defining the event G,(€) =
H,2)(€/2) N, NK,, we see that on G, (€), every time X;, € DIS(V) in Step 5 of Meta-Algorithm
0, we have ¢ < n; therefore, since f € V implies that the inferred labels in Step 6 are correct as well,
we have that on G,(¢€),

V(x,f)) € £7§:f(x) (8)
Noting that
P(Gu(e)) <P (Hppj)(€/2)) +P(Jy) +P(K;) < €/2+2-exp{—n/4} +exp{—n/12} <e,
we have
E [er (/)]
<E [Lg, @) LIL] > Ap(e, f,P)]er (hn)] + P (Ga(e) N{|L] < Aple, £, P)}) + P (Ga(e)°)
<E[1g, L] = Ap(e, f,P)]er (Ay(L))] +P(Gu(e) N{IL] < Ap(e, £, P)}) +e. )

On G,(¢g), (7) implies |£| > L(n;€), and we chose n large enough so that L(n;€) > A, (g, f,P).
Thus, the second term in (9) is zero, and we have

E[er (7)] < E[Lg, @) L[IL] = Ap(e, f,P)]er (A, (L))] +e
_E[E[ eer(A, (£ ’yay} (2] > Ap(e, £, P )]} e. (10)

For any ¢ € N with P(|£| = £) > 0, the conditional of 2/|{|i/| = £} is a product distribution P*; that is,
the samples in I/ are conditionally independent and identically distributed with distribution P, which
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is the same as the distribution of {X;,X>,...,X;}. Therefore, for any such ¢ with £ > A, (¢, f,P),
by (8) we have

E 16,6 er (4, (£)) | {1£] = £}] <Eler (4, (20))] < &

In particular, this means (10) is at most 2¢. This implies Meta-Algorithm 0, with A, as its argument,
achieves a label complexity A, such that

Aa(28,f,P) < max{lzln(6/e), 1+L 7 (Ap(e, f,P):€) }

Since A, (g, f,P) = w(log(1/e)) = 121In(6/¢) = o(A, (€, f,P)), it remains only to show that
L™ (Ap(e,f,P);€) = o(A,(€, f,P)). Note that Ve € (0,1), L(1;€) = 0 and L(n; ) is diverging in
n. Furthermore, by the assumption P (dc pf) = 0, we know that for any N(g) = w(log(1/¢)), we
have Ay ¢)(€) = o(1) (by continuity of probability measures), which implies L(N(€); €) = @(N(g)).
Thus, since A, (g, f,P) = o(log(1/¢€)), Lemma 31 implies L™ (A, (&, f,P);€) = o (Ay(g, f,P)),
as desired. |

Lemma 33 For any VC class C, target function f € C, and distribution P, if P(Ocpf) > 0, then
there exists a passive learning algorithm A, achieving a label complexity A, such that (f,P) €
Nontrivial(A,), and for any label complexzty A, achieved by running Meta-Algorlthm 0 with A, as
its argument, and any constant ¢ € (0,00),

Aa(CE,f,P) ?’é O(Ap(g’fvp))'

Proof The proof can be broken down into three essential claims. First, it follows from Lemma 35
below that, on an event H' of probability one, P(9y f) > P(dcf); since P(DIS(V)) > P(dv f), we
have P(DIS(V)) > P(dcf) on H'.

The second claim is that on H' NJ,, |£| = O(n). This follows from Lemma 30 and our first
claim by noting that, on H' NJ,, |£| = |n/(4A)| <n/(4P(DIS(V))) < n/(4P(dcf)).

Finally, we construct a passive algorithm .4, whose label complexity is not significantly im-
proved when |£| = O(n). There is a fairly obvious randomized .4, with this property (simply
returning — f with probability 1/|L£]|, and otherwise f); however, we can even satisfy the property
with a deterministic A,, as follows. Let H y = {h;}7°, be any sequence of classifiers (not necessarily
in C) with 0 < P(x: h;(x) # f(x)) strictly decreasing to 0, (say with #; = —f). We know such a
sequence must exist since P(Jcf) > 0. Now define, for nonempty S,

Ap(S) = argminP(x : hi(x) 7# f(x)) +2110,1/15)) (P (x : hi(x) 7 f(x)))-

hiGHf

A, is constructed so that, in the special case that this particular f is the target function and this
particular P is the data distribution, A, (S) returns the i; € H ; with minimal er(%;) such that er(h;) >
1/|S|. For completeness, let A,(() = h;. Define & = er(h;) = P(x : hi(x) # f(x)).

Now let /1,, be the returned classifier from running Meta-Algorithm 0 with A, and n as inputs, let
A, be the (minimal) label complexity achieved by A, and let A, be the (minimal) label complexity
achieved by Meta-Algorithm O with A, as input. Take any ¢ € (0,00), and i sufficiently large so
that &_; < 1/2. Then we know that for any € € [g,&_1), A,(g,f,P) = [1/€&]. In particular,
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A,(e,f,P) > 1/e, so that (f,P) € Nontrivial(A,). Also, by Markov’s inequality and the above
results on | L],

E[er(fz ) >E [1} > w[{» <1 > W)
e V4] n |L] n
Z MP(H’HM > 4P(%)) (1—2-exp{—n/4}).

n n

This implies that for 4In(4) < n < %{2«;]‘)’ we have E [er(fzn)] > c€;, so that for all sufficiently large
ia

2P(9cf) > P(9cf) FW _ 7’(3<cf)Ap

Aa(C8i7f7P) Z (€i7f77))‘

Since this happens for all sufficiently large i, and thus for arbitrarily small &; values, we have

Aa<C87f7P) 7& O(AP(87f7P)) .

CcE; C &

Proof [Theorem 5] Theorem 5 now follows directly from Lemmas 32 and 33, corresponding to the
“if” and “only if” parts of the claim, respectively. |

Appendix B. Proofs Related to Section 4: Basic Activizer

In this section, we provide detailed definitions, lemmas and proofs related to Meta-Algorithm 1.

In fact, we will develop slightly more general results here. Specifically, we fix an arbitrary
constant ¥ € (0, 1), and will prove the result for a family of meta-algorithms parameterized by the
value 7, used as the threshold in Steps 3 and 6 of Meta-Algorithm 1, which were set to 1,/2 above to
simplify the algorithm. Thus, setting ¥ = 1/2 in the statements below will give the stated theorem.

Throughout this section, we will assume C is a VC class with VC dimension d, and let P denote
the (arbitrary) marginal distribution of X; (Vi). We also fix an arbitrary classifier f € cl(C), where
(as in Section 6) cl(C) = {h : Vr > 0,B(h,r) # (0} denotes the closure of C. In the present context,
f corresponds to the target function when running Meta-Algorithm 1. Thus, we will study the
behavior of Meta-Algorithm 1 for this fixed f and P; since they are chosen arbitrarily, to establish
Theorem 6 it will suffice to prove that for any passive A,, Meta-Algorithm 1 with 4, as input
achieves superior label complexity compared to A, for this f and P. In fact, because here we only
assume f € cl(C) (rather than f € C), we actually end up proving a slightly more general version
of Theorem 6. But more importantly, this relaxation to cl(C) will also make the lemmas developed
below more useful for subsequent proofs: namely, those in Appendix E.2. For this same reason,
many of the lemmas of this section are substantially more general than is necessary for the proof of
Theorem 6; the more general versions will be used in the proofs of results in later sections.

For any m € N, we define V;; = {h € C: Vi <m,h(X;) = f(X;)}. Additionally, for H C C, and
an integer k > 0, we will adopt the notation

S*(H) = {S € X* : 1 shatters S},
SH(H) = X\ S'(H),
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and as in Section 5, we define the k-dimensional shatter core of f with respect to H (and P) as
Ohf = lim S* (B (f.r)),
r—0

and further define
Do f = X\ D4y f.

Also as in Section 5, define
dy =min{ke N:P* (0hf) =0}
For convenience, we also define the abbreviation
5 =Pt (o7'r).

Also, recall that we are using the convention that X° = {7}, P°(X?) = 1, and we say a set of
classifiers 7 shatters @ iff H # {}. In particular, SO(H) # {} iff H # {}, and 89,f # {} iff
infye P (x : h(x) # f(x)) = 0. For any measurable sets S;,5, C X* with PX(S,) > 0, as usual we
define P*(S1|S;) = P*(S1 N S,)/P*(S,); in the situation where P*(S,) = 0, it will be convenient
to define PX(S1|S2) = 0. We use the definition of er(k) from above, and additionally define the
conditional error rate er(h|S) =P ({x: h(x) # f(x)}|S) for any measurable S C X'. We also adopt the
usual short-hand for equalities and inequalities involving conditional expectations and probabilities
given random variables, wherein for instance, we write E[X|Y] = Z to mean that there is a version
of E[X|Y] that is everywhere equal to Z, so that in particular, any version of E[X|Y] equals Z almost
everywhere (see, e.g., Ash and Doléans-Dade, 2000).

B.1 Definition of Estimators for Meta-Algorithm 1

While the estimated probabilities used in Meta-Algorithm 1 can be defined in a variety of ways to
make it a universal activizer for C, in the statement of Theorem 6 above and proof thereof below,
we take the following specific definitions. After the definition, we discuss alternative possibilities.

Though it is a slight twist on the formal model, it will greatly simplify our discussion be-
low to suppose we have access to two independent sequences of i.i.d. unlabeled examples W; =
{wi,wo,...} and W = {w|,w},...}, also independent from the main sequence {X;,X>,...}, with
wi,w: ~ P. Since the data sequence {X,X>,...} is i.i.d., this is distributionally equivalent to sup-
posing we partition the data sequence in a preprocessing step, into three subsequences, alternatingly
assigning each data point to either Zy, W), or W». Then, if we suppose Zy = {X{,X},...}, and we
replace all references to X; with X/ in the algorithms and results, we obtain the equivalent statements
holding for the model as originally stated. Thus, supposing the existence of these W; sequences sim-
ply serves to simplify notation, and does not represent a further assumption on top of the previously
stated framework.

For each k£ > 2, we partition W, into subsets of size k — 1, as follows. Fori € N, let
(k

S; )= ey Wi b
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We define the 15m estimators in terms of three types of functions, defined below. For any H C C,
xeX,ye{—1,+1},me N, we define

AR (x, Wo, 1), (11)

B, (S € X*71 . H shatters SU {x}|H shatters S)

B, (S € X% H[(x,—y)] does not shatter S|H shatters S) [ (3, Wo, H),  (12)
P

- (x: P (S e X1 74 shatters SU {x}|H shatters S) > y) = ,(,,)(Wl,Wz,”H) (13)

The quantities AP (x,Wo, H), Iy (x,y,Wa,H), and Al )(WI,WZ, H) are specified as follows.
For k=1, fﬁ,} )(x, v, W2, H) is simply an indicator for whether every i € H has h(x) =y, while
Al (x,W»,H) is an indicator for whether x € DIS(?). Formally, they are defined as follows.
A1
n (5 We, H) = 1 1 gy 0):

heH

AN (x, W, H) = Ipis(p) (%)-

For k > 2, we first define

M,Sf)( = max lek 1 ( ; )

Then we take the following definitions for "% and A®,
F)(n)(x »Wo, H Z L gk HH[(x,~)] (S( )) ]lskfl(H) (Sl(k)> . (14)

AD (x, w5, 1) Zﬂgk (S u{x}) (15)

For the remaining estimator, for any k we generally define

A (Wi, W, H) *+ 3Zﬂy/4oo( W”Wz,H))

The above definitions will be used in the proofs below. However, there are certainly viable al-
ternative definitions one can consider, some of which may have interesting theoretical properties. In
general, one has the same sorts of trade-offs present whenever estimating a conditional probability.

For instance, we could replace “m>” in (14) and (15) by min {E eN: Mék) (H) = m? } and then nor-

malize by m? instead of M,S1 ) (H); this would give us m> samples from the conditional distribution

with which to estimate the conditional probability. The advantages of this approach would be its
simplicity or elegance, and possibly some improvement in the constant factors in the label complex-
ity bounds below. On the other hand, the drawback of this alternative definition would be that we
do not know a priori how many unlabeled samples we will need to process in order to calculate it;
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indeed, for some values of k and #, we expect P¥! (S’"l (7—[)) =0, so that Mg(k) (H) is bounded,
and we might technically need to examine the entire sequence to distinguish this case from the case
of very small P¥~! (8"’1 (7—[)) Of course, these practical issues can be addressed with small mod-
ifications, but only at the expense of complicating the analysis, thus losing the elegance factor. For
these reasons, we have opted for the slightly looser and less elegant, but more practical, definitions
above in (14) and (15).

B.2 Proof of Theorem 6

At a high level, the structure of the proof is the following. The primary components of the proof
are three lemmas: 34, 37, and 38. Setting aside, for a moment, the fact that we are using the P,
estimators rather than the actual probability values they estimate, Lemma 38 indicates that the num-
ber of data points in £;, grows superlinearly in n (the number of label requests), while Lemma 37
guarantees that the labels of these points are correct, and Lemma 34 tells us that the classifier re-
turned in the end is never much worse than A, (L d})- These three factors combine to prove the

result. The rest of the proof is composed of supporting lemmas and details regarding the P, esti-
mators. Specifically, Lemmas 35 and 36 serve a supporting role, with the purpose of showing that
the set of V-shatterable k-tuples converges to the k-dimensional shatter core (up to probability-zero
differences). The other lemmas below (39—45) are needed primarily to extend the above basic idea
to the actual scenario where the P, estimators are used as surrogates for the probability values. Ad-
ditionally, a sub-case of Lemma 45 is needed in order to guarantee the label request budget will not
be reached prematurely. Again, in many cases we prove a more general lemma than is required for
its use in the proof of Theorem 6; these more general results will be needed in subsequent proofs:
namely, in the proofs of Theorem 16 and Lemma 26.
We begin with a lemma concerning the ActiveSelect subroutine.

Lemma 34 For any k*,M,N € N with k* <N, and N classifiers {hy,ha,...,hy} (themselves pos-
sibly random variables independent from {Xy,Xp+1,...}), a call to ActiveSelect({h1,ha,...,hn},
m, {Xp,Xp1+1, . ..}) makes at most m label requests, and if hy, is the classifier it returns, then with
probability at least 1 —eN -exp{—m/(72k*NIn(eN))}, we have er(h;) < 2er(hy-).

Proof This proof is essentially identical to a similar result of Balcan, Hanneke, and Vaughan (2010),
but is included here for completeness.

(N—k)In(eN)
most m, since summing up the sizes of the batches of label requests made in all executions of Step

Let My = L%J . First note that the total number of label requests in ActiveSelect is at

2 yields
N-1 N L - J -
Yol | S22 <m,
=1 k=j+1 J(N—j)In(eN) g jIn(eN)

.....

Letk™ =argming ¢y j-yer(hy). Forany j € {1,2,.... k"™ — 1} with P(x : hj(x) # Ay (x)) > 0,
the law of large numbers implies that with probability one [{ Xy, Xpr11,. ..} N {x: hj(x) # e () } >
M, and since er(hg-|[{x : hj(x) # hg=(x)}) < 1/2, Hoeffding’s inequality implies that

P (my; > 7/12) <exp{—M;/72} <exp{l —m/(72k*NIn(eN))}.
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A union bound implies
P <m%xmk**j > 7/12) <k*-exp{l —m/(72k*N1n(eN))}.
]< kok

In particular, note that when max ;. my j <7 /12, we must have k >

Now suppose j € {k"*+1,...,N} has er(h;) > 2er(h). In particular, this implies er(/;|{x :
hy(x) # hj(x)}) >2/3 and P(x : hj(x) # g (x)) > 0, which again means (with probability one)
HXm, Xms1,- - 3 N {x: hj(x) # by (x) }| > M. By Hoeffding’s inequality, we have that

P (mji <7/12) < exp{—M/72} <exp{l —m/(72k*N1n(eN))}.
By a union bound, we have that
P(3j > k™ rer(hj) > 2er(hy) and mje= <7/12) < (N —k™)-exp{1 —m/ (72k*NIn(eN))} .

In particular, when k > k**, and m g« > 7/12 for all j > k** with er(h;) > 2er(hy), it must be true
that er(h;) < 2er(hy) < 2er(hy).

So, by a union bound, with probability > 1 — eN -exp{—m/ (72k*N1n(eN))}, the k chosen by
ActiveSelect has er(h;) < 2er(hy-). [

The next two lemmas describe the limiting behavior of S*(V,*). In particular, we see that its
limiting value is precisely 8{& f (up to zero-probability differences). Lemma 35 establishes that
Sk(Vx) does not decrease below 8{6 f (except for a zero-probability set), and Lemma 36 establishes
that its limit is not larger than 8{{: f (again, except for a zero-probability set).

Lemma 35 There is an event H' with P(H') = 1 such that on H', Ym € N, Vk € {0, ... ,de — 1}, for
any Hwith V) CH CC,
P (83|l ) = P* (94 f |0k f ) =
and
Vie N, Ty (Sl(k+1)> =lgs (Slikm) .
Also, on H', every such H has P* <3§{f) =Pk (8({‘:]”), and Mék) (H) — oo as £ — oc.

Proof We will show the first claim for the set V,;, and the result will then hold for H by mono-
tonicity. In particular, we will show this for any fixed k € {0,...,df — 1} and m € N, and the
existence of H' then holds by a union bound. Fix any set § € 6({‘: f Suppose BV* (f,r) does not

shatter S for some r > 0. There is an infinite sequence of sets {{h1 , g), .y zk }}, with Vj < 2K,

P(x: j ( ) # f(x)) } 0, such that each {h1 yeees 2k} C B(f,r) and shatters S. Since By:(f,r)
does not shatter S,

1=inf1 |3 ¢ By(f, )} = inf1 [EIngk,@gm:hy)(Xg)#f(Xg)}.
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But
P (mfn 3 <2 e<min) () # £ (%)] = 1) <infP (3j <20 <mn) (%) # £ (X))

< lim >~ mp (x ) (x) # f(x)) = mlim P (x hl) (x) # f(x)) —0,
ok

J<2* J<

where the second inequality follows by a union bound. Therefore, Vr > 0, P (S ¢ Sk (BV’; (f, r))) =
0. Furthermore, since S* (By:(f,r)) is monotonic in r, the dominated convergence theorem gives
us that

P(s¢ o) =E [}ij’% ]lgk(Bv,;(fJ))(S)} = limP (5 ¢ §* (By; (1.1)) ) =0.

This implies that (letting S ~ P* be independent from V)

P (73" ((‘9"% f

&{‘;f) > o) —P (79" (Bkr;fmaéf) > o)
- %ii%]P’ (7?" ((‘_)érzfﬂ@(’éf) > Z;-)
< lim éE [Pk (575,; Fnok f)] (Markov)

.1
= lim 5 (101, (S)P (S ¢ O,

=1lim0=0.
E—0

S)} (Fubini)

This establishes the first claim for V', on an event of probability 1, and monotonicity extends the
claim to any # D V5. Also note that, on this event,

PH(0hf) = PH (Dl ok ) = P (Ohut|okr) P* (0hr) =P (0hr ).
where the last equality follows from the first claim. Noting that for H C C, 84‘{ fC 6{& f, we must

have
PH(9h,r) = P*(Er).
This establishes the third claim. From the first claim, for any given value of i € N the second claim

holds for SSkH) (with 4 = V) on an additional event of probability 1; taking a union bound over
(k)

ket 1 k+1 k+1 k1
Log s (S,( )> = ﬂaé,zf (Sz( )) = Lok s <Sl( )) < Loy (S,( )> ;

extending the result to general H. Also, as k < d £, we know Pk (8{& f ) > 0, and since we also know
V,» is independent from W, the strong law of large numbers implies the final claim (for V) on an
additional event of probability 1; again, monotonicity extends this claim to any # D V,». Intersecting
the above events over values m € N and k < d. ¢ gives the event H', and as each of the above events
has probability 1 and there are countably many such events, a union bound implies P(H') =1. W

all i € N extends this claim to every S;"’ on an event of probability 1. Monotonicity then implies
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Note that one specific implication of Lemma 35, obtained by taking k = 0, is that on H', V, # ()
(even if f € cI(C)\ C). This is because, for f € cl(C), we have 92 f = X0 so that P? (82f) =1,

which means P° (88* f ) =1 (on H'), so that we must have 99, f = X, which implies V* # (). In

particular, this also means f € cl(V,y).

Lemma 36 There is a monotonic function q(r) = o(1) (as r — 0) such that, on event H', for any
k€ {0,....df—1}, meN, r >0, and set H such that V,; C H C B(f,r),

P (8Es|S* (1)) < q(0).

In particular, for T € N and 6 > 0, on H;(6) NH' (where H:(d) is from Lemma 29), every m > T
and k € {0,...,dy— 1} has P (&’éf‘Sk (V,,’;)) <q(¢(1;9)).

Proof Fix any k € {0,...,d;—1}. By Lemma 35, we know that on event H’,

P (Bks|s* (1)) = PH(DEFNS (M) _ PH(BEfNS (M)

PHSHH)  — PHOL)
_PHafnS (M) _ PHOS NS (B(S.r))
o PYee) T PR

Define g(r) as this latter quantity. Since P* (0% f N S* (B(f,r))) is monotonic in r,

P @S B) T <54‘:f“12“35k<3(f”))) CP@NR)
PR T PO G .

This proves gx(r) = o(1). Defining
q(r) =max{q(r) : k€ {0,1,....df—1}} = 0(1)

completes the proof of the first claim.
For the final claim, simply recall that by Lemma 29, on H;(6), every m > T has V) C V> C

B(f,9(7:90)). L

Lemma 37 For { € (0,1), define
re =sup{re(0,1):q(r) <{}/2.
On H', Vk € {O,...,d}— 1}, V¢ € (0,1), Vm €N, for any set H such that Vi, C H C B(f,r¢)s

P (v PH (8 (il D] [$* (30)) > €)
=P (w: P (S (Ml £DD |Bhef ) > £) =0. (16)

In particular, for § € (0,1), defining t({;0) = min {1: eN:supp(m;0) < rg}, vVt >1(8;0), and
m>7T

Vm > 1, on H:(0) NH', (16) holds for H = V.
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Proof Fix k,m,H as described above, and suppose ¢ = P* (9% f|S¥(H)) < {; by Lemma 36, this
happens on H'. Since, 8§_Lf C S¥(H), we have that Vx € X,

P (S (HlCe, £ [S4 () ) = P (S* (L, r ) ) PH (D[S0
+PE (S (. )) |S* (1) N By ) P (Bt | S* ()
Since all probability values are bounded by 1, we have
PH (S (Ml £ | S*(H) ) < PH(S* (I, S ()] [0hr ) + P (Bhr|St0)) . ()
Isolating the right-most term in (17), by basic properties of probabilities we have
P (311|550
=P (9 f‘Sk(’H) 8k f) Pk (8{& f]Sk(H)) + P (9, f‘S"(H) ok f) Pk (8{5 f]Sk(H))
< pk (éé‘;f)s"(ﬂ)) +pk (c‘_)é‘{f’s"(H)ﬁ&’éf). (18)
By assumption, the left term in (18) equals ¢. Examining the right term in (18), we see that
P (Bhf|SH )0k F ) = PH (S5 )N By 1|0k f ) /P (8430 |0k f )
< PH(Dhor|okr) /P* (Dhes|okr ). (19)

By Lemma 35, on H' the denominator in (19) is 1 and the numerator is 0. Thus, combining this fact
with (17) and (18), we have that on H’,

P (x: P (SHHIC S S* ) ) > £) <P (x:PH(SE TG £ |0hef ) > E=a) - 20)

Note that proving the right side of (20) equals zero will suffice to establish the result, since it upper
bounds both the first expression of (16) (as just established) and the second expression of (16)
(by monotonicity of measures). Letting X ~ P be independent from the other random variables
(Z,W1,W,), by Markov’s inequality, the right side of (20) is at most

L g P (S (I SO ]a;; ) M _E [P (S (X, £OO)) Nk f) ‘”H]

£—q (& —a)P* (95,f) ’

and by Fubini’s theorem, this is (letting S ~ P* be independent from the other random variables)

E (1, /(S)P (x:8 ¢ 8* (l(x.f () ]
(C—a)P* (O

Lemma 35 implies this equals

E [Loy, 1(S)P (x:8 ¢ S* (Mo f()) ]
(£ —q)Pk (Ef) '

ey
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For any fixed S € 8;‘_[ f, there is an infinite sequence of sets {{hgi) , hg), . ,hgk) }} N with Vj <
i€

2k P (x h ( ) # flx )) 10, such that each {hgi), o gk)} C *H and shatters S. If H[(x, f(x))] does
not shatter S then

I =inf1 [3] W ¢ H(x, fx ))]] —inf1 [HJ WD (x) # flx )}

In particular,

P(x:Sg_fSk(H[( <x 1nf11 31 WD (x) # flx )}: )

—P(ﬂ{x dj: hl ) x 3j s.t. hy)(x)%f(x))

<ll_1>13>10273(x h(l thp<x hl (x) # f(x ))
J<2k j<2k

Thus (21) is zero, which establishes the result.

The final claim is then implied by Lemma 29 and monotonicity of V* in m: that is, on Hz(6),
Vi S V2 CB(f,¢(7:6)) S B(f,rg) u

Lemma 38 For any { € (0,1), there are values {AE,C)( ):neN,ee (0, 1)} such that, for any

ne€Nande >0, onevent H, 3 (€/2) NH', letting V = Vi)

P (x L pdr! (s e XUl sUx) e S‘Zf(V)‘S‘Zf*I(V)) > g) <A (),

and for any N-valued N (&) = w(log(1/¢)), Az(vc()e) (g) =o(1).

Proof Throughout, we suppose the event H|,,/3/(€/2) N H', and fix some ¢ € (0,1). We have Vi,
PU1 (se X0 sufxp e SU(V)[sT ()
= i (SeX‘if’l:SU{x}GS‘If(V))S‘Zf (v)ynal- 1f>7>d~f* ( ol lf‘Sdf I ))
+ P 1(Se)(df LisUfxt e SU (v ‘Sdf (v)nad- lf)Pd?*I( Bl lf‘Sd/ I ))
<P (sexlt:suixpeshv )‘S"f {v)ynal )Pt (8 Bl lf)Sdf V). @)
By Lemma 35, the left term in (22) equals
PU1 (sexdt:sufxp e SU(v ‘sdf fvynas™ £yt (sjf—l(V)‘aéf*l f)

— pds-1 (SE XU su{x} e S (v ‘aéf f )’
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and by Lemma 36, the right term in (22) is at most ¢(¢(|n/3];€/2)). Thus, we have
P (x Pt (s e X1 SU{x) sif(V))sJH(V)) > q)
<P (x:PU (se i sulxt e STW)AY ) = C—a(o(ln/3lie/2) . @)

Forn < 37t({/2;€/2) (for 7(-;-) defined in Lemma 37), we define AS,C)(e) = 1. Otherwise, suppose
n>31(£/2;€/2), sothat g(¢(|n/3];€/2)) < {/2, and thus (23) is at most

P (x Pt (s e X1 sUlx) e sff(V)‘a;i}“f) > g/z) .
By Lemma 29, this is at most
P (x L pdr-1 (s e XU SULxy € ST (B(f,0(|n/3];¢/2))) ’8éf_]f) > c/z) .

Letting X ~ P, by Markov’s inequality this is at most

2 [Pi! (se i ssux) 5 B 0(Ln/3le/2) o )]

_ 2 pd (Su{x} € X9 :SU{x} € 87 (B(f,9(|n/3):€/2))) and S € a{éf‘lf)
oy

< 2P (7 (B(f.0(1n/3):6/2))) 04
§of

Thus, defining A (g) as (24) for n > 37({ /2;€/2) establishes the first claim.
It remains only to prove the second claim. Let N(g) = w(log(1/¢€)). Since 7(§/2;¢/2) <

{i (dln <r%) +In (%)ﬂ = O(log(1/€)), we have that for all sufficiently small € > 0, N(¢g) >

37(8/2;¢€/2), so that AI(VC()&)(S) equals (24) (with n = N(g)). Furthermore, since §; > 0, while

P (8(? f) =0, and ¢(|N(g)/3];€/2) = o(1), by continuity of probability measures we know
(24) is o(1) when n = N(¢€), so that we generally have A](\,C()s) (e) =o(1). [ |

For any m € N, define
M(m) =m’5;/2.

Lemma 39 There is a (C, P, f)-dependent constant ¢V) € (0,00) such that, for any t© € N there is
an event Hgl) C H' with

P (Hr(i)) >1—c".exp {-M(7)/4}
such that on Héi), ifan > 2, then Vk € {2, ... ,d}}, Vm > 7, Yl € N, for any set H such that V; C

HCC,
MY (H) > M(m).
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Proof On H’, Lemma 35 implies every ]ISH(H) (ka)> > laézlf (Sl(k)> = ﬂa(léflf (ka)), SO we
(k) .

focus on showing ‘{Si i< m3} N 8&‘1 f ‘ > M(m) on an appropriate event. We know

P(Vke (2,....d;} vm> 1,

{Sl@ i< m3} ﬂ@é‘;lf’ ZM(m))
—1 —]P’(Elke (2,....d;}m>1: HSE“ i< m3} ma{glf‘ <M(m))
dy
> 1 —ZZP(‘{S,@ i< m3}m8§;1f’ <M(m)) ,
m>7 k=2
where the last line follows by a union bound. Thus, we will focus on bounding
d}
ZZP(){S}"):igm3}ma§;1f‘ <M(m)>. (25)
m>7T k=2

Fix any k € {2,....d/}, and integer m > 7. Since
B[ {s 1 <} ot | =P (0 1) w2 Sy
a Chernoff bound implies that
P(|{s":i<m ok f| < wiom) < exp{-m*P*" (0571 1) /8}
< exp{—m35f/8}.
Thus, we have that (25) is at most

d,
ZieXp{_m33f/8} < ij‘exp{—m33f/8} < Z d}-exp{—mgf/S}

m>T k=2 m>T m>13

Scff-exp{—]\;[(r)/4}—|—a7f~/rjoexp{—x3f/8}dx
=dy- (1 +8/5f) -exp{—M(7)/4}
9d}/5f) cexp {—M(z)/4}.

IN

Note that since P(H') = 1, defining

HY = {Vk €{2,....d;} ¥m>r,

{SE") i< m3} ﬂ&é‘:“f‘ > M(m)} nH'

has the required properties. |
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Lemma 40 For any T € N, there is an event G(Ti ) with
P (H§"> \Gg")) < (121Jf/8f) cexp { —M(7)/60}
such that, on G lfdf > 2, then for every integer s > T and k € {2 d}}, Vr e (O, ”1/6}’

® (B (f,r) < (3/2)]{ >,<s}maglf).

Proof Fix integerss > tandk € {2,...,dy}, and letr = r| 6. Define the set S*~1 = {S;k) i< s } N
SEY(B(f,r)). Note ‘S’k_l |= M (B(f,r)) and the elements of S*~! are conditionally i.i.d. given

¥ (B(f,r)), each with conditional distribution equivalent to the conditional distribution of § gk)
given {Sik) e S (B(f, r))} In particular,

Usk lmak lf”M B(f, ))] Pk— 1<ak 1 ‘Sk 1 B(f, ))) ( (f.r)).

Define the event
G (k,s) = {|3’<—1} < (3/2)|8! mag;lf\}.

By Lemma 36 (indeed by definition of g(r) and r; s) we have

1-P (¥, ‘M B(f,r)))
=P (IS4 nok | < 2/3)m (B (f.0) ]M B(f,7)))
<P (IS N0k 7] < (4/5) (1 = g () MY (B(£,1) M<"><B<f,r>>)
<P (|8 ok ] < @/syPH (9 A B () ) MP B () (M B (£,0)). 26)

By a Chernoff bound, (26) is at most

exp { ~M (B (,r) P! (@’é’lf)S"’l B(f.r)))/50}
<exp{-M" (B(£.r)) (1-q(r)) 50} <exp{-M" (B(£.r)) /60}.

Thus, by Lemma 39,

P (H§"> \GY) (k,s)) <P ({M§"> (B(f,r)) > M(s) L\ G¥ (k,s))
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Now defining GT =Ny>c ﬂ (k s), a union bound implies

P (H§f> \Gg”) <> " dy-exp {~M(s)/60}

<d; (exp{—M(r)/60} —&-/;oexp{—xsf/lZO}dx)
(1+120/8;) -exp {1 (z)/60}

dy
(121df/5f) cexp{—M(7)/60}.

This completes the proof for r = ry 5. Monotonicity extends the result to any r € (0, | /6] . |

Lemma 41 There exist (C, P, f,y)-dependent constants ©* € N and ") € (0, 00) such that, for any
integer T > 1%, there is an event H( i) C G(T) with

P <H§") \Hﬁ"")) < i) exp {—1\71(1)1/ 3 /60} 27)

such that, on Hy) ﬂHéii), Vs,m, 0,k € N with { < m and k < d, t, for any set of classifiers H with
V) CH, ifeitherk =1, or s >t and H C B(f, r(l_y)/6), then

AY (X, W, 1) <7 = TF (X0, — £(X), Wa, 1) < T (X, £(X), Wa, H).

In particular, for 6 € (0,1) and T > max{t((1—17)/6;6),7*}, on H.(9) ﬂHT(i) ﬂHéii), this is true
for H =V[ for every k,{,m,s € N satisfying T < £ <m, T<s, and k < d~f.

~\1/3
Proof Lett*=(6/(1—7))- (2/5f> , and consider any 7, k,¢,m,s,H as described above. If k =1,

the result clearly holds. In particular, Lemma 35 implies that on Héi), H[( X, f(Xin))] 2 Vi # 0, s0
that some h € H has h(X,,) = f(X,), and therefore

fgl) (Xma_f(Xm)7W27H) =1 N {h(Xm)}(_f(Xm)) =0,

heH

and since Aﬁl) (X, W, H) = Ipis(x) (Xom), if Aﬁl) (X, W, H) < 7, then since ¥y < 1 we have X, ¢
DIS(H), so that

£5 (X, (), W2, H) =1 1y i (F () = 1.

heH
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Otherwise, suppose 2 < k < a7f. Note that on Hf(i) N Gg), Vm € N, and any H with V) CH C
B(f,7(1-y)/6) for some £ € N,

B (X, — £ (Xo), Wa, H)

T
" MO 2_; L84t (3]0, £ ) (s}“) Lst-1(3) (Sgk)>

1 Y . .
= {S(k) i< s3} ﬂ@é‘[lf ;ﬂsk—l(v,;) (S,(k)> ]lgk—l(B(f_’r(liy)/ﬁ)) (S,(k)> (monotonicity)
1 N . .
3
1 >
st T2 (57) L wirn ) (5) (Lemma 35)

{Si):i§s3}ﬂ8k 1f p—

: (k)
Z]ldk 1 SHH(B(fr, Si)- (Lemma 40)
~omy ( (for—y6)) iz f< ) (B, (177)/6))( )

For brevity, let I" denote this last quantity, and let My, = s ( ( Jir /6)). By Hoeffding’s
inequality, we have

P <(2/3)f > P (K 1S B (fora o)) + MY

3 Mks) gexp{ 2M1/3}.

Thus, by Lemmas 36, 39, and 40,

P ({2/3)0 (X, — £ (X). Wo, H) > ¢ (i 6) +91(5) P} 0 GY)
<P ({30 > P (8 7|S (B (.0 ps6)))
<P ({3 > P (/1S (B (Frumpye)))

n/6)

=K

P ((2/3)f > pk-t (églf‘s"*l B (f,ru

<E [eXP{ 2M1/3} Lixi(s) 00) (Mks)} < exp {—ZM(S)1/3} :
Thus, there is an event H\" (k, s) with IP’( HY NG\ 5 (k, s)) < exp{—2M(s)'/3} such that

£ (o~ (), W, 1) < (3/2) (q (1) +11(5) )

holds for these particular values of k and s.
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To extend to the full range of values, we simply take Hﬁii) = G(Ti) N>z Mi< d, Héii) (k,s). Since
©>(2/87)"/3, we have M(t) > 1, so a union bound implies

(D) ~ W\ gyl 7 ot/
IP’(HT NGy \ Hy )g ;Zra’f exp{ 2M(s)! 3}
<d;- (exp{—ZM(T)l/3}+ /Ooexp{—ZM(x)l/3}dx)
JT

=d; (1 —1—2’2/35]71/3) -exp{—ZM(r)l/S} < ZanSf_m ~exp{—21\71(1:)1/3}.
Then Lemma 40 and a union bound imply
P (Hf(i) \Hgii)) < 261}371/3 -exp {—2M(T)1/3} +121d; Nf_l -exp{—M(t)/60}
< 123d,3;! exp{ Mt )1/3/60}
On Hy) ﬂHéii), every such s,m, ¢,k and H satisfy

) (= £ 060), W2, 1) < (3/2) (9(r(1py6) + M1 () ™)
<(3/2)((1=7)/6+(1-7)/6) = (1-7)/2. 28)
where the second inequality follows by definition of r(;_y) /s and s > 7 > 7"
1t A (X, W2, H) < 7, then

1=y <1-AW (X, W2, H) ( )ﬂsk( )(Sﬁk)u{xm}). (29)

Finally, noting that we always have
k k k
L) (55 U {Xm}) < Lg%, x0) (55 )) + L1 (26— X)) (55 )) )
we have that, on the event Hg) ﬂHgi), if Aﬁ") (X, Wa,’H) < 7, then

(va f( ) Wz,/H)

( -/2=-(1- )/2+(1—7) by (28)
<=(1=1/24 Zﬂsk 1 ( ( >1gk(H> (s§k)u{xm}) by (29)
<-(-7 ZRS’f ! ( (k)> L1 (14X () (Szk))

1 & ®)Y g K
1 (,H);lskl(%) (Sz )ﬂsk*(m(xm —FXa))]) <S )
:_( )/2+Fk)( 1117 f(Xm)?W27H)+f§k) (Xmaf(Xm)7W27H)
v ( mvf( m)aW27H)- by (28)
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The final claim in the lemma statement is then implied by Lemma 29, since we have V) C V' C
B(f,¢(1:68)) B (f,r(1-y)/6) on He(5). L

For any k,¢,m € N, and any x € X, define

bk, t,m) = AP (x, w5, V)
Pk, 0) = PF! (S c X lisufx) e SK(V))

Sk1 (V})) '

Lemma 42 For any § € (0,1), there is a (C,P, f,{)-dependent constant c(")(&) € (0,00) such

that, for any T € N, there is an event Hgii) (&) with

P (HO\HI(Q)) < e (g) - exp {2 (x) )
such that on Hﬁi) ﬁHgm)(C), Vk,£,m € Nwitht </{<mandk < de, foranyx € X,
P (x: px(k,0) = pu(k, £,m)| > §) < exp {~C*M(m)}.

Proof Fix any k,/,m € N with T </ <m and k < d}. Recall our convention that X° = {@} and
PO(X0) = 1; thus, if k = 1, pe(k,¢,m) = IlDIS(V;) (x) =1g (v7) (x) = px(k,£), so the result clearly
holds for k = 1.

For the remaining case, suppose 2 < k < d, . To simplify notation, let /i = M,(,,k) (VE*), X =Xy41,
px = px(k, ) and py = px(k,¢,m). Consider the event

HD (k, 0,m, ) = {P(x: |px—pul > §) <exp{—{*M(m)}}.

‘We have

P (H\H D (k£ )

Vi) (30)

<P ({m>M(m)} \H (k,t,m,{)

V[) (by Lemma 39)

=P ({rh >M(m)}N {IP’ (es’;"px_ﬁx‘ > e Wz,V[> > e_gzM(’")}

vi). G

for any value s > 0. Proceeding as in Chernoff’s bounding technique, by Markov’s inequality (31)
is at most
V)

W2,V€*} > e—CzM(””}

B ({m > #(m)} 0 {e 7R [lpepe

Wz,V[} > e*CZW'")}

i
< B ({ > W(m)} 0 {e ¥R [orpx0) 4 @(ox—)

Vg)

Wz,Vg*} > e*CzMV")(m,VZ*)

H[M(m)po) (ﬁl) P (e*Sl’ﬁCE |:esn~1(PX —Px) + e.wﬁ(ﬁx —px)

v;]
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By Markov’s inequality, this is at most

The conditional distribution of mpyx given (X,m,V/") is Binomial (1, px), so letting {B;(px)}

H[M(M),oo) () eCzM(m)E [e—srhCE :esrh(Px—ﬁx) +g5’7’(ﬁx—px)
]]_[ 1(m),00) (ﬁl) eCZM(m)e—sﬂzCE :esrh(l’x—ﬁx) + esrh(ﬁx_px)

—E []l[ 1(m).00) (ﬁl) eCZM(m)e—SWlCE _E [esm(Px—ﬁx) + esm(ﬁx—Px)

W, v;}

, V;} vy

i, V;]

0
j=1

denote a sequence of random variables, conditionally independent given (X, s, V/), with the condi-
tional distribution of each B;(px) being Bernoulli(px ) given (X,7,V/), we have

E [es

m(px—pPx) + &M Px—px)

7ﬁ17 Vé*:|

X
-esm(ﬂx —Px) X,m, V/*] +E [esm(ﬁx —px)

X,m,vg}

ﬁ o5 (Px—Bi(px))
=1

ﬁeS(Bf(Px)*Px)

i=1

X,m V)| +E

X,m, V[]

[ s —B1(px) x| (33)

X, i, VZ(:| ¢ +E |:es(Bl (px)—px)

It is known that for B ~ Bernoulli(p), E [es(B_l’)] and E [e“'(”_B)] are at most ¢* /8 (see, e.g., Lemma
8.1 of Devroye, Gyorfi, and Lugosi, 1996). Thus, taking s = 4£, (33) is at most Zez’hcz, and (32) is

at most

~ M (m) ,—4ml? 2imE?*
E | Ly (m),o0) () 25 M) o= 4mG= 2m&

Vﬂ =E [H[M(m),oo) (172) 2% M(m) g~ 2mE*
< 26xp{_€2M(m)} .

Vg}

Since this bound holds for (30), the law of total probability implies

P (Hé” \ H D (k. ¢,m, g)) —F [P (Hé” \H D (k,0,m, ()

Vfﬂ <2-exp{—{*M(m)}.
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Defining Hﬁ”") (&) =N Nise me: , H (k, £,m, §), we have the required property for the claimed
ranges of k, ¢ and m, and a union bound implies

P(HO\HI(C)) <30 2dy - exp{~ L2 (m)}

>1t m>0

< 2d~f’z (exp{—CZM(E)} +/g:oexp{—xé'25f/2}dx>

>

=24,y (1 +2C‘25;1) cexp {—¢2M(0)}

>1
<2d,- (1 +zg—25;1) . <exp{—C2M(‘C)} —I—/;Oexp{—xczgfﬂ}dx)

=2d;- (1 +2C725f71>2‘exp{—C2M(7)}
< 18d~f§*48]72-exp{—4’21\~4(r)}.

For k,¢,m € N and € € (0,1), define
pe (k,lym) =P (x: py(k, £,m) > C). (34)

Lemma 43 For any a,§,8 € (0,1), B € (0,1 — /o], and integer T > t(B;8), on Hy(5) nHY N
Hgiii)(ﬁg),for any k,0,0',;m € Nwitht <{</{' <mandk <dj,

ﬁg(k,f’,m) <P (x:pek,l) > alb) —|—exp{—B2C21\7I(m)}. (35)

Proof Fixany o,(,8 € (0,1), B € (0,1—+v/al, 7,k,0,¢/,m e Nwith 7(8;6) <7< (< <mand
k <dy.
If k = 1, the result clearly holds. In particular, we have

pe(1,0/,m) =P (DIS (V) < P(DIS (V})) =P (x: p(1,6) > ).
Otherwise, suppose 2 < k < d r. By a union bound,

ﬁg(k,ﬁ’,m) =P (x : pe(k,l' m) > C)
<P (x: pxlk, ) 2 Val) + P (x: |palk, ') = pu(k, 0 ;m)| > (1=Ve){). (36)

Since
P (x: [ pulk, ) = pu(k, 0/ ,m)| > (1= @)§) <P (x: |px(k,0') = pu(k, 0 ,m)| > BE),
Lemma 42 implies that, on Hgi) N Hgiii) (B&),

P (x: | puk, ) = pelk, 0 m)| > (1= Va)¢) < exp{—B*¢*M(m)}. (37
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It remains only to examine the first term on the right side of (36). For this, if P*~! (S‘"*1 (V;)) =0,
then the first term is O by our aforementioned convention, and thus (35) holds; otherwise, since

Vxe X, {s e X1 sUfx) e SF (Vg)} c Sy,
we have

P (x: pelk,l) > Vag) =P (x Pl (s e X1 SU{x) e SK(vg)

S W) = vag)
=P (x Pl (S e X1 sU{x) e sF (v;,)) > Val P! (3"*1 (v;))) . (38)
By Lemma 35 and monotonicity, on Héi) C H’, (38) is at most
P (x Pl (S e X sUx) e s* (v;)) > VP! (a{glf)) ,
and monotonicity implies this is at most
P(x: P! (seattisulxh e SH)) = VagPt! (k1)) (39)
By Lemma 36, for T > 7(f3;6), on H¢(6) nHY,
P (B 718 () ) < a(6(5:8)) < B < 1- Ve,
which implies
pk-1 (a(lglf) > p-l (Q{(;lfﬂskfl (Vz*)>
_ (1 _ pk-1 (5é—1f‘8k—1 (Vz*))> ph-1 (Sk—l (Vé*)) > Joapk! <8k—1 (Vz*)) '
Altogether, for 7 > 7(f8;0), on H¢(0) ﬁHgi), (39) is at most
P (x L Pkl (SE 41 sU{x) e s* (v;)) > a Pk (3’%1 (v;))) =P (x: pulk,0) > al),

which, combined with (36) and (37), establishes (35). |

Lemma 44 There are events {Héiv) :7€eN } with

P (Hﬁ"”)) > 1—3d;-exp{—2t}

. 1/3
s.t. for any & € (0,7/16], & € (0,1), letting 7 (&;8) = max{r(4.§ /7:8), (51 (5%)) }

for any integer T >t (E;8), on Hy(§) nHY ﬂHg-iii)(é) NH™, Vk e {1,....ds}, V€ € N with
>,

P(x pulk,0) > y/2) +exp{—PM(0)/256) < AP (Wi, wa, V) (40)
<P (x:pelk,l) >y/8)+4071, 41)
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Proof For any k,¢ € N, by Hoeffding’s inequality and the law of total probability, on an event
G (k,0) with P (G™)(k,£)) > 1 —2exp{—2¢}, we have

Pyl ,0) — anm (A i wo,ve) ) [ <071 (42)
Define the event H =Ne>r ﬂ ) (k,£). By a union bound, we have
1—]P>( (’V)) <2d;- Zexp{ 20}
(>7

<2dy- (exp{—Z‘C}—l—/:o exp {—2x} dx> =3dy-exp{—27}.
Now fix any ¢ > T and k € {1, .. ,d}}. By a union bound,
P i palll) > 7/2) S P (x: pulk,£,0) = 1/4) +P (x: ek £) = pulk, 0,0 > v/4).  (43)
By Lemma 42, on HY Al (&),
P (x: |pa(k, £) = pe(k, 0.0 > v/4) S P (x: |px(k, 0) = palk,0,0)] > &) <exp{~E2M(0)}. (44)
Also, on H (42) implies

P (x: pu(k,£,0) > 7/4) = pyja(k, L, L)

=AW (Wi, wy, v — 45)
Combining (43) with (44) and (45) yields
P (x: pelk, €) > 7/2) < AN (Wi, Wa, Vi) — 67" texp {~E2(0) }. (46)

For > t™)(&;8), exp{—E2M(£)} — 7' < —exp {—¥’M(¢)/256}, so that (46) implies the first
inequality of the lemma: namely (40).
For the second inequality (i.e., (41)), on H (42) implies we have

AW (W1, W, V) < pjall, 0,6) +307", A7)
Also, by Lemma 43 (with o = 1/2, £ = y/4, B = £ /{ < 1 — /@), for T > (") (E;8), on He(8) N
HY AH (@), 3
Pyja(k,0,0) <P (x: p(k,0) > v/8) +exp{—EM(0)} . (48)
Thus, combining (47) with (48) yields

B (Wi, Wa, Vi) <P (x: pull ) > 7/8) + 3¢ +exp {~E2M(0)}.
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For 7 > 7(")(&;38), we have exp { —~E2M(¢)} < ¢7!, which establishes (41). |

Forn e Nand k € {1,...,d+ 1}, define the set
u,E") = {mn+l,...,mn+ {n/ (6-2]‘&(2(W1,W2,V))J},

where m, = |n/3|; U, represents the set of indices processed in the inner loop of Meta-Algorithm
1 for the specified Value of k.

Lemma 45 There are (f,C,P,y)-dependent constants é,,¢, € (0,00) such that, for any € € (0,1)
and integer n > ¢11n(é,/€), on an event H,(€) with

P(H,(g)) > 1—(3/4)e, (49)
we have, for V = V.
vke {1,.... ,{meu() S,)(X,,,,WZ,V)zyHgW(&z")J, (50)
A (Wi Wo,v) < A () 4 dm (51)
and Ym e U,
RS (X, W, V) < 1= B0 (Ko, = £ (X)W, V) < B3 (X, £ () Wa V). (52)

Proof Suppose n > ¢é1n(é,/€), where

245412 04 24
¢ = max<{ — ,37*
)/

57 ' r(1/16) T(1-7)/6

d d
and & = max § 4 () 4. +-c(y/16) 4 6dy ) 4 () 4 |
r(1/16) F1-y)/6

In particular, we have chosen ¢; and ¢, large enough so that

iy > max{r(1/16;8/2),r(iv)(}//16;8/2),r((1 —y)/6;£/2),r*}.
We begin with (50). By Lemmas 43 and 44, on the event
AV (e) = Hy, (¢/2)nHY nHY (y/16) N HY,
vmeu® ke {1,....d},
Py (k,my,m) <P (x: pu(k,my) > 7/2) +exp{—y*M(m)/256}
< P(x: pulkomy) > 7/2) +exp {—7*M(m,)/256} <AL (Wi, Wa, V). (53)
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Recall that {Xm tm eu,ﬁ")} is a sample of size Ln/ (6-2"&,(,]2 (Wl,Wz,V))J, conditionally i.i.d.
(given (W;,W,,V)) with conditional distributions P. Thus, Vk € {1, ... ,cff}, on FI,EI) (€),

P (‘ {m e AW (X, W5, V) > y}‘ >n/ (3-2") |W1,W2,V>

U | AY (Wi, W, V)

gP(Hmeu,E"):A,Sf)(xm,WQ,V)zyH>2 Wl,Wz,V>

UM [ AE (Wi, wh, V)

<P (B(rué"’\,ﬁ,ﬁii?(Wl,WQ,V)) >2 Wl,Wz,V), (54)

where this last inequality follows from (53), and B(u,p) ~ Binomial(u, p) is independent from
Wi, W,,V (for any fixed u and p). By a Chernoff bound, (54) is at most

exp{ — [/ (62485 (Wi, wo,v) ) | AR (Wi, W, v) 3} <exp{1—n/ (18-24) }.
By the law of total probability and a union bound, there exists an event ﬂ,ﬁ” with
P (ﬁé”(s) \ﬁéz)) < Jf-exp{l .y (18 : 2fff) }

such that, on 1:1,50(8) ﬂI:I,SZ) , (50) holds.
Next, by Lemma 44, on I-AI,SI) (€),

A (Wi, wh,v) <P (x: pe (dyymy) > v/8) +4my, ",

and by Lemma 38, on A (€), this is at most AY®) (€) +4m; !, which establishes (51).

Finally, Lemma 41 implies that on I:I,El) (e)N H,(,,[j), Vm € L[,Edf ), (52) holds.
Thus, defining
A,(e) =A" (e)n AP nHD,

it remains only to establish (49). By a union bound, we have "
=P (8,) < (1-P(Hy,(/2)) + (1P (1)) ) + P (Hi)\ H33))
+P (H\Hi (7/16)) + (1= (1)) ) + P (AP @)\ A7)
< /24D exp{—M(my)/4} + ¢ exp {—M(mn)1/3 /60}
+cl(y/16) - exp { —M (m,)y? /256 } + 3d - exp{—2m,}
+dy-exp{1-n/(18:27)}
<e/2+ (c(i) el g (i) (y/16) 4 6d”f) exp {—nSfyzzfdff*”} . (55

We have chosen n large enough so that (55) is at most (3/4)¢e, which establishes (49). [ |

The following result is a slightly stronger version of Theorem 6.
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Lemma 46 For any passive learning algorithm A,, if A, achieves a label complexity A, with
0o > Ap(e, f,P) = w(log(1/€)), then Meta-Algorithm 1, with A, as its argument, achieves a label
complexity A, such that A,(3€, f,P) = o(Ap(€, f,P)).

Proof Suppose A, achieves label complexity A, with co > A, (g, f,P) = w(log(1/¢€)). Let € €
(0,1), define L(n;€) = Ln/ (6-2d~f (ASIWS)(S)+4m;1))J (for any n € N), and let L~!(m;€) =
max {n € N: L(n;€) <m} (for any m € (0,00)). Define

¢y =max{¢1,2-6’(d+1)dsln(e(d+1))} and ¢, =max{¢;,de(d+1)},

and suppose
n> max{q In(ca/€), 1+ L' (Ay(, £, P):€) }

Consider running Meta-Algorithm 1 with .4, and # as inputs, while f is the target function and P
is the data distribution.

Letting hy, denote the classifier returned from Meta-Algorithm 1, Lemma 34 implies that on an
event £, with P(E,) > 1—e(d+1)-exp{—|n/3]|/(72d;(d+1)In(e(d +1)))} > 1 —€/4, we have

ex(hn) < 2er (A, (£4,))
By a union bound, the event G, (€) = E, N H,(¢) has P (G, (g)) > 1 —¢. Thus,
Efer (hn)] <E[1g,1 (16412 A,,(e,f,P)] er ()|
+P(Gale) N {1L4 | < Aple. £.P)}) +P (Gule)')
el stz s ()
+P(Gu(e)n{IL4] < Aple.fP)}) +e. (56)

On G,(€), (51) of Lemma 45 implies |£d~f| > L(n;€), and we chose n large enough so that L(n; €) >
A, (e, f,P). Thus, the second term in (56) is zero, and we have

E[er(h,)] <2-E []lén(e)]l “Ed}\ > Ap(e,f,P)} er (.Ap (ﬁd})ﬂ +e
=2.E[E[1g,er (4, (£4)) ‘|£d~f|] 1[1£g > Aple £, P)] ] +e. 57)

Note that for any ¢ with P(|£ d

= () > 0, the conditional distribution of {Xm Tme u,ﬁdf )} given

{ | d}’ =/ } is simply the product P (i.e., conditionally i.i.d.), which is the same as the distribution

of {X1,X,...,X,;}. Furthermore, on G,(€), (50) implies that the 7 < |2n/3] condition is always
satisfied in Step 6 of Meta-Algorithm 1 while £ < J f» and (52) implies that the inferred labels from
Step 8 for k = dj are all correct. Therefore, for any such £ with ¢ > A, (g, f,P), we have

o [nén(g) er (4, (£4)) \ {icg | =0}] <Eler(4, (2] <&
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In particular, this means (57) is at most 3€. This implies that Meta-Algorithm 1, with A, as its
argument, achieves a label complexity A, such that

A.(3e,f,P) <max{ciIn(ca/€), 1+ L7 (Ap(e, f,P)s€)} .

Since A, (g, f,P) = w(log(1/€)) = c11n(c2/€) = 0 (A, (€, f,P)), it remains only to show that
L™ (Ap(e,f,P);€) = o(Ap(g, f,P)). Note that Ve € (0,1), L(1;€) = 0 and L(n;€) is diverging
in n. Furthermore, by Lemma 38, we know that for any N-valued N(g) = @(log(1/€)), we have

8 L .
A](\Z(/e))(e) = o(1), which implies L(N(€);€) = w(N(g)). Thus, since A,(g, f,P) = o(log(1/¢)),
Lemma 31 implies L™! (A, (€, f,P);€) = o (A, (g, f,P)), as desired.

This establishes the result for an arbitrary y € (0,1). To specialize to the specific procedure

stated as Meta-Algorithm 1, we simply take y=1/2. [ |

Proof [Theorem 6] Theorem 6 now follows immediately from Lemma 46. Specifically, we have
proven Lemma 46 for an arbitrary distribution P on X, an arbitrary f € cl(C), and an arbitrary
passive algorithm A,. Therefore, it will certainly hold for every P and f € C, and since every
(f,P) € Nontrivial(A,) has oo > A, (€, f,P) = w(log(1/¢)), the implication that Meta-Algorithm
1 activizes every passive algorithm A, for C follows. |

Careful examination of the proofs above reveals that the “3” in Lemma 46 can be set to any
arbitrary constant strictly larger than 1, by an appropriate modification of the “7/12” threshold
in ActiveSelect. In fact, if we were to replace Step 4 of ActiveSelect by instead selecting k =
argmin, max ;. my; (Where my; = erg,; (hx) when k < j), then we could even make this a certain
(I+0(1)) function of &, at the expense of larger constant factors in A,.

Appendix C. The Label Complexity of Meta-Algorithm 2

As mentioned, Theorem 10 is essentially implied by the details of the proof of Theorem 16 in Ap-
pendix D below. Here we present a proof of Theorem 13, along with two useful related lemmas.
The first, Lemma 47, lower bounds the expected number of label requests Meta-Algorithm 2 would
make while processing a given number of random unlabeled examples. The second, Lemma 48,
bounds the amount by which each label request is expected to reduce the probability mass in the re-
gion of disagreement. Although we will only use Lemma 48 in our proof of Theorem 13, Lemma 47
may be of independent interest, as it provides additional insights into the behavior of disagreement
based methods, as related to the disagreement coefficient, and is included for this reason.

Throughout, we fix an arbitrary class C, a target function f € C, and a distribution P, and we
continue using the notational conventions of the proofs above, such as V) = {h € C: Vi <m, h(X;) =
f(Xi)} (with V§ = C). Additionally, for r € N, define the random variable

=1

M() = min {m EN:) Lpis(v ) (Xe) = t} :

which represents the index of the ¢!

of (assuming it has not yet halted).
The two aforementioned lemmas are formally stated as follows.

unlabeled example Meta-Algorithm 2 would request the label
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Lemma 47 Foranyr € (0,1) and { € N,
E [P (DIS(V/ NB(f,r)))] = (1-r)'P (DIS(B(f,r))),

[1/r]
P (DIS ,
and E ZRDIS(V,;,IOB(]"J)) X | > Pl (Zr(f )))

m=1

Lemma 48 Foranyr e (0,1) andn €N,
E [73 (DIS (Vﬂg(n) NB(f, r)))} > P (DIS (B(f,r))) —nr.
Note these results immediately imply that

[1/r]
ZlDls i) Xm) > (DIS(zr(ﬁ r))

and

E [73 (s (VA’;("))H > P (DIS (B(f,r))) —nr,

which are then directly relevant to the expected number of label requests made by Meta-Algorithm
2 among the first m data points, and the probability Meta-Algorithm 2 requests the label of the next
point, after already making n label requests, respectively.

Before proving these lemmas, let us first mention their relevance to the disagreement coefficient
analysis. Specifically, for any € € (0, r], we have

[1/€] [1/r]
P (DIS (B(f,7r)))
Z Ipis(vz ) Xm > E Z Ipis(vz ) (Xn) | = 2 :

In particular, maximizing over r > €, we have

[1/€]
ans vi ) (Xn) | = 67()/2.

Thus, the expected number of label requests among the first [ 1/¢] unlabeled examples processed by
Meta-Algorithm 2 is at least 67(€)/2 (assuming it does not halt first). Similarly, for any € € (0, 7],
for any n < P(DIS(B(f,r)))/(2r), Lemma 48 implies

E [P (DIS (VA}(,,))H > P (DIS (B(f,r))) /2 > P (DIS (B(f,£))) /2.

Maximizing over r > €, we see that

n<6,(e))2 = E [P (DIS (VA}(H))H > P (DIS (B(f,€))) /2.

In other words, for Meta-Algorithm 2 to arrive at a region of disagreement with expected probability
mass less than P(DIS(B(f,€)))/2 requires a budget n of at least 6(¢) /2.

1556



ACTIVIZED LEARNING

We now present proofs of Lemmas 47 and 48.
Proof [Lemma 47] Let D, = DIS (V,;; N B(f,r)). Since

“ZM 1, (X) | = DB [P (X € D Vi)
m=1
=S E[P(Dn)], (58)

we focus on lower bounding E [P (D,,)] for m € NU{0}. Note that for any x € DIS(B(f,r)), there
exists some i, € B(f,r) with hy(x) # f ( ) and if this i, € V7, then x € D,, as well. This means

Vx, 1p,, (x) > Lpis(r,) () - Lvg(he) = Ipis(r,) (%) - TT721 Lpis({a, ) (Xe)- Therefore,
E[P (D)) =P (X1 € D) = E[E 1, (Xs1) Xt ||
>E|E lDIS(B(f,r))(Xm+1)'H]lDIS({thH.,f})"(XK) Xin+1
=1
!H ( f(XZ)‘Xm+1> Ipisa(f,r) (Xm+1) (59
/=
>E[(1=r)"Ipiss(s,)) Xms1)] = (1=r)"P(DIS(B(f,r))), (60)

where the equality in (59) is by conditional independence of the Ipys (s, Lo fhe (Xy) indicators, given
Xin+1, and the inequality in (60) is due to hy, ., € B(f,r). This indicates (58) is at least

S (1" POISB(f) = (1- (1) PO ELD

r

<1_1> (DIS (B(f,r))) _ P(DIS(B(f.r)))

e r - 2r

v

Proof [Lemma 48] For each m € NU {0}, let D,, = DIS(B(f,r)NV}). For convenience, let
M(0) = 0. We prove the result by induction. We clearly have E [P (Dyq))] = E[P (Do)] =

P(DIS(B(f,r))), which serves as our base case. Now fix any n € N and take as the inductive
hypothesis that

E [P (D)) = PDIS(B(£.r))) — (n—1)r

As in the proof of Lemma 47, for any x € Dy (,_), there exists i, € B(f,7)N V*( ) with Ay (x) #
f(x); unlike the proof of Lemma 47, here h, is a random variable, determined by Vy; Iy If hy is
also in Vi, then x € Dyy) as well. Thus, Vx, 1p,, (X) = 1py,,_,, () - Ivi. (he) = 1p,,,_,, (%) -
Lpis({h,.f})c (Xp(n))» Where this last equality is due to the fact that every m € {M(n—1)+1,...,
M(n)— 1} has X,, ¢ DIS (V,:_,), so that in particular h(X,,) = f(Xn). Therefore, letting X ~ P be
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independent of the data Z,
E [P (Dyn)] = E [ﬂDM<,,> (X )} 2K [ﬂDmn_l) (X)- ]1D1s<{hx,f}>f(XM<n))]
—E [nDMM (X)-P (hx Ktt)) = £ Knr) ’X,Vﬂfl(nf 1))} . 61)

The conditional distribution of Xj(,) given VA’;( is merely P but with support restricted to

n—1)
DIS (VA;(W 1)) and renormalized to a probability measure: that is P (-’DIS (VA’,‘I( 1)>>. Thus,

n—

n—

since any x € Dyy(,—1) has DIS({%y, f}) C DIS (Vﬁ( 1)>, we have

. _ POIS({he, f})) r
Vira-) = P (015 (Vi) S B

where the inequality follows from 4, € B(f,r) and Dy;(,—1) € DIS (VAZ(nfl))‘ Therefore, (61) is at
least

P <hx(XM(n)) # [ (Xun))

ST
—F []P’ (X € Dy(n—1) ’DM(n71)> ' <1 - P(DMr(nl))ﬂ

=5 P Oueen) (1= g )| = EIP Owton)] =+

Dyin—1)
By the inductive hypothesis, this is at least P(DIS(B(f,r))) —nr. [

With Lemma 48 in hand, we are ready for the proof of Theorem 13.

Proof [Theorem 13] Let C, f, P, and A be as in the theorem statement. For m € N, let A~!(m) =
inf{€ > 0:A(e) <m}, or 1 if this is not defined. We define A, as a randomized algorithm such that,
formeNand £ € (X x {—1,+1})™, A,(L) returns f with probability 1 —A~!(|£]) and returns — f
with probability A ~!'(|£|) (independent of the contents of £). Note that, for any integer m > A (€),
Eler(A,(Z,))] = A~ 1(m) < A7 1(A(g)) < &. Therefore, A, achieves some label complexity A,
with A, (g, f,P) = A(€) forall € > 0.

If 67 (A(€)~") # (1), then monotonicity implies 67 (A(€)~!) = O(1), and since every label
complexity A, is (1), the result clearly holds. Otherwise, suppose 6y (A(€)~!) = o(1); in partic-
ular, this means 3g € (0,1/2) such that 6 (A(2gy) ") > 12. Fix any € € (0, &), let r > A(2¢)~!
be such that w > 6 (A(2e)7") /2, and let n € N satisfy n < 6 (A(2¢) ") /4.

Consider running Meta-Algorithm 2 with arguments .4, and n, and let £ denote the final value
of the set £, and let iz denote the value of m upon reaching Step 6. Note that any m < A(2¢) and
Le (X x{-1,+1})" has er(A,(L)) = A1 (m) > inf{e’ > 0: A(€') < A(2¢€)} > 2¢. Therefore,
we have

IN

E[er (A, (£))] >2eP (|£] < A(2¢)) =2¢P (|n/ (6A) | < A(2¢))
—P (A 1?2

2¢e (1 8))> . (62)

I
[\
™
=
N
>>
V
@)
>
’[3 S
&
N———
|
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Since n < 05 (A(2¢)~') /4 < P(DIS(B(f,r)))/(2r) < A(2e)P(DIS(B(f,r)))/2, we have

P (A < 61?2@) <P(A<P(DIS(B(f,r)))/12)
<P ({P (DIS (V) < P(DIS(B(, r)))/lz} U{A <P (DIS (v,h*))}) . (63)

Since i < M([n/2]), monotonicity and a union bound imply this is at most

p (73 (DIS (Vﬁ([nm))) < P(DIS(B(7, r)))/lZ) +P (A< P (DIS(V))). (64)
Markov’s inequality implies

i (P (DIS (vﬁ([n/zw)» P(DIS(B(, )))/12)
=2 (POISB(.) P (015 (Vg )) > 15 POISE) )
(PoIS@®(.) -7 (DIs (Vo BN ) > 15 PDISB() )
E[PDIS(B(f,)) P (DIS (Vys0ya "BUT)) )|
i

DIS(B(f,r))) 4r
3/2has [a] < (3/2)a, and 67 (A(2€)") > 12 implies M > 3/2, we have [M-‘

Lemma 48 implies this is at most %P((& < 1—2 {P(DIS(BU”))W (DIS( Tk Since any a >

< 3%3 so that ﬁ [ (DISgr(f r)))-‘ (DIS(’ BT = Z' Combining the above, we have
9
* <
P(P (DIS <VM(W2U)) < P(DIS(B(/, )))/12) <> (65)

Examining the second term in (64), Hoeffding’s inequality and the definition of A from (13) imply

P(A<P(DIS(VY)) =E [IP (A <P (DIS (V)

Vi )} <E[e®] <e®<1/11.  (66)

Combining (62), (63), (64), (65), and (66) implies

Bler(4, ()] > 26 (1- 35— 7 ) =

Thus, for any label complexity A, achieved by running Meta-Algorithm 2 with .4, as its argument,
we must have Aq(€, f,P) > 60 (A(2€)"") /4. Since this is true for all & € (0, &), this establishes
the result. |
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Appendix D. The Label Complexity of Meta-Algorithm 3

As in Appendix B, we will assume C is a fixed VC class, P is some arbitrary distribution, and
f € cl(C) is an arbitrary fixed function. We continue using the notation introduced above: in
particular, SK(H) = {S € X*: H shatters S}, S*(H) = X\ S (H), 0%, f = X*\ 9%, f, and &, =
pdy—1 <8(léf - f ) Also, as above, we will prove a more general result replacing the “1/2” in Steps

5,9, and 12 of Meta-Algorithm 3 with an arbitrary value y € (0, 1); thus, the specific result for the
stated algorithm will be obtained by taking y = 1/2.

For the estimators P, in Meta-Algorithm 3, we take precisely the same definitions as given in
Appendix B.1 for the estimators in Meta-Algorithm 1. In particular, the quantities A%{ ) (x,Wa, H),
AP Wy, Wa, H), £ (x, 3, Wa, H), and M (1) are all defined as in Appendix B.1, and the P, esti-
mators are again defined as in (11), (12) and (13).

Also, we sometimes refer to quantities defined above, such as ﬁg(k,[,m) (defined in (34)), as

well as the various events from the lemmas of the previous appendix, such as H(8), H', Hgi), Hf,ii),
Hg”’)(é‘), Hﬁ’v), and G(Tl).

D.1 Proof of Theorem 16

Throughout the proof, we will make reference to the sets V,, defined in Meta-Algorithm 3. Also
let V%) denote the final value of V obtained for the specified value of & in Meta-Algorithm 3. Both
V,, and V®) are implicitly functions of the budget, n, given to Meta-Algorithm 3. As above, we
continue to denote by V¥ = {h € C: Vi < m,h(X,y) = f(Xm)}. One important fact we will use
repeatedly below is that if V,, = V,* for some m, then since Lemma 35 implies that Vs # () on H’,
we must have that all of the previous ¥ values were consistent with f, which means that V¢ < m,
Vi = V. In particular, if vK) = V¥ for the largest m value obtained while k = k" in Meta-Algorithm
3, then Vy = V/* for all £ obtained while k < k' in Meta-Algorithm 3.

Additionally, define /7, = |n/24, and note that the value m = [n/6] is obtained while k = 1 in
Meta-Algorithm 3. We also define the following quantities, which we will show are typically equal
to related quantities in Meta-Algorithm 3. Define riig = 0, T = [2n/3], and 7y = 0, and for each
ke {1,...,d+ 1}, inductively define
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* * 2
Ty =T — k-1,

I:;lk = 11[}/,oo) (ASZL{) (Xm7W2, ,:(,_])> ,Vm e N,

m
dg=minqm >y g > Ii= [T /4] pU{max{k-2"+ L,y }},
(=R _1+1
A v * ~(k
=i+ |17/ (3A%) (Wi wa, Vi) )|
Uy = (y—1,my] NN,
Z/Afk = (ﬁlk,ﬁik] NN,

m—1
o= repa)) | 2 T
=iy _1+1
O = Z Lo Co
mEZ/A{k
and fy = Q) + Z Ly
mGZ/VIk

The meaning of these values can be understood in the context of Meta-Algorithm 3, under the
condition that V,, = V,* for values of m obtained for the respective value of k. Specifically, under
this condition, 7" corresponds to 7y, i represents the final value ¢ for round k, riy represents the
value of m upon reaching Step 9 in round &, while 7y, represents the value of m at the end of round £,
Uj. corresponds to the set of indices arrived at in Step 4 during round k, while 4 corresponds to the
set of indices arrived at in Step 11 during round k, for m € Uy, I, indicates whether the label of X,
is requested, while for m € U, I3, - C, indicates whether the label of X, is requested. Finally Oy
corresponds to the number of label requests in Step 13 during round k. In particular, note n; > r,.

Lemma 49 For any T € N, on the event H' N Gg-i), Vk,l,m € N with k < d~f, Vx € X, for any sets H
and H' with V; CH CH' C B(f,rl/é), if either k =1 or m > 1, then

AW (x, Wa, H) < (3/2)A%) (x,Wa, H') .

In particular, for any § € (0,1) and © > ©(1/6;8), on H' NH(J) nGY, Vk,0,0';m € Nwithm > T,
(>0 > 1 and k <dj, Vx € X, A (x,Wa, V) < (3/2)A%) (x, W, V).
Proof First note that Vim € N, Vx € X,

~(1 A1

Ay (x, W2, H) = Lpis(p) (x) < Ipis(ay) (x) = ALY (x, W2, H'),
so the result holds for k = 1. Lemma 35, Lemma 40, and monotonicity of M,(,fc )() imply that on
H’ﬁGg-l), forany m > tand k € {2,...,d~f},

VEITESS Loip (1) = /M (B(forije)) = 2/3)ME (),
i=1
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so that Vx € X,
AD (x, Wa, H) = -1 Z Lsea (s U {x})
)~ Z Lsk(30) (Sl(k) U {x}>
i=1

<G/ (1) S L (s ULxt) = /280 (v w2, 7).
i=1

The final claim follows from Lemma 29. [ |

Lemma 50 Foranyke€{l,...,d+1}, ifn >3-4 then T} > 4'"%(2n/3) and i, < |37} /4.

Proof Recall 77 = [2n/3] > 2n/3. If n > 2, we also have |37}/4| > [T}"/4], so that (due to the
Cr, factors) ; < |37} /4. For the purpose of induction, suppose some k € {2,...,d + 1} has n >
3.4k LTy >427%2n/3), and fy_y < [3T} ,/4]. Then Ty = T — B > T /4> 417K (2n/3),
and since n >3-4~ we also have |37} /4| > [T /4], so that fr < |37y /4] (agaln due to the C;,
factors). Thus, by induction, this holds for all k € {1,...,d +1} with n > 3-4k! [ ]

The next lemma indicates that the “¢ < |37}/4|” constraint in Step 12 is redundant for k < d. It
is similar to (50) in Lemma 45, but is made only slightly more complicated by the fact that the A%)
estimate is calculated in Step 9 based on a set V,,, different from the ones used to decide whether or
not to request a label in Step 12.

Lemma 51 There exist (C, 73 f, ) -dependent constants Egi),égi) € [1,00) such that, for any § €

(0,1), and any integer n > c ( /5) on an event

15(8) € G N Hy, (8) N HY NS (7/16) N Y

m,

withIP’(I:I,(,i)(5)>21—25,Vk€{1,...,cff},fk: §’§ I*, <3Tr/4.

m=rny_1+1

Proof Define the constants

. dr+6 .
5&1) = max{—md R } , Eg) = max{

@) i) o
a3’ &y ) (C +c (}’/16) + 125df5f ) } ,

"(3/32)

and let n()(8) = & In (Eg) / 5). Fix any integer n > n()(§) and consider the event
7\1(8) = G N Hy, (8) N HY A HI (y/16) nHL.

my m,
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By Lemma 49 and the fact that s, > i, for all k > 1, since n > n)(§) > 247 (1/6;8), on FI,SI)(5),
Vke {1,....ds},Vm € Us,

AW (X, W, V1) < (3/2)AN) (X Wa, Vi3, ) - (67)

Now fixany k € {1,...,d;}. Since n > n)(8) > 27451, Lemma 50 implies T* > 18, which means
317 /4 — [Ty /4] > 4T; /9. Alsonote Y, 7 I, < [T7/4]. Let N = (4/3)A% (WI,WZ,Vﬂﬁk) [

mEZ/Ik mk —

and note that ’Z;{k’ = LTk*/ (38,(;2 (WI,WZ,V,;k))J, so that Ny < (4/9)T;". Thus, we have

itk
Pl Y Iy>31/4

m=ny_1+1

<P{AV@E)N Y np>are/90 | <P{AV @SN Y L >N

mEZ/AIk mEZ/A{k

AN

<P 183 Ty ooy (AW (KW, Vin) ) > Ne g |- (68)

meuk

where this last inequality is by (67). To simplify notation, define Z; = (Tk*,nﬁk,Wl,Wz,Vﬁjk). By
Lemmas 43 and 44 (with B = 3/32, { =27/3, o = 3/4, and & = y/16), since n > n)(§) >
24-max {1 (y/16;8),7(3/32;8)}, on A (8), ¥m € Uk,

P (x: py (ki) > v/2) +exp { —V"M(m)/256}
P (x: py (ki) > 7/2) +exp { —V’M (i) /256 }
AW (wy, W,V ).

n

[_)27/3 (k,l’hk,ﬂl)

|/\ IN

IN

Letting G),(k) denote the event pyy 3 (k, ritg,m) < A,(:k) (Wl,Wz,VnZk), we see that G, (k) D ]f[lgl)(S).
Thus, since the Tpy/3 o) (AS,],( ) (Xm, Wa, V,;k)) variables are conditionally independent given Z; for

m € Uy, each with respective conditional distribution Bernoulli (ﬁzy/3 (k,lhk,m)), the law of total
probability and a Chernoff bound imply that (68) is at most

PGH0)N S 1pyae ( (Xm,Wz,vtk)) >N

mEL{k

_ A (K) * >
—E P Y Tpyseo (A0 (X W2,Vi) ) > Nl | 16,0

U,

<E [exp{—&(,vf,f (WI,WZ,V,;]() ‘Z/A{k‘ /27}} < Elexp{—T}/162}] < exp{—n/ (243 .4k—1> }’
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where the last inequality is by Lemma 50. Thus, there exists G, (k) with IE”( ( Y\ G (k ))
exp{—n/ (243 4"*1)} such that, on A" (8) N G, (k), we have S/ < 3T /4. Defining
FI,Si)(E) ( )ﬁﬂ G, (k), a union bound implies

m=ny_1+1 mk

P (ﬁ,&”(é) \H,E”(a)) <dj-exp {—n/ (243 : 4@'—1) } , (©69)

and on I:I,Ei)(S), everyk€ {1,...,dy} has Zm ey o1 I < 3T /4. In particular, this means the C,,,

factors are redundant in Oy, so that f; = ka: e+ 1 ke

To get the stated probability bound, a union bound implies that
=P ("(8)) < (1 =P (Hz, (8)) + (1-P (H@)) +P (Hy\H (v/16)

+<1—]P’(H,E~f:)>>+]?( N\ Gl )
<&+c"exp{—M(m,) /4}

+c(y/16) - exp {—M (iitn) Y /256 } + 3d - exp{ — 2ty }

+ 121d~f5f_1 -exp{—M(lﬁn) /60}

<5+ (c@ 4l (y/16) 4 124d}Sf—l) -exp{—mnéfyz /512} .0
Since n > n')(8) > 24, we have 1, > n/48, so that summing (69) and (70) gives us
1-1@( ,S)(a)) < 6+( +cli(y/16) + 125d,8; ) -exp{—nsfyz/ (512-48-4‘1}_1)}. 1)

Finally, note that we have chosen n(!)(§) sufficiently large so that (71) is at most 2. [

The next lemma indicates that the redundancy of the “¢ < |37 /4] constraint, just established
in Lemma 51, implies that all y labels obtained while k < d are consistent with the target function.

Lemma 52 Consider running Meta-Algorithm 3 with a budget n € N, while f is the target func-
tion and P is the data distribution. There is an event H, W and (C,P,f,7)- dependent constants

c~gil) i) ¢ € [1,00) such that, for any 6 € (0,1), ifn > & (W) 1 <c2 /6) then]P’( ( )\H i ) <4,
and on A )(5) NA" we have V1) = V,;,Jf =Vi .
i

i r R y
Proof Define ci”) = max {CY)’ r:,%i;i/s ’ 52;/3} cg”) = max{cé’), r(f;/ (@) exp{t* }} let n()(§) =

5&’0 In (céii) / 6), suppose n > n i) (8), and define the event I:I,Eii) = H,g?.
By Lemma 41, since n > n\(8) > 24 -max {t((1—17)/6;8),7*}, on FI,Ei)(S) NAY, YmeN
and k € {1,...,d~f} with either k = 1 or m > i,

A (X, W2, Vir 1) < 7 = 03 (X, = F (X)W, V1) < B30 (Ko, f(Xn) Wa, Vir 1) - (72)
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Recall that /1, < min{[7;/4],2"} = [[2n/3] /4]. Therefore, V;;, is obtained purely by 7, exe-
cutions of Step 8 while kK = 1. Thus, for every m obtained in Meta-Algorithm 3, either k = 1 or
m > 1i,. We now proceed by induction on m. We already know V) = C = V{§, so this serves as
our base case. Now consider some value m € N obtained in Meta-Algorithm 3 while k£ < d r, and
suppose every m’ < m has V,y = V.. But this means that 7; = 7;* and the value of ¢ upon obtaining

this particular m has ¢ < Zz ie+117- In particular, if A( )(Xm,Wz,Vm 1) >7v thenly, =1, so
thatt < 37 i Loys by Lemma S1,on B\ (8) AL, SS1 . I < ST L I < 3T /4,
so that ¢+ < 37;" /4, and therefore y = Y,, = f(X,,); this implies V,, = V,s. On the other hand, on
a(s) mFI,E”), if A%) (X, Wa,Viu_1) < 7, then (72) implies

A

$= argmax [
ye{—1,+1}

K Koy ys Wa, Vin 1) = £ (Xom),

so that again V,, = V. Thus, by the principle of induction, on H (5) ﬁHn , for every m € N
dy) —

obtained while k < d. r, we have V,, = Vs in particular, this implies v =y, 4 V* . The bound

onP <H (8) \H 4 ) then follows from Lemma 41, as we have chosen n(#) (§) sufﬁ01ently large so
that (27) (with T = 71,,) is at most J. [ |

Lemma 53 Consider running Meta-Algorithm 3 with a budget n € N, while f is the target func-
tion and P is the data distribution. There exist (C, P, f,7v)-dependent constants cgl”) g”) € [1,00)
such that, for any § € (0,e73), 1 € [1,00), and n € N, there exists an event H(l”)(5 A) having
P (H,Si) (8) nA" \H,Eiii) (8, l)) < O with the property that, if

. (i)
n> "6, (d/2)n> (Cz 5 ) :

then on I:I,Ei) () ﬂI:I,gii) ﬂl:l,giii) (8,A), at the conclusion of Meta-Algorithm 3, d}‘ > A.

Proof Let c(”l) max c(i) c(”) M 1924 5(:‘5:‘) = max{é(i) E(ii) } fix any 6 €
1= LT TR gy [P 2 T 2,62 (%/%2) y

(0,e73), A €[1,00), letn ’”>(5 A)= ”' (d/l)ln (sz A /&), and suppose n > piid) (8,1).

Define a sequence ¢; = 2! for 1ntegers i>0,and let i = {logz (42+df A/ y5f>—‘. Also define
¢(m,8,1) = max{¢ (m;5/21),d/A}, where ¢ is defined in Lemma 29. Then define the events

ﬂHg (8/21), A (8,2) = <3>(5,z)m{mjfzei}.

Note that 1 < n, so that ¢; < 2", and therefore the truncation in the definition of dp which enforces

my d; < max {d ro2" 41,y 1} will never be a factor in whether or not 7 ; d, > ¢; is satisfied.
Since n > n(# (A, 8) > cln) In (02” /5) Lemma 52 implies that on A )(6) N, de =Vi .
1

Recall that this implies that all y values obtained while m < 1 ; d, are consistent with their respective
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X,,,) values, so that every such m has V,,, = V* as well. In particular, V. V* . Also note that
f( ry m p d

nli)(§,2) > 24- 1) (y/16;8), so that T™)(y/16;8) < i1, and recall we always have 7, < rhd}.
Thus, on 7, () nA" AL (8,1), (taking A®) as in Meta-Algorithm 3)

Aldr) — A;(iif) (Wl,Wz,V,;*,d- > (Lemma 52)
<77(x Dx (df,md ) >}//8) +4m; (Lemma 44)

8pds (Sd? <Vt_ ) )
< m f

+ 4,;1‘}] ! (Markov’s ineq.)

0
< (8/78,) P (sd"f <v,,:d_/_>> +aiiy! (Lemma 35)
< (8/78;) PU (87 (V7)) +44;" (defn of H;"(8,2))
< (8/78,) PU (7 (B(£.9 (t1.6.1)) ) +4¢;" (Lemma 29)
g(g ) (d/A)G (6, 8,0) + 467 (defn of B(d/A))
< (12/787) 8:(d/2)$ (41,8,1) (6 (6,8.2) > 61
:129%/1 . { dln(Zemax{El,z’i}/d)+ln( i/8 ),d//l}- 7

Plugging in the definition of 7 and /;,

dIn(2emax {¢;,d} /d)+1n (41
b

L) < (apnypdya=drmn (1402, /578,) < (d/2)m (1/8).
Therefore, (73) is at most 2404(d/A)(d/A)In(1/§) /}/Sf. Thus, since

n(iii)(S,/'L) > max {Esi) In (Eg)/S) ,Egi[) In (Egﬁ)/6> } ,
Lemmas 51 and 52 imply that on A (6)N A\ g (6,1),

| 13259 430 ()

4= df}/5fn
= 9.24-8,(d/A)(d/2)In(1/5)

> 21n(1/8) > A

Now we turn to bounding P ( Al )(5) nAa" \H il (8, A)) By a union bound, we have

i

=B (APE,2)) <300~ P(H, (5/20) < 8/2 (74)



ACTIVIZED LEARNING

Thus, it remains only to bound]P( ()(6) na" N A®(8, )N {I/Iv/ljf < Zi}).

Foreachic€ {0,1,...,1—1},let O; = Hm € (4i,lit1] ﬂl/v{d} :I;Jf = 1}’ Now consider the set
Tofallie€{0,1,...,1— 1} with ¢; > i, and (¢;,€;11] ﬂlfld} # (. Note that n()(§,1) > 48, so that
{o < iit,. Fix any i € Z. Since n') (4, 8) >24-1(1/6;8), we have iit, > t(1/6;8), so that Lemma 49
implies that on A (8) N A N AG) (S, 1), letting O = 246+ <d/y23]%) 87(d/2)In(A/5),

P (A (&) A" N A (8,2)0 {0;> O} W2, 7 )

<P (Hm € (U, 61 ] AN A (X, Wa, V) > 2}//3}‘ >0

W, vg) . (75)

For m > (;, the variables 1py/3 o) (AS,‘,’” <Xm,W2,V2>> are conditionally (given W5, V}") indepen-

dent, each with respective conditional distribution Bernoulli with mean p,y/3 (d},ﬁ,-,m). Since
nli)(§,2) > 24-1(3/32;8), we have i, > 1(3/32; ), so that Lemma 43 (with { =2y/3, a =3 /4,
and B = 3/32) implies that on A (8) nAa" NHB)(S,1), each of these m values has

P2y (df,ﬁ,,m) <P(x: px(df, i) >7v/2) +exp{—M(m }/2/256}
< 2?Ddf <Sd~f <V£i>) +exp{—M(¢ /256}
(5 1)
< (2/}/5]») Pis <S‘Zf (VZ)) +exp {—M(£;)y*/256} (Lemma 35)
< (2/7/5,») pdr (S‘if (B (f, (L, 3,1)))) +exp{—M(t)y2/256} (Lemma 29)
2/v8 ) (d/A)G (6, 8,A) +exp { —M( -)y2/256} (defn of B,(d/A)).

(Markov’s ineq.)

IN
—~

Denote the expression in this last line by p;, and let B(¢;, p;) be a Binomial(¢;, p;) random vari-

able. Noting that ¢;,1 — ¢; = ¢;, we have that on A )(5) ,S DnAG H®)(8,1), (75) is at most
P (B(¢;, pi) > Q). Next, note that

Gipi = (2/78))6;(d/A)6§ (61, 8,2) + bi-exp { ~ 6357 /512
Since u-exp{—u’} < (3¢)~'/3 for any u, letting u = E,-Sfy/S we have

Ei-exp{—ﬁfsfyz/SIZ} < <8/y5f) u~exp{—u3} <8/ (ysf(3e)1/3) < 4/}/Sf.
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Therefore, since ¢ (¢;,5,4) > 6;1, we have that ¢;p; is at most

6 = 6

47
ygfef(d/x)z,-w,-,a,/l) <3 3 (d//l)max{zdm(zez )+2ln<6> Ed/?t}

3+dyf 3+ds 3+d
< 0 (d/l)max{2dln <4 ek>+21n (4 ~f2)t>,d4~ f}
16y ¥y 656 Y0y
3+dy 3+d,
6~ 0¢(d/A)max < 4d1n 4 ~f;L ,d4~ !
Y0s Y676 YOr
6 d44+df A 46+dfd
In < )

)
—yaf 8y(d/A)- 5 <= 2 5 Of(d/l)ln( ) 0/2.

<

0

Therefore, a Chernoff bound implies P (B(¢;, p;) > Q) <exp{—0/6} < §/2i, so that on A (6)N
A" na (3)(8,A), (75) is at most 8/21. The law of total probability implies there exists an event
A%, 8,2) with IP(I:I(’)(S)mﬁ,g”)ﬁFI(3)(5,7L)\FI,(,4)(i,6,/I)) < §/21 such that, on A\ (8)N
A A S NAY(,8,1), 0; < 0.

Note that
10 < log, (42+dfx/y5) 47+ (d/yZS}) 8/(d/A)In(A/8)
< (d”f49+df /;ﬁS;) dB;(d/A)In2 (A/8) < 4'~Tn/12. (76)
Since Zm<2m i <n/12,if d; =1 then (76) implies that on the eventH()(S)ﬂH( AB)(§, )N

ﬂiGIH ( 0,A), qu < n/12+Zz€IQl <n/124+10 <n/6 < [T}/4], so that m; > ;.
Otherwise, 1fdf > 1, then every m € Z/{d~f has m > 2m,, so that Zigi Q,- = ZieI Q,-, thus, on F]r(li)(6) N
A NAG(5,1) ﬂﬂiezﬁ,§4)(i, 8,1), Y17 0i <10 <4'=%n/12; Lemma 50 implies 4! ~n/12 <

{Té / 4—‘ , so that again we have nv1d~f > {;. Combined with a union bound, this implies
P (@) A" n A% (8,20 {mg, < t:})
i€

<SP (H,E")(a) AP NA®S,2)\ AV (i,8,1)

i€

gp(",,“(a)mH“mH (8, )\ A" 15/1)>
)§5/2. a7

Therefore, P (H,gi)(ﬁ ) mﬁ,ﬁ"") \H,?ii) (9, /l)) < 8, obtained by summing (77) and (74). [ |

Proof [Theorem 16] If A,(e/4,f,P) = oo then the result trivially holds. Otherwise, suppose
g€ (0,10e73), let & = £/10, A = A,(e/4,f,P), & = max{105gi),105§ii)’105§iii),10e(d+1)},
and ¢| = max{cg),cgn),cgm) 2-63(d+1)dIn(e(d + 1))}, and consider running Meta-Algorithm
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3 with passive algorithm A, and budget n > & 0;(d/1)In*(é;A /€), while f is the target func-
tion and P is the data distribution. On the event H, (l)(5) n A" ﬂI:I,E'”)(S,),), Lemma 53 im-
plies ‘ﬁjf‘ > A, while Lemma 52 implies V) = V* ; recalling that Lemma 35 implies that

Vn§d~ # () on this event, we must have er i (f)=0. Furthermore if & is the classifier returned
f :
by Meta-Algorithm 3, then Lemma 34 implies that er(h) is at most 2er(Ap(Ly,)), on a high

probability event (call it £, in this context). Letting £3(8) = E» ﬂI:I,(,i)(5) nA" N ’”)(5 A),
a union bound implies the total failure probability 1 — P(E3(8)) from all of these events is at
most 48 +e(d+1)-exp{—|n/3]/ (72d;(d+1)In(e(d +1))) } <58 = &/2. Since, for £ € N with

(‘ﬁ d}‘ = E) > 0, the sequence of X,,, values appearing in £ i, are conditionally distributed as P*

given |L d~f| =/, and this is the same as the (unconditional) distribution of {X;,X>,...,X,}, we have
that

E [er(fz)] <E [Zer<Ap (£d~f>> 153(5)} +e/2=E [E [26]‘( ( >> £5(6) “Edf H +&/2

<2 sup Eler(A,(2)))]+€/2<e.
(>A,(e/4,f,P)

To specialize to the specific variant of Meta-Algorithm 3 stated in Section 5.2, take v = 1/2. |

Appendix E. Proofs Related to Section 6: Agnostic Learning

This appendix contains the proofs of our results on learning with noise. Specifically, Appendix E.1
provides the proof of the counterexample from Theorem 22, demonstrating that there is no activizer
for the ./le passive learning algorithm described in Section 6.2 in the agnostic case. Appendix E.2
presents the proof of Lemma 26 from Section 6.7, bounding the label complexity of Algorithm
5 under Condition 1. Finally, Appendix E.3 presents a proof of Theorem 28, demonstrating that any
active learning algorithm can be modified to trivialize the misspecified model case. The notation
used throughout Appendix E is taken from Section 6.

E.1 Proof of Theorem 22: Negative Result for Agnostic Activized Learning

It suffices to show that flp achieves a label complexity A, such that, for any label complexity
A, achieved by any active learning algorithm A, there exists a distribution Pxy on X x {—1,+1}
such that Pyy € Nontrivial(A,;C) and yet A,(V +c€,Pxy) # o (A,(v + €, Pxy)) for every constant
c € (0,00). Specifically, we will show that there is a distribution Pxy for which A, (v + €, Pxy) =
O(1/e) and A,(v +¢€,Pxy) # o(1/€).

Let P({0}) = 1/2, and for any measurable A C (0,1], P(A) = A(A)/2, where A is Lebesgue
measure. Let D be the family of distributions Pxy on X’ x {—1,+1} characterized by the properties
that the marginal distribution on X is P, 1(0; Pxy) € (1/8,3/8), and Vx € (0, 1],

n(x;Pxy) =n(0;Pxy) + (x/2) - (1 =1 (0;Pxy)).

1-20(0:Pxy) oo
l*T](O;'ny)
n(z*;Pxy) = 1/2, we see that f = h,- is a Bayes optimal classifier. Furthermore, for any ng €

Thus, n(x;Pxy) is a linear function. For any Pxy € D, since the point z* =
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[1/8,3/8],

‘ 1-2mp  1-2n(0;Pxy) 11(0; Pxy) — Mol
1-no  1-m(0:Pxy) | (1-m0)(1—n(0:Pxr))’
and since (1—10)(1—n(0;Pxy)) € (25/64,49/64) C (1/3,1), the value z = :=210 satisfies

1-m9

10 =1 (0;Pxy)| < |z — 27| <300 —1(0; Pxy)|- (78)
Also note that under Pxy, since (1 —21(0;Pxy)) = (1 —n(0;Pxy))z*, any z € (0,1) has

* *

(1=2n(ePa)dx = [ (1-20(0:Py) —x(1 = n(0:Pay ) d

—( —n(O;PXy))/Z (=" —x)dx = (1"(3;73”))(,2* L

z

z

er(h,) —er(hy) = /

z

so that

136(2 2 < er(hy) —er(hur) < 116(2 _ (79)

Finally, note that any x,x’ € (0, 1] with |x — z*| < [x’ — 2*| has
[1=2n(x; Pxy)| = [ = 27| (1 =0 (0: Pxy)) < |¥' = 27|(1 = 1(0;Pxy)) = [1 -2 (s Pxy)|.

Thus, for any ¢ € (0,1/2], there exists 2, € [0, 1] such that z* € [z}, 2 +2¢g] C [0, 1], and the clas-
sifier 7, (x) = hy+(x) - <1 =21z 21 42 (x)) has er(h) > er(hy) for every classifier & with h(0) =
—1 and P(x : h(x) # h.+(x)) = q. Noting that er(h;,) — er(h.-) = <1imz¢z;1 er(hy) —er(hz*)> +
<er(hzé+2q) — er(hz*)>, (79) implies that er(h) —er(h.) > % <(z; — z*)2 + (25 +29— z*)2>, and
since max{z* — 2,2, +2q — 2"} > g, this is at least 4%, In general, any h with 7(0) = +1 has
er(h) —er(h) > 1/2—1(0;Pxy) > 1/8 > (1/8)P(x : h(x) # h.-(x))?. Combining these facts, we
see that any classifier / has

er(h) —er(h,-) > (1/8)P (x: h(x) # ho+(x))*. (80)
Lemma 54 The passive learning algorithm .,le achieves a label complexity A, such that, for every

Pxy €D, Ap(V+8,ny) = @(1/8)

Proof Consider the values fy and 2 from ,le(Z,,) for some n € N. Combining (78) and (79),
we have er(hs) —er(h.+) < (2 —2%)? < (o — n(0; Pxy))? < 4(flo — n(0; Pxy))*. Let N, =
Hic{l,...,n} :X;=0},and o =N, '|{i € {1,...,n} : X; = 0,Y; = +-1}| if N, > 0, or 7o = 0 if
N, = 0. Note that flo = (7o V §) A %, and since 11(0; Pxy) € (1/8,3/8), we have |fjo — 1 (0; Pxy )| <
|0 — 1 (0; Pxy)|. Therefore, for any Pxy € D,

E [er(hs) — er(h,-)] < 4E [(flo — 1(0; Pxy))?] <4E [(7lo — 1(0; Pxr))?]
<4E [E[(Rg = 1(0:Pxr) PN Lo ()| +4P(N, <mf4). (81)

By a Chernoff bound, P(N, < n/4) < exp{—n/16}, and since the conditional distribution of N,y
given N, is Binomial(N,, n(0; Pxy)), (81) is at most

4 15 16 68
n(0; Pxr)(1 _n(();PXY))] +4-exp{—n/16} §4';'*+4' —<—.

4E

1
]Vn \/I’l/4 64 n n
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For any n > [68/¢], this is at most €. Therefore, A, achieves a label complexity A, such that, for
any Pyy € D, Ap(v +€,Pxy) = [68/€] = ©(1/¢). u

Next we establish a corresponding lower bound for any active learning algorithm. Note that this
requires more than a simple minimax lower bound, since we must have an asymptotic lower bound
for a fixed Pxy, rather than selecting a different Pxy for each € value; this is akin to the strong
minimax lower bounds proven by Antos and Lugosi (1998) for passive learning in the realizable
case. For this, we proceed by reduction from the task of estimating a binomial mean; toward this
end, the following lemma will be useful.

Lemma 55 For any nonempty (a,b) C [0, 1], and any sequence of estimators p, : {0,1}* — [0,1],
there exists p € (a,b) such that, if By,Ba, ... are independent Bernoulli(p) random variables, also

independent from every p, then E {(ﬁn(Bl,. . By) — p)z} #o(1/n).

Proof We first establish the claim when a = 0 and b = 1. For any p € [0,1], let By (p),B2(p),...
be i.i.d. Bernoulli(p) random variables, independent from any internal randomness of the p, esti-
mators. We proceed by reduction from hypothesis testing, for which there are known lower bounds.
Specifically, it is known (e.g., Wald, 1945; Bar-Yossef, 2003) that for any p,q € (0,1), § € (0,e7 "),
any (possibly randomized) ¢ : {0,1}" — {p,q}, and any n € N,

R = max P (), B0 £ ) >

where KL(p|l¢) = pIn(p/q)+ (1 —p)In((1—p)/(1 —q)). Itis also known (e.g., Poland and Hutter,
2006) that for p,q € [1/4,3/4], KL(p|lg) < (8/3)(p — ¢)*. Combining this with the above fact, we
have that for p,q € [1/4,3/4],

Jmax BB, Ba(p) #07) 2 (1/16) -exp{~128(p—)’n/3}. (8

Given the estimator p, from the lemma statement, we construct a sequence of hypothesis tests as
follows. Fori € N, let oy = exp{—2'} and n; = |1/0?|. Define p{; = 1/4, and for i € N, induc-
tively define §;(b1,...,by,) = argmin,c e o 4o [n (b1, bn) — plforby,..., by, € {0,1}, and
pi= argmaxpg{p::]?pL]Jral_}]P’((ji(Bl(p), ..,By,(p)) # p). Finally, define p* =lim;_,~, p}. Note that
VieN, pf <1/2, pfy,pf+0i €[1/4,3/4], and 0 < p* — pr <377, o < 20441 = 207, We
generally have

A * * * 1 A * * * * k
E (5 (Br(p")s- - Ba (p) = '] = 3E (P (Bi(p"). Bu(p) = i)’ = (0" = 1)’
1 A * * *
> SE[(pn(Bi(p"), . B (p) ~ p1)?] — 40t
Furthermore, note that for any m € {0,...,n;},

(p)"(L=p )" (1—19*)”" - <1—p§-‘—2%2>""
(pr)m(1=py)i=m = \1—=p;) — 1—pf
> (1 —4al.2)ni > exp{—80¢,~2n,-} > e 8,
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so that the probability mass function of (By(p*),...,B,.(p*)) is never smaller than e~® times that of
(B1(p}),---,Bn(pf)), which implies (by the law of the unconscious statistician)

E | (pu(Bi(p)s- - Bu(p) = i) | = € B[ (pu(Br(p) . Buy(p)) — P’

By a triangle inequality, we have

E (3 (B () B D) = 1] = BB () B 1) # 90)-

By (82), this is at least

(1/16 )-exp{—12807n;/3} > 2 % Fa?.
Combining the above, we have

1

E | (pn(B1(P").....Bu(p")) —P*)Z} >37127% o — 4ot > 2% —an 2,
For i > 5, this is larger than 2‘“e‘51n;1. Since n; diverges as i — 0o, we have that

E[(pn(B1(p"), - B (p") = p")?] #0(1/n),

which establishes the result fora =0and b = 1.

To extend this result to general nonempty ranges (a,b), we proceed by reduction from the
above problem. Specifically, suppose p’ € (0, 1), and consider the following independent random
variables (also independent from the B;(p’) variables and p, estimators). For each i € N, C;; ~
Bernoulli(a), Ci» ~ Bernoulli((b —a)/(1 —a)). Then for b; € {0,1}, define B;(b;) = max{C;;,Cp
b;}. For any given p’ € (0,1), the random variables B.(B;(p’)) are i.i.d. Bernoulli(p), with p =
a+ (b—a)p’ € (a,b) (which forms a bijection between (0, 1) and (a,b)). Defining p),(b1,...,b,) =
(Pn(By(D1),...,B(by)) —a)/(b—a), we have

E[(pu(Br(p).-:Ba(p) =)’ = (b= E [ (B(BI(p), - Bulp) = P)’] . (83)

We have already shown there exists a value of p’ € (0,1) such that the right side of (83) is not
o(1/n). Therefore, the corresponding value of p =a+ (b—a)p’ € (a,b) has the left side of (83) not
o(1/n), which establishes the result. [ |

We are now ready for the lower bound result for our setting.

Lemma 56 For any label complexity A, achieved by any active learning algorithm A,, there exists
a Pxy € D such that Ay(v+¢€,Pxy) # o(1/€).

Proof The idea here is to reduce from the task of estimating the mean of iid Bernoulli trials,
corresponding to the ¥; values. Specifically, consider any active learning algorithm 4,; we use 4, to
construct an estimator for the mean of iid Bernoulli trials as follows. Suppose we have By, B>, ..., B,
i.i.d. Bernoulli(p), for some p € (1/8,3/8) and n € N. We take the sequence of X;,X>, ... random
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variables i.i.d. with distribution P defined above (independent from the B; variables). For each
i, we additionally have a random variable C; with conditional distribution Bernoulli(X;/2) given
X;, where the C; are conditionally independent given the X; sequence, and independent from the B;
sequence as well.

We run A, with this sequence of X; values. For the 1 label request made by the algorithm,
say for the Y; value corresponding to some X;, if it has previously requested this Y; already, then
we simply repeat the same answer for ¥; again, and otherwise we return to the algorithm the value
2max{B,,C;} — 1 for ¥;. Note that in the latter case, the conditional distribution of max{B;,C;} is
Bernoulli(p + (1 — p)X;/2), given the X; that A, requests the label of; thus, the ¥; response has the
same conditional distribution given X; as it would have for the Pxy € D with n(0;Pxy) = p (i.e.,
N(Xi;Pxy) = p+ (1 — p)X;/2). Since this Y; value is conditionally (given X;) independent from the
previously returned labels and X; sequence, this is distributionally equivalent to running .A, under
the Pxy € D with T](O;'ny) =p.

Let /1, be the classifier returned by A,(n) in the above context, and let 2, denote the value
of z € [2/5,6/7] with minimum P(x : h.(x) # h,(x)). Then define p, = 3= € [1/8,3/8] and
z* = % € (2/5,6/7). By a triangle inequality, we have |2, — z*| = 2P (x : hz, (x) # h.+(x)) <
4P(x : ,(x) # h+(x)). Combining this with (80) and (78) implies that

1 1

P ) £ e (0)0 > o (2 2 >

An - z) 2 Yy An_ 2- 4
er(fn) —ex(h.+) > = > (h—pl (84

In particular, by Lemma 55, we can choose p € (1/8,3/8) so that E [(ﬁn - p)z] # o(1/n), which, by

(84), implies E [er(fl,,)] — Vv # o(1/n). This means there is an increasing infinite sequence of values
ni € N, and a constant ¢ € (0,00) such that Vk € N, E [er(ﬁnk)] —V > ¢/ng. Supposing A, achieves
label complexity A,, and taking the values & = ¢/(2n;), we have A,(V + &, Pxy) > ny = ¢/ (2&).
Since & > 0 and approaches 0 as k — oo, we have A,(V + €, Pxy) # o(1/¢€). [ |

Proof [of Theorem 22] The result follows from Lemmas 54 and 56. |

E.2 Proof of Lemma 26: Label Complexity of Algorithm 5

The proof of Lemma 26 essentially runs parallel to that of Theorem 16, with variants of each lemma
from that proof adapted to the noise-robust Algorithm 5.

As before, in this section we will fix a particular joint distribution Pxy on X x {—1,+1} with
marginal P on &, and then analyze the label complexity achieved by Algorithm 5 for that particular
distribution. For our purposes, we will suppose Pxy satisfies Condition 1 for some finite parameters
u and k. We also fix any f € ) cl(C(¢)). Furthermore, we will continue using the notation of

e>0

Appendix B, such as S¥(), etc., and in particular we continue to denote V: = {h € C : ¥/ <
m,h(X;) = f(X,)} (though note that in this case, we may sometimes have f(X;) # Y, so that V,»
C[Z4]). As in the above proofs, we will prove a slightly more general result in which the “1/2”
threshold in Step 5 can be replaced by an arbitrary constant y € (0, 1).

For the estimators 154,n used in the algorithm, we take the same definitions as in Appendix B.1.
To be clear, we assume the sequences W, and W, mentioned there are independent from the entire
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(X1,Y1),(X2,Y2),... sequence of data points; this is consistent with the earlier discussion of how
these W; and W, sequences can be constructed in a preprocessing step.

We will consider running Algorithm 5 with label budget n € N and confidence parameter é €
(0,6_3), and analyze properties of the internal sets V;. We will denote by Vi, ﬁi, and iy, the final
values of Vj, £;, and i, respectively, for each i and k in Algorithm 5. We also denote by m(*)
and V) the final values of m and Vi.+1, respectively, obtained while k has the specified value in
Algorithm 5; V%) may be smaller than ng when /7% is not a power of 2. Additionally, define

Lr={(Xn, Ym)}frizz,-,, - After establishing a few results concerning these, we will show that for
n satisfying the condition in Lemma 26, the conclusion of the lemma holds. First, we have a few
auxiliary definitions. For H C C, and any i € N, define

¢i(H)=E sup |(er(hi)—erz;(h1)) — (er(ha) —erz:(h2))|
hyheH

and Ui(H,8) = min{k (MH) n \/diam(H>ln(3;i/5) N ln(32%i'21/5)> ’1}7

where for our purposes we can take K = 8272. 1t is known (see, e.g., Massart and Nédélec, 2006;
Giné and Koltchinskii, 2006) that for some universal constant ¢’ € [2,00),

91 (H) < ¢ max { \/diam(H)Z—"dlogz diarrzl(H)’Zidi} . (85)

We also generally have ¢;(#) < 2 for every i € N. The next lemma is taken from the work of
Koltchinskii (2006) on data-dependent Rademacher complexity bounds on the excess risk.

Lemma 57 For any § € (0,e73), any H C C with f € cl(H), and any i €N, on an event K; with
P(K;) >1—38/4%, Yh € H,

er; () — minerz; (W) < ex(h) — er(f) + Ui(#,3)

er(h) —er(f) <er ( )_erﬁ*(f)+0i(H75)
mm{U H, ), }S

Lemma 57 essentially follows from a version of Talagrand’s inequality. The details of the proof
may be extracted from the proofs of Koltchinskii (2006), and related derivations have previously
been presented by Hanneke (2011) and Koltchinskii (2010). The only minor twist here is that f
need only be in cl(#), rather than in H itself, which easily follows from Koltchinskii’s original
results, since the Borel-Cantelli lemma implies that with probability one, every € > 0 has some
g € H(g) (very close to f) with er:(g) = erz:(f).

For our purposes, the important implications of Lemma 57 are summarized by the following
lemma.

Lemma 58 Forany 8 € (0,e73) and any n € N, when running Algorithm 5 with label budget n and
confidence parameter 8, on an event J,(8) withP(J,(8)) > 1—68/2,Vi € {0,1,...,iz11 }, if V5 CV;
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then Vh € V;,
ergy,, () —minerz, (W) < er(h) —er(f) + 0i+1(Vi, 6)
er(h) —er(f) <erg:  (h) —erg: (f)+Uir1(V;, 8)
min {ﬁi+1 (Vlv 6)7 1} < ﬁi+1 (Vza 6)

Proof For each i, consider applying Lemma 57 under the conditional distribution given V;. The
set L7, is independent from V;, as are the Rademacher variables in the definition of Iéiﬂ (\7,) Fur-
thermore, by Lemma 35, on H', f € cl (Vz*, ), so that the conditions of Lemma 57 hold. The law of
total probability then implies the existence of an event J; of probability P(J;) > 1—&/4(i+1)2, on
which the claimed inequalities hold for that value of i if i < iy, ;. A union bound over values of i then
implies the existence of an event J,(8) = ;J; with probability P(J,(8)) > 1—>,8/4(i+1)* >
1 — /2 on which the claimed inequalities hold for all i < iy . |

Lemma 59 For some (C, Pxy,y)-dependent constants c,c* € [1,00), for any & € (0,e~3) and inte-
gern > c*In(1/8), when running Algorithm 5 with label budget n and confidence parameter 8, on

event J,(9) er(;i) er(lii)’ everyi e {0,1,..., lAd}} satisfies

R i+ In(1 =T
V;gvi@(c@w;g/&) )

and furthermore V*, 2 cy,
m

T(1-n/6 (1-n/6
n > c*In(1/8). We now proceed by induction. As the right side equals C for i = 0, the claimed
inclusions are certainly true for Vy = C, which serves as our base case. Now suppose some i €

{0,1,... ’id}} satisfies
X di+1n(1/8)\ 71
Vz*iQViQ(C<c<l+n.(/>> ) (86)

- 2K K ,(% K
Proof Define ¢ = (24Kc’\/ﬁ) el ox = max{r*,Sd (ﬂ> e log, (4“61/ )}, and suppose

21

In particular, Condition 1 implies

diam(V;) < diam ((C <c <d’+hz‘(1/6)> 21)) < pcw <d’+hz‘(1/5)> - (87)

Ifi<i dp then let k be the integer for which I < i< I, and otherwise let k = d. r. Note that we

certainly have i} > |log,(n/2)], since m = |n/2| > 202(*/2)] is obtained while k = 1. Therefore,
if k> 1,

di+1n(1/6) < 4dlog,(n)+4In(1/0)
2i - n ’
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so that (87) implies

dlam(V) e ,L<4d10g2(n)+4ln(1/6)>le

n

By our choice of ¢*, the right side is at most r(;_y) /5. Therefore, since Lemma 35 implies f € cl (V)
on H,(,i), we have V; C B ( Sfir(i—y /6) when k > 1. Combined with (86), we have that V; C Vi, and
either k =1, or V; C B(f,7(1-y)6) and 4m > 4|n/2| > n. Now consider any m with 2‘ +1<m<
min {2‘“, () }, and for the purpose of induction suppose Vs _; C Vi1 upon reaching Step 5 for

that value of m in Algorithm 5. Since Vi,; C V; and n > ©*, Lemma 41 (with £ = m — 1) implies that
on H,Sl) N H,Sii),

A()(Xm7W2) l+1)<y:> 1—‘4 (Xmu f( )W27 l+1)<r4 ( Iﬂ)f( )W27‘/I+1)

so that after Step 8 we have Vs C V;;. Since (86) implies that the V»_, C Vi1 condition holds if
Algorithm 5 reaches Step 5 with m = 2/ 4 1 (at which time V;;; = V;), we have by induction that

on HY A H. V. C Vi1 upon reaching Step 9 with m = min {2”1,141(‘2/")}. This establishes the
final claim of the lemma, given that the first claim holds. For the remainder of this inductive proof,
suppose i < i, dr Since Step 8 enforces that, upon reaching Step 9 with m = 2/, every hy,hy € Viyy

haveerp, (hi)—erp  (h2) =ergy, (hi)—erzy, (h2), onJu(6) nHY NH™ we have

Vig1 C {h eVi: erey (h) _h,fer%}*n ercy, (hl) < Uiy (‘7”5)}
{neVizens, (n)—ery, () < Ot (7:,5) }
ViNC (20i11 (Vi 8)) € C (2Tit1 (Vi 6)) (88)

where the second line follows from Lemma 35 and the last two inclusions follow from Lemma 58.
Focusmg on (88), combining (87) with (85) (and the fact that ¢, 1( ;) < 2), we can bound the value
of Uiy1 (V;, 6) as follows.

\/dlam(v)ln(ﬂ( i+1)2/9) < Jick (dl—i—ln(/5)> <1n(32(1—|—1) /5)>

21 21 21
1 1
L (2di+2In(1/8)\ ™2 (8(i+1)+2In(1/8)\?
< Ve (2+1 >

1 (d(i+1)+In(1/8)\ =7
§4\/HCZK< 2i+1 )

01 (V) < ¢ VEeH (lerhzl(l/a)><d(12+2))

1 (d(i+1)+In(1/8)\ 7
< 4c'\/pe ( it ’
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and thus

+K

] pr
011 (0,5) < mm{gzzcwcz; (440 m0/0))

< 12R¢ /e (d(i+ 1)2:}n(1/5)> (o)) (d(i+ 1)2:}11(1/5)) .

In(32(i+1)2/8) 1}
2i ’

Combining this with (88) now implies

0 cC (c <d(i+ 1)2:1111(1/5)) ) |

To complete the inductive proof, it remains only to show Vz*l-+ , C \7i+]. Toward this end, recall

we have shown above that on H,Si) OH,gﬁ), 2*,-+1 C Vit upon reaching Step 9 with m = 2i+1 and that
every hy,hy € Vi1 at this point have er o (hy)—er o (hy) = ergy,, (h)— ergy,, (hy). Consider any

h € V3., and note that any other g € V,, has ergy, (g) = ergy, (h). Thus, on H,(,i) ﬂH,Eii),

erg. (h)— h/rg‘i/iril ery, (W) = erg; (h) — hlrg‘ilgl erc;,, (')

<ergy, (h)— minerc; , (n') = anf ey, () — minerc; (). (89)

2i+1

Lemma 58 and (86) imply that on J,(6) NH NH, the last expression in (89) is not larger
than infgevz*l_+1 er(g) —er(f) + Uiy1(V;,8), and Lemma 35 implies f € cl (Vz*i“) on H,S’), so that
infeey- | er(g) = er(f). We therefore have

A

erﬁi+1(h)_ min erp (h') < Uir1(V;,8),

h/EVi+1 i+1

so that h € V,-+1 as well. Since this holds for any & € Vz*,-H, we have Vz*,-+1 - Vi+1. The lemma now
follows by the principle of induction. |

Lemma 60 There exist (C, Pxy,7)-dependent constants ci,cs € [1,00) such that, for any €,8 €
(0,e73) and integer

~ 1
n>cj+c0s (8%) 8%*210g% <83> ,

when running Algorithm 5 with label budget n and confidence parameter 8, on an event J(€,0)
with P(J)(€,8)) > 1— 8, we have ‘7111 C C(e).
A

Proof Define

2x—1
- 1/x 1/x 2 ) 12 B
¢} = max { 243 Ml dlog, dL, <z In (SC(’)) , T(; In (80(”>>
-/ ra-pss 8 5/
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and

2K—1
- 1/x
¢4 = max { ¢*,29r+5. He' 1S, He dlog2(4dc)
T(1-7)/6 16y

Fix any €,8 € (0,e~?) and integer n > ¢} + ¢4, (slx) e%_zlog% (%)

2!

[(2 — 1> log2 +log, [Sdlogz ZdSCH

and let { = min{i €N:sup;.,; 7 < r(l,y)/6}. For any i € {f,...,fjf}, let

T
Foreachic {0,1,...},let 7 = picx (M> "' Also define

Qi = {m e {21+1,.... 2%} AY) (X, W, B (f,7)) > 2y/3} .

Also define o6 0
~ ~ 1 C 2
=—<0;(ex)-2 8dlog, — | -ex 2
< ¥8; ( ) ue*- < 82 85> ¢
By Lemma 59 and Condition 1, on J,(d) N Hn(i) N H,Sii), ifi < fd}-’
) di+1In(1/8)\ 71
ficc <c (’*‘2‘(/)> > CB(f7). (90)

Lemma 59 also implies that, on J,(9) ﬂH( i) ﬂH,g ), for i with zd  <i< zd , all of the sets V.|

obtained in Algorithm 5 while k = d randm € {2‘ +1,. 2’“} satlsfy Vz*, . € Viy1 C Vi Recall that
11 > [log,(n/2)], so that we have either d; = 1 orelse every m € {2/ +1,...,2"*1} has 4m > n. Also
recall that Lemma 49 1mphes that when the above conditions are satisfied, and i > z on H' N Gﬁl),
A( /) (Xm,Wz,V,H) (3/2) (Xm,Wz, (f,7)), so that |Q;41| upper bounds the number of m €
{2’ +1,...,2""1} for which Algonthm 5 requests the label ¥, in Step 6 of the k = d round. Thus,

on J,(8)NH, D gl ol 4 S g { } |Q; 1] upper bounds the total number of label requests

i=maxy 1 ldj

by Algorithm 5 while k = d; r; therefore, by the constraint in Step 3, we know that either this quantity

) . g ;1 = ) . .
is at least as big as LZ dy nJ , or else we have 2 > d r-2". In particular, on this event, if we can

show that
min { fjf ,f}

2+ Y Q< {z—de’nJ and 271 < d; 2", 1)
i:max{ty,fjffl }
then it must be true that 7 < 7 - Next, we will focus on establishing this fact.
Consider any i € {max{f, fdvfl} ,...,min{zd ,1 }} and any m € {2’ +1,. 2i+1}. If d~f =1,

then By
P (AL (X0 Wa, B (£, 70)) > 29/3|W2) = P (8T (B (£,7)))
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Otherwise, if d > 1, then by Markov’s inequality and the definition of A‘(‘%) (+,-,-) from (15),

P (B0 (W B (£:7)) = 29/3]2) < 5 (A7 06, W2, B (£.7) W]

(4m)?
3 1 (dy) dy - (dy)
S P (s UK} € ST (B(f.7) |5t
R <f,r,>>; ( )

By Lemma 39, Lemma 59, and (90), on J,,(6) ﬂH,(li) ﬂH,(lii), this is at most
S§df>>

Note that this value is invariant to the choice of m € {Zi +1,...,2%+1 } By Hoeffding’s inequality,
on an event J/' (i) of probability P (J3(i)) > 1 — &/(16i%), this is at most

24 (/&) 7 /d
Sfy< 4323013 +P4 (Sdf (B(/, Vi)))) : 92)

(4m)?
1 d i -
s 2 P (8700} € 87 (B (£ 7)
s=1
4393i+3

24 1 d, i ~
< %W Z ]P<S§ f)U{Xm} €SY (B(f.7))
s=1

Since i > i > log,(n/4) and n > 1n(1/§), we have

[In(4i/8) \/m 4log,(n/4)/8) . ; [In(n/8) .,
<27 <27
432%+3 - 128n s2 128n  — 2

Thus, (92) is at most

24
8y
In either case (dy = 1 or dy > 1), by definition of 6, (8%«), on J,(6) nHY N HY NJx(i), Vm €

{2/+1,...,2""1} we have
52:/( 40 (ex) max{rev}). 93

(27 +PY (s B(£.7))).

P (B4 (0, W2 B (£.7)) > 27/3|Ws ) <

Furthermore, the 115y/3 ) (AE{Z) (Xom, Wa, B (f, f,-))) indicators are conditionally independent given
W,, so that we may bound P (]Q,ur 1| > Q‘Wz) via a Chernoff bound. Toward this end, note that on
J.(8) N HY 0 HY 177 (i), (93) implies

Blolw] = 3 ¥ (857 (X, W2. B (£.7)) > 27/3(2)
m=2i+1
<2l 62;(2 +9f(ex>.max{f,-,e:‘c})_;4y<1+9f(ex)-max{zif,-,zfsi}>. (94)
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Note that

27 = e (di+1In(1/8)) w7 2101 )

1 1 1 21(1771 .
< uUcrx (d,_|_1n(1/5))z;<71 _21( 2Kk— |) < Ucrx <8d10g22:80> _zt(lfflq),

><\—

Then since 221 < (f)
most

5008302 2 1) v o 2) ) 02

Therefore, a Chernoff bound implies that on J,(J) na nH NJ; (i), we have
2d
(’Qz+l| > Q‘Wz) <exp{-0Q/6} < CXP{ 8log, < 856>}
481 2dc/€d
< exp{—log2 < og2(5 /¢ )>} < &/(8i).

Combined with the law of total probability and a union bound over i values, this implies there exists
an event J;'(€,8) C J,(9) nHY N HY with

(8d log, 2dc) o= , we have that the rightmost expression in (94) is at

P <J,,(5)ﬂH,$i) AH \J;;(g,s)) < Z (8/(1612) + 8/(87) < /4,
on which every i € {max{zY fd~ } min{zd ,0 }} has Q1| < Q.

We have chosen ¢} and ¢ large enough that 20 < dy-2" and 2/ < 274-2y_ In particular, this
means that on J;; (&, 6),
min{f,fd-f}

2+ Y Q] <27 P40,

z:max{t,ziffl}

Furthermore, since i < 3 log, %, we have

, 4dc
€8

10 < 0 8%) gx 2 -logs

2‘3 pc’dlogi(4dc) ~

1 ~
7] (ex) e 2002 — <2742y,
')/6]‘ f gZ 86 =

Combining the above, we have that (91) is satisfied on J (&, ), so that 7 i > i. Combined with
Lemma 59, this implies that on J;' (g, 0),

c((w”) )
df 2!
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and by definition of i we have

di+1n(1/8)\ > 2dc\FT
c <H_I1~(/)> S I <8d10g26> .2712)(—1
2 €0

2de\ 1 2de\ T
gc(Sdlogze(;) -(8/c)~(8dlog2860> —¢,

so that V;J C C(e).
1
Finally, to prove the stated bound on P(J;}(g,0)), by a union bound we have

=P (;(e,8) < (1=PU(E)) + (1-P (H) ) +P (m\ £
+P (J,,(S) NHD A H T e, 5))

<38/4+cY -exp{—n33f/8} + ¢ -exp{—ngfm/lZO} <.

We are now ready for the proof of Lemma 26.
Proof [Lemma 26] First, note that because we break ties in the argmax of Step 7 in favor of a y value
with Vi 41 [(Xn,9)] # 0, if Vi +1 # () before Step 8, then this remains true after Step 8. Furthermore,
the 0ik+1 estimator is nonnegative, and thus the update in Step 10 never removes from V; | the
minimizer of er i (h) among h € V; 1. Therefore, by induction we have V;, # () at all times in

Algorithm 5. In particular, V;dH +1 7 0 so that the return classifier h exists. Also, by Lemma 60, for

n as in Lemma 60, on J;/(€,0), running Algorithm 5 with label budget n and confidence parameter

0 results in ‘A/ld C C(¢g). Combining these two facts implies that for such a value of n, on J;' (¢, 0),
;

heV:

a1 © Vi ©Cle), so thater () <v+e. .

E.3 The Misspecified Model Case

Here we present a proof of Theorem 28, including a specification of the method A/, from the theorem
statement.
Proof [Theorem 28] Consider a weakly universally consistent passive learning algorithm 4, (De-

vroye, Gyorfi, and Lugosi, 1996). Such a method must exist in our setting; for instance, Hoeffding’s

inequality and a union bound imply that it suffices to take A, (L) = argmin, er[;(]li_ )+ ln(;@f') )

where {Bj,B5, ...} is a countable algebra that generates Fx.

Then A, achieves a label complexity A, such that for any distribution Pxy on X x {—1,+1},
Ve € (0,1), Ay(e +v*(Pxy),Pxy) < co. In particular, if v*(Pxy) < v(C;Pxy), then we have
Au((V*(Pxy) +v(C;Pxy))/2,Pxy) < 0.

Fix any n € N and describe the execution of A4/ (n) as follows. In a preprocessing step, with-
hold the first my, = n— |n/2| — |n/3| > n/6 examples {Xi,...,X,,, } and request their labels
{Y1,...,Y,, }- Run A,(|n/2]) on the remainder of the sequence {X,,, +1,Xm,,+2;--.; (i.e., shift
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any index references in the algorithm by m,,), and let h, denote the classifier it returns. Also re-
quest the labels Yy, +1, ... Yy, +(n/3] and let

hy = Au ({(XmunJrI’Ym,m+l)a (R (XmlerLn/ESJ ’Ymun+Ln/3j)}) .

If er,,,, (ha) — ety,, (k) > n~'/3, return i = h,; otherwise, return i = h,. This method achieves the
stated result, for the following reasons.

First, let us examine the final step of this algorithm. By Hoeffding’s inequality, with probability
at least 1 —2-exp {—n1/3/12},

| (€T, (ha) = €T, () = (er(ha) —er(h,))| < n™'/3.

When this is the case, a triangle inequality implies er() < min{er(h,),er(h,) +2n~'/3}.
If Pxy satisfies the benign noise case, then for any

n>2A,(e/24+v(C;Pxy),Pxy),

we have Eler(h,)] < v(C;Pxy) +€/2, so Eler(h)] < v(C;Pxy) +€/2+2-exp{—n'/?/12}, which

is at most v(C; Pyy) + € if n > 123In%(4/€). So in this case, we can take A () = [12? ln3(4/8ﬂ.
On the other hand, if Pxy is not in the benign noise case (i.e., the misspecified model case), then

for any n > 3A,((V*(Pxy) + vV(C;Pxy))/2,Pxy), Eler(h,)] < (v*(Pxy) + v(C;Pxy))/2, so that

Eler(h)] < Eler(h,)]+2n~ "3 +2-exp{—n'/3/12}
< (V¥(Pxy)+ V(C; Pxy))/2+2n" 13 42 exp{—n'/3/12}.

Again, this is at most v(C; Pxy) + € if n > max {12°In® 2,64(v(C; Pxy) — v*(Pxy)) > }. Soin this
case, we can take

Me)= [maX{IZS I’ 5’3’\” (v*(PXY) +2V(C;PXY) ’P”>’ (v(<c;7ny)6il v*(Pxy))? H '

In either case, we have A (€) € Polylog(1/¢). [ |
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