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Abstract

In this paper we propose and study a generalization of tmelatd active-learning model where a
more general type of queries including class conditiona&kigs and mistake queries are allowed.
Such queries have been quite useful in applications, bug haen lacking theoretical understand-
ing. In this work, we characterize the power of such querreteun several well-known noise mod-
els. We give nearly tight upper and lower bounds on the numbgueries needed to learn both for
the general agnostic setting and for the bounded noise m@delfurther show that our methods
can be made adaptive to the (unknown) noise rate, with orgligible loss in query complexity.
Keywords: Statistical Learning Theory, Interactive Learning, Qu€ogmplexity, Active Learning

1. Introduction

The ever-expanding range of application areas for machine learngeghter with huge increases in
the volume of raw data available, has encouraged researchers to ymidbhe classic paradigm
of passive learning from labeled data only. Perhaps the most extgnsdezl and studied technique
in this context is Active Learning, where the algorithm is presented with & laogl of unlabeled
examples (such as all images available on the web) and can interactivéty #si labels of exam-
ples of its own choosing from the pool. The aim is to use this interaction to daigtieduce the
number of labels needed (which are often the most expensive part @atheollection process) in
order to reach a low-error hypothesis.

Over the past fifteen years there has been a great deal of prograagerstanding active learn-
ing and its underlying principlesreund et al(1997); Balcan et al(2006 2007); Beygelzimer et al.
(2009; Castro and Nowak2007); Dasgupta et al(2007, 2005; Hanneke(20073; Balcan et al.
(2008; Hanneke(2009; Koltchinskii (2010; Wang(2009; Beygelzimer et al(2010. However,
while useful in many applicationglcCallum and Nigam(1998; Tong and Koller(2001), request-
ing the labels of select examples is only one very specific type of interaatiovebn the learning
algorithm and the labeler. When analyzing many real world situations, it isatdées to consider
learning algorithms that make use of other types of queries as well. For &xasuppose we are
actively learning a multiclass image classifier from examples. If at some paéra)gbrithm needs
an image from one of the classes, say an example of “house”, then aithalgthat can only make
individual label requests may need to ask the expert to label a large nainlbdabeled examples
before it finally finds an example of a house for the expert to label &s Situs problem could be
averted by simply allowing the algorithm to display a list of around a hundrethlthail images
on the screen, and ask the expert to point to an image of a house if thare.iSThe expert can
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visually scan through those images looking for a house much more quicklgtiearan label every
one of them. We call such queries class conditional queries. As anctirapée of a different type
of query, the algorithm could potentially select a subset of the unlabetachdd ask the expert to
point to two examples of opposite labels within a specified distance of eaah(fithastance, by
Euclidean distance after projecting the data @x@&mensional space) and provide back the labels
of those examples. As a third example, based on the data and interactiontse &gorithm could
propose a labeling of a set of unlabeled images and ask for a few mistakyseikist — we call these
mistake queries or sample-based equivalence queries. Queries of tharéypommonly used by
commercial system®(g, Faces in Apple-iPhoto makes use of mistake queries for face recognition
and labeling), and have been studied in several papeasig et al(2005; Doyle et al.(2009, but
unfortunately have been lacking a principled theoretical understanding.

In this work we expand the study of active learning by considering a ntbdélallows us to
analyze learning with types of queries motivated by such applications. Feirohour analysis,
we focus on class-conditional queries, where the algorithm is able tot selabset of a pool
of unlabeled examples and request the oracle an example of a givenwidfiiel that subset, if
one exists. Our results additionally have immediate implications for mistake guerigkich the
algorithm may instead ask for a mistake within the selected subset of unlabelegles, for an
arbitrary specified classifiérin these cases, we provide nearly tight bounds on query complexity
under several commonly studied noise conditions. We also discuss hawabuniques could be
adapted to a more general setting involving abstract families of queries.

Class Conditional Querieslt is well known that if the target function resides in a known concept
class and there is no classification noise (the so-calatizable casg then a simple approach
based on the Halving algorithtittlestone(1988 can learn a functioa-close to the target function
using a number of class conditional queries dramatically smaller than the nofwhadom labeled
examples required for PAC learnifitannekg(2009.

In this paper, we provide the first results for the more realistic non-réddizetting. Specif-
ically, we provide general and nearly tight results on the query complekitfass-conditional
gueries in a multiclass setting under some of the most widely studied noise modietrigaan-
dom classification noise, bounded noise, as well as the purely agndstig se

In the purely agnostic case with noise rgtewe show that any interactive learning algorithm
in this model seeking a classifier of error at mgst ¢ must make2(dn? /%) queries, wherel
is the Natarajan dimension; we also provide a nearly matching upper boudiig? /<), for a
constant number of classes. This is smaller by a factgradmpared to the sample complexity of
passive learning (see Lemmif)), and represents a reduction over the known results for the query
complexity of active learning in many cases.

In the bounded noise model, we provide nearly tight upper and lowerdsoan the query
complexity of class conditional queries as a function of the query complekigtive learning.
In particular, we find that the query complexity of the class conditionalygoerdel is essentially
within a factor of the noise bound of the query complexity of active learningerestingly, both
our upper and lower bounds are proven via reductions from activeiten In the case of the upper
bound, we illustrate a technique for using the method developed for thiy @aneostic case as a
subroutine in batch-based active learning algorithms, using it to get this laball samples in a
given batch of unlabeled data.

1. We note that both class conditional queries and mistake queries striotyadjee the traditional model of active
learning by label requests.



ROBUSTINTERACTIVE LEARNING

We additionally study learning in the one-sided noise model, and show that icade of
intersection-closed concept classes, it is possible to get around oer bmunds and recover the
much-better realizable-case query complexity(filog(1/¢)). Our analysis of this scenario is
based on recent analyses of the frequency of mistakes made by theeCitgorithm along a se-
quence of i.i.d examples.

We further show that our methods can be made adaptive to the (unknorse) naten, with
only negligible loss in query complexity. Specifically, our method for the puaglyostic case has
the property that it produces a correctly labeled pool of i.i.d. labeled ebemmy/e are able to use
this property in both the agnostic and bounded noise settings as a way fothatithe method is
successful; combined with a guess-and-double trick, this allows us td &d#ye noise rate. The
method we develop for one sided noise naturally adapts to the unknownratase

Overall, we find that the reductions in query complexity for this model, compar¢ice tra-
ditional active learning modef largely concerned with a factor relating to the noise rate of the
learning problem, so that the closer to the realizable case we are, ther gnegbetential gains in
query complexity. However, for larger noise rates, the benefits are modest, a fact that sharply
contrasts with the enormous benefits of using these types of queries iratlzabée case; this is
true even for very benign types of noise, such as bounded noise. i9iit i interesting to note
that, for both active learning and for passive learning, the differémeteeen the realizable case
sample complexity and bounded-noise sample complexity is at most a logarithimoic(faansider-
ing the noise bound as a constant). As a result, bounded noise is typicadligleped quite benign
in passive and active learning. What our work shows is that, quiteisimgly, this trend fails to
hold for class-conditional queries. That is, comparing the query coritylex the realizable case
to that of the bounded noise case, there is oftenamaticincrease. Specifically, while in the re-
alizable case, the query complexityalvaysO(dlog(1/¢)), when we move to the bounded noise
case (with constant noise bound), the query complexity jumps up to betieligearoportional to
the label complexity ofctivelearning. Interestingly, both our upper and lower bounds are proven
via reductions from active learning.

Other General QueriesWe additionally generalize these techniques and results to apply in more
general setting, making them available for many other types of queriescifiSaly, we prove
upper bounds on the query complexity for an abstract type of sampindept query, for both

the general agnostic case and for the bounded noise case. The aessitmilar to those obtained

for class-conditional queries, except that they are multiplied by a complmégsure defined in
terms of the specific family of queries available to the algorithm. The methodsvaxhignese
bounds are themselves somewhat more involved than those presentied$ecanditional queries.

In contrast to the results on class-conditional queries, we do not ehtalisesponding lower
bound or tightness results for these more general cases.

Related Work Early work in the the exact learning literature also considers more gelypmbf
gueriesAngluin (1998; Balcazar et al(2002 2001). Our results are different from those in several
respects. First, following the active learning literature, we are condevith the case where we can

2. We are slightly overloading the meaning of reduction here since clasktiomal queries, mistake queries, and the
more general type of queries we consider are technically incompasdthl@active learning queries (label requests).
We note however that answering for example a class conditional quexryristake query on a query s§tcould
be significantly easier than labeling all the examples§ iwhich can only be achieved By| label requests. This is
observed in practice and also demonstrated by the fact that suchsjaeri@corporated in commercial applications
such as Faces in Apple-iPhoto.
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ask queries only on subsets of our large pool of unlabeled exampies; than directly on subsets
of the instance space of our choosing. Second, we are mainly codceitheachieving tight query
complexity guarantees in the presenceaite(e.g., purely agnostic or bounded noise). By contrast,
the earlier work on exact learning has been focused on noise-fre@lgétherealizablecase). Both

of these differences make our treatment more appropriate and realistieefstatistical learning
setting. Technically, our methods blend and extend the techniques of thiealdiserature on Exact
Learning with the more recent literature on active learning in the statisticalitepsetting. Some

of our results also have novel implications for the traditional active learsétiing; in particular,
we present the first query complexity bounds under bounded noisanis tdrthe splitting index.

Due to lack of space, we only include proof sketches of our resultddes conditional queries
in the main body, with further details in the appendices. We provide our resutist one-sides
noise appear in Append@ and our results for other types of queries appear in Appeidix

2. Formal Setting

We consider an interactive learning setting defined as follows. Theranstamce spacg’, alabel
space), and some fixethrget distributionD xy over X x Y, with marginalDx over X'. Focusing
on multiclass classification, we assume tvat= {1,2,...,k}, for somek € N. In the learning
problem, there is an i.i.d. sequence of random variabtesy; ), (x2,v2), (x3,y3), ..., each with
distribution Dxy. The learning algorithm is permitted direct access to the sequencevalues
(unlabeled data points). However, information aboutithealues is obtainable only via interaction
with an oracle, defined as follows.

At any time, the learning algorithm may propose a labet ) and a finite subsequence of
unlabeled example§ = {z;,,...,z;,} (for anym € N); if y;, # £ for all j < m, the oracle
returns “none.” Otherwise, the oracle selects an arbitrary S for whichy;, = £ and returns the
pair (x;;,;,). In the following we call this model th€CQ (class-conditional queries) interactive
learning model. Technically, we implicitly suppose the Sellso specifies the unique indices of the
examples it contains, so that the oracle knows whicborresponds to which;, in the samples;
however, we make this detail implicit below to simplify the presentation.

In the analysis below, we fix a set of classifiars ¥ — ) called thehypothesis clasglenoted
C. We will denote byd the Natarajan dimension éf Natarajan(1989; Haussler and Lon{1995);
Ben-David et al(1995, defined as the largest € N such that(ay,b1,¢1),- .., (Am,bm, cm) €
X xYxYwithb; # ¢; foreachi s. t. {by,c1} x - x {bm,cm} € {(h(a1),...,h(an)) : h € C}.32
The Natarajan dimension has been calculated for a variety of hypothesseg]and is known to be
related to other commonly used dimensions, including the pseudo-dimensigmagiddimension
Haussler and Lon¢1995; Ben-David et al(1995. For instance, for neural networks nfnodes
with weights given by-bit integers, the Natarajan dimension is at mesgt: — 1) Natarajar(1989.

For anyh : X — Y and distributionP over X x Y, define theerror rate of h aserrp(h) =
Pxy)~p{h(X) # Y}; whenP = Dxy, we abbreviate this asr(h). For any finite sequence of

labeled exampled = {(zi,,vi,),-- ., (xi,, i, )}, we define the empirical error rater; (h) =
|L|~t > (@yer (@) # y]. In some contexts, we also refer to the empirical error rate on a finite
sequence ofinlabeledexampled/ = {z;,, ..., z;, }, in which case we simply definery (h) =

|U|~! injeU I[h(x;) # yi,], where they;; values are the actual labels of these examples.

3. If there are only two classes the Natarajan dimension is equal to the \i&hsliom.
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Let h* be the classifier ifC of smallesterr(h*) (for simplicity, we suppose the minimum is
always realized), and let= err(h*), called thenoise rate The objective of the learning algorithm
is to identify someh with err(h) close ton using only a small number of queries. In this context, a
learning algorithmis simply any algorithm that makes some number of queries and then halts and
returns a classifier. We are particularly interested in the following quantity.

Definition 1 For anye,§ € (0,1), any hypothesis clas§, and any family of distribution® on
X x Y, define the quantitfdCqoq (e, 6, C, D) as the minimuny € N such that there exists a
learning algorithm.4, which for any target distributio®xy € D, with probability at leastl — 4,
makes at most queries and then returns a classifiemith err(ﬁ) < 1+ e. We generally refer to
the functionQCcq (-, -, C, D) as thequery complexityof learningC underD.

The query complexity, as defined above, represents a kind of minimax stbastadysis, where
we fix a family of possible target distributiofis and calculate, for the best possible learning algo-
rithm, how many queries it makes under its worst possible target distribftign in D. Specific
families of target distributions we will be interested in include the random cleasdn noise model,
the bounded noise model, and the agnostic model which we define formallysedtiens below.

3. The General Agnostic Case

We start by considering the most geneeinosticsetting, where we consider arbitrary noise dis-
tributions subject to a constraint on the noise rate. This is particularly reléwamany practical
scenarios, where we often do not know what type of noise we ard faitk, potentially including
stochastic labels or model misspecification, and would therefore like tarréfoan making any
specific assumptions about the nature of the noise. Formally, consideantilg bf distributions
Agnostic(C,a) = {Dxy : infpecerr(h) < a}, a € [0,1/2). We prove nearly tight upper and
lower bounds on the query complexity of our model. Specifically, suppdsiagonstant, we have:

Theorem 2 For any hypothesis clags of Natarajan dimensiod, for anyn € [0, 1/32),
QCqcqle, 0,C, Agnostic(C, n)) = © (dzé)

The first interesting thing is that our bound differs from the sample complekjigassive learn-
ing only in a factor of; (see Lemmad.(). This contrasts with the realizable case, where itis possible
to learn with a query complexity that is exponential smaller than the query coityptéxpassive
learning. On the other hand, is also interesting that this factgri@tonsistently available regard-
less of the structure of the concept space. This contrasts with actiménigavhere the extra factor
of  is only available in certain special caséannekg20073.

3.1. Proof of the Lower Bound

We first prove the lower bound. We specifically prove thatfer 2¢ < n < 1/4,
QCCCQ(G, 1/4,C, Agnostic(C,n)) = Q (d772/62) .

Monotonicity ind extends this to any € (0,1/4]. In words, this says that there is no algorithm
based on class-conditional queries that, in the worst case, with probagjodiyer thar3 /4, makes
fewer thanO(dn?/€?) queries and returns a classifiewith err(h) < 7 + e.
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Proof The key idea of the proofis to provide a reduction from the (binary) adtiarning model (la-
bel request queries) to our multiclass interactive learning model (Jerl@sa-conditional queries)
for the hard case known previously for the active learning mBegbelzimer et al(2009.

In particular, consider a set dfpointszg, =1, z2,..., 741 Shattered by, and let(yo, z0), - - -,
(ya—1,24—1) be the label pairs that witness the shattering. Here is a distributionover) :
point z:p has probabilityl — 3, while each of the remaining; has probability3/(d — 1), where
B = 2(n + 2¢). At xo the response is always = yy. At z;, 1 < i < d— 1, the response i¥ = z;
with probability1/2 4+ vb; andY” = y; with probability1/2 — vb;, whereb; is either+1 or —1, and
v =2¢/B=¢/(n+ 2e).

Beygelzimer et al(2009 show that for any active learning algorithm, one canbget 1 and
all theb;, i € {1,...,d — 1} in a certain way so that the algorithm must makein?/e?) label
requests in order to output a classifier of error at moste with probability at least /2. Building
on this, we can show any interactive learning algorithm seeking a clagsifsgror at most) + ¢
must make)(dn?/e?) queries to succeed with probability at leagt, as follows.

Assume that we have an algoritheh that works for theCCQ model with query complexity
QCceqle, 0, C, Agnostic(C,n)). We show how to used as a subroutine in an active learning
algorithm that is specifically tailored to the above hard set of distributions.

In particular, we can simulate an oracle for tH€Q algorithm as follows. Suppose oGCQ
algorithm queries with a s&; for a labell. If £ is not one of theyg, ..., y4_1, 20, - - ., 241 labels,
we may immediately return that none exist. If there exists € S; such thatz; ; = z¢ and
¢ = zy, then we may simply return to the algorithm tlfis ;, z9). Otherwise, we need only make
(in expectation)m#_7 active learning queries to respond to the class-conditional queryllas$o
We consider the subsét; of S; of pointsz; ; among thoser; with ¢ € {y;,z;}. We pick an
examplexgl) at random inR; and request its Iaba;;lz.(l). If :cz(.l) has Iabebgl) =/, then we return

to the algorithm(xgl),yi(l)); otherwise, we continue sampling randmﬁ),x§3), ... points from
R; (whose labels have not yet been requested) and requesting theirgézée;é3), ..., until we

find one with label/, at which point we return to the algorithm that example. If we exhdijst
without finding such an example, we return to the algorithm that no such exists. Since each

z;; € R; has probability at least/2 — ~ of havingy; ; = ¢, we can answer any query gf using

in expectation no more th% label request queries.

In particular, we can upper bound this number of queries by a geometdomavariable and
apply concentration inequalities for geometric random variables to bourtdtdiewumber of label
requests, as follows. Let; be a random variable indicating the actual number of label requests we
make to answer query numbgin the reduction above, before returning a responsej KorA;, if
h*(xl(j)) #U,letZ; = I[yZ(j) = /], and ifh*(xgj)) =/, letC; be an independent Bernoul(ll(/2 —
7v)/(1/2 + v)) random variable, and lef; = C’jI[yZ(J) = /{]. Forj > A;, let Z; be an independent
Bernoulli(1/2—+) random variable. LeB; = min{j : Z; = 1}. SinceVj < A;, Z; < I[yfj) =/,
we clearly haveB; > A;. Furthermore, note that th#; are independent Bernoulli(2 —~) random
variables, so thaB; is a Geometric(/2 — «) random variable. By Lemm@ in AppendixA, we
obtain that with probability at lea8t/4 we have that if) is any constant and makes< @ queries,
then with probability greater thagy4, 3", A; < 3%, B; < 1/2%7[@ +41n(4)].

Without loss, we can supposemakes at mosp) = QCccq (€, 1/4, C, Agnostic(C, )) queries
(otherwise, simply halt the algorithm if it exceeds this, and it will still achieve dipismal query

complexity). Since) _, A; represents the total number of label requests made by this algorithm, we
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have that ifQCqcq (€, 1/4, C, Agnostic(C, n)) < 1/22_7m —41n(4), wherem = O(dn?/¢?) is the
Beygelzimer et al(2009 lower bound, then with probability 3/4, the number of label requests is
< m. Since any algorithm making m queries fails with probability at leasy/2, there is a greater
than1/4 probability that the number of label requestisn andthe above active learning algorithm
fails. But this active learning algorithm succeeds if and onlyl iSucceeds, given these responses
to its queries; thus, the probability succeeds is less tha&r4, contradicting the assumption that it
achieves query complexiQCccq (€, 1/4, C, Agnostic(C, 7)), [

3.2. Upper bound

In this section, we describe an algorithm whose query complexi€y (:kdf—j) For clarity, we

start by considering in the case where we know an upper bgumdrn. We will discuss how to
remove the assumption of knowing an upper bograh 7, adapting ta;, in Section3.2 Our main
procedure (Algorithnil) has two phases: in Pha&git uses a robust version of the classic halving
algorithm to produce a classifier whose error rate is at st + ¢) by only usingO (kd log %)

queries. In Phas®g, we run a simple refining algorithm that us@s(kdf—j) queries to turn the

classifier output in Phaskinto a classifier of errof) + €. To implement Phasg, we use a robust
version of the classic halving algorithm. The idea here is that rather than diingjrrahypothesis
when making just one mistake (as in the classic halving algorithm), we will eliminagpatiresis
when it makes at least one mistake in some number out of several setafifrapriate size) chosen
uniformly at random from the unlabeled pool. The key point is that if thaigetis appropriate (say
1/(167)), then we will not eliminate the best hypothesis in the class since it does netmiatakes
on too many sets. On the other hand, if the plurarity vote function has a high(at leasti 0n),
then it will make mistakes on enough sets and we can show that this then impliesabastant
fraction of the version space will make mistakes on more sets than the besfietan the class
does (so we will be able to eliminate a constant fraction of the version space)

We express these algorithms in terms of a useful subroutine (Subraykired-Mistake), which
identifies an example in a given set on which a given classifier makes a misiakegivenV C C,
define the plurality vote classifier agur(V)(z) = argmax,cy > oy I[h(z) = y]. Also, for
e > 0, we call a se#{ ane-cover ofC if, for everyh € C, infycyy Px~p(9(X) # h(X)) < e. An
e-cover is called “minimal” if it has minimal possible cardinality amongeatlovers. It is known
that the size of a minimad-cover of a clas€ of Natarajan dimensiod is at most(ck?/¢)? for
an appropriate constantvan der Vaart and Wellng1996; Haussler and Lon¢1995. Note that
constructing are-cover only requires access to the distributibrof the unlabeledexamples, and
in particular, one can construct a cover of near-minimal size based amples ofO(d/¢) random
unlabeled examples. Below, for brevity, we simply suppose we havesatwasminimale-cover;
it is a simple exercise to extend these results to near-minimal covers corstfrate random
unlabeled examples.

Note that, iferrs(h) > 0, then Find-Mistake returns a labeled examptey) with y the true
label of z, such that(x) # y, and otherwise it returns an indication that no such point exists.

Lemma3 below characterizes the performance of PHaaad Lemmad characterizes the per-
formance of Phas®. Note that the budget parameter in these methods is only utilized in our later
discussion of adaptation to the noise rate.
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Subroutine 1 Find-Mistake
Input: The sequenc® = (z1,xa, ...,z ); classifierh

1. Foreachy € {1,...,k},

(@) Querythe sefz € S : h(x) # y} for labely
(b) If received back an example, y), return(z, y)

2. Return “none”

Algorithm 1 General Agnostic Interactive Algorithm
Input: The sequencéry, zo, ..., ); valuesu, s, 4; budgetn (optional; default value= co).

1. LetV be a (minimal)-cover of the space of classifiefswith respect taDx. LetU be{zq, ..., ., }.
2. Run the Generalized Halving Algorithm (Phd3evith inputU; V, s, cIn 41%2\‘/\, n/2, and geth.
3. Run the Refining Algorithm (Pha& with inputU, h, n/2, and get labeled samplereturned.

4. Find an hypothesis’ € V' of minimumerry, (h').

Output Hypothesish’' (andL).

Phase 1Generalized Halving Algorithm
Input: The sequenc = (x1,z9, ..., Zps); Set of classifierd’; valuess, N; budgetn (n optional: default
value= o0).

1. Seth = true, t = 0.
2. while p andt < n — N)

(@) DrawsSy, Ss, ..., Sy of sizes uniformly without replacement frory.

(b) For each, call Find-Mistake with arguments;, andplur(V). If it returns a mistake, we record
the mistakg z;, §;) it returns.

(c) If Find-Mistake finds a mistake in more thafy3 of the sets, remove froi everyh € V making
mistakes on> N/9 exampleqZ;, §;), and set < t + N; elseb < 0.

Output Hypothesigplur(V).

Phase 2Refining Algorithm
Input: The sequenct = (z1, x2, ..., Tps); classifierh; budgetn (n optional: default value= c0).

1. Seth=1,t=0,W =U, L =0.
2. while ¢ andt < n)

(a) Call Find-Mistake with argumenti&’, andh.
(b) Ifitreturns a mistakéz, y), thensetl « LU {(z,9)}, W + W\ {Z}, andt «+ ¢ + 1.
(c) Elseseb =0andL <~ LU {(z,h(x)): 2z € W}.

Output Labeled sampld..
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Lemma 3 Assume that soniec V haserry(h) < 3 for 8 € [0, 1/32]. With probability> 1—4/2,

running Phase with U, and values = {ﬁj andN = cln 41%2"/‘ (for an appropriate constant

¢ € (0,00)), we have that for every round of the loop of Step 2, the following hold.
e h makes mistakes on at madsy9 of the returned z;, ;) examples.
e If erryy(plur(V)) > 104, then Find-Mistake returns a mistake folur(V') on > N/3 of the sets.

e If Find-Mistake returns a mistake farlur(1) on > N/3 of the setsS;, then the number df in
V' making mistakes oix N/9 of the returned z;, 3;) examples in Step(b) is at least(1/4)|V|.

Proof Sketch: Phasel and Lemma3 are inspired by the analysis éfanneke(20070. In the
following, by anoisyexample we mean any; such thal?z(a:i) = y;. The expected number of noisy
points in any given se$; is at mostl /16, which (by Markov’s inequality) implies the probability
S; contains a noisy point is at mosf16. Therefore, the expected number of sgtsvith a noisy
point in them is at mosd/16, so by a Chernoff bound, with probability at ledst ¢ /(4 1og, |V])
we have that at mosY/9 setsS; contain any noisy point, establishing claim 1.

Assume thatrry (plur(V)) > 108. The probability that there is a poiat in S; such that
plur(V) labelsz; differently fromg; is > 1 — (1 —103)° > .37 (discovered by direct optimization).
So (for an appropriate value ef > 0 in N) by a Chernoff bound, with probability at leakt—
d/(4log, |V]), at leastN/3 of the setsS; contain a pointz; such thatplur(V)(2;) # v;, which
establishes claim 2. Via a combinatorial argument, this then implies with probabiléasttl —
d/(4log, |V]), at leastV'|/4 of the hypotheses make mistakes on more tNef of the setsS;.

A union bound over the above two events, as well as over the iterationg ¢ddp (of which
there are at modbg, | V| due to the third claim) obtains the claimed oveta# ¢/2 probability.

Lemma 4 Suppose somé haserry(h) < 3, for somes € [0,1/32]. Running Phas@ with
parameterd/, , and any budget, if L is the returned sample, and| = |U/|, then evenyz;, y) €
L hasy = y; (i.e., the labels are in agreement with the oracle’s labels); furthermdre~ |U|
definitely happens for any > g|U| + 1.

Proof Sketch: Every call to Find-Mistake returns a new mistake fdrom U, except the last call,
and since there are onfy{U| such mistakes, the procedure requires g#l§/| + 1 calls to Find-
Mistake. Furthermore, every label was either given to us by the oraclkea®assigned at the end,
and in this latter case the oracle has certified that they are correct.

We are now ready to present our main upper bounds for the agnosticmoidel.

Theorem 5 Suppose3 > 7, and 8 + ¢ < 1/32. Running Algorithml on the data sequence

r1, %2, ..., with parameters, = O(d((B + €)/€?) log(k/ed)), s = LmJ andd, with prob-

ability at least1l — ¢ it produces a classifieh’ with err(h’) < 1 + € using a number of queries
O (kd og & + kdlog *43/V log 1).

Proof Sketch: We have chosen large enough so thatry (h*) < n+ e < 5+ ¢, with probability
at leastl — 6/4, by a (multiplicative) Chernoff bound. By Lemn@&we know that with probability
1-46/2, h* is never discarded in Step 2(c) in Phasand as long asry (plur(V)) > 10(5+¢), then
we cut the sefV/| by a constant factor. So, with probability- 35 /4, after at mosO (kN log(|V]))
queries, Phaseg halts with the guarantee thatry (plur(V)) < 10(8 + €). Thus, by Lemma, the
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execution of Phasg returns a seL with the true labels after at mogt0(5 + ¢)u + 1)k queries.
Therefore, due to the aforementioned bound on the size of a mieiowler, by Chernoff and union
bounds, we have choserlarge enough so that thé of minimalerry (R') haserr(h') < n+ e with
probability at least — § /4. Combining the above events by a union bound, with probahilitys,
the i’ chosen at the conclusion of Algorithirhaserr(h’) < 1 + € and the total number of queries
is at moste N log /5(|V]) + k(10(3 + €)u + 1), which is bounded by the claimed value.

In particular, if we takes = n, Theorenb implies the upper bound part of Theor@n

Note: It is sometimes desirable to restrict the size of the sample we make the quesy fibrat
the oracle does not need to sort through an extremely large sampleisgdorta mistake. To this
end, we can run Phageon chunks of sizé /(1 + €) from U, and then union the resulting labeled
samples to fornl. The number of queries required for this is still bounded by the desiradtity

Note: We note that ify = Q(¢2/3), then we could replace the first phase with a much simpler
method, such as running empirical risk minimization on a labeled sample aDsiize)), while still
producing a classifiek with a similarerr(h) = O(n) guarantee, which would then be suitable to
use in the second phase; indeed, this would allow us to avoid the use ettverV’, which can
often be exponentially large ih However, whem < €2/3, the bound in Theorerf will generally

be smaller thar@(d/n), so that the additional complexity of using our robust halving technique
is warranted by an improved query complexity. Moreover, in the specta wdoere we are only
interested in finding a classifiérwith err(h) = O(n), the query complexity bound in Theoreis
merelyO(kdlog(1/n)), which is preferable to the sample complexityd/n) for passive learning.

In practice, knowledge of an upper bougdreasonably close tg is typically not available.
As such, it is important to design algorithms that adapt to the unknown valge e following
theorem indicates this is possible in our setting, without significant loss ity qoenplexity.

Theorem 6 There exists an algorithm that is independenyafnd vy € [0,1/2) achieves query
complexityQCccq (€, 5, C, Agnostic(C, 7)) = O (kd’gé) .

Proof Sketch: First, note that if we set the budget parameitéairge enough (at roughly/k times
the value of the query complexity bound of Theorgmthen the largest value ¢f for which the
algorithm (with parameters as in Theoréjproduced. with |L| = v hasg > 7, so that it produces
h" with err(h') < n + €. So for a given budget, we can simply run the algorithm for eaghvalue
in a log-scale grid ofe, 1], and take thé’ for the largest such with |L| = u (if n is large enough
that such &3 exists). The second part of the problem then becomes determining aspepfely
large budget:, so that this works. For this, we can simply search for such a value bgssegand-
double technique, where for eashwe check whether it is large enough by evaluating a standard
confidence bound on the excess error rate; the key that allows this koiswbat, if [L| = u, then
L is an iid Dxy-distributed sequence of labeled examples, so that we can use knofiseoce
bounds for working with iid labeled data.

4. Bounded Noise

In this section we study tHBounded noisenodel (also known as Massart noise), which has been ex-
tensively studied in the learning theory literatukdassart and Nedele2006 Gine and Koltchinskii
2006 Hanneke 2011). This model represents a significantly stronger restriction on the type of
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noise. The motivation for bounded noise is that, in some scenarios, wevd@haccurate repre-
sentation of the target function within our hypothesis class (i.e., the modelrisctigrspecified),
but we allow for nature’s labels to be slightly randomized. Formally, the waidenthe family
BN(C,a) = {Dxy : 3h* € Cs.t.Pp,, (Y # h*(X)|X) < a}, fora € [0,1/2). We are
sometimes interested in the special case of Random Classification NoiseddefRICN (C, o) =
{Dxy : 3h* € Cs.t. ¥l # h*(z),Pp,, (Y =4 X =2) = o/(k—1)}. Also defineBN(C, o; Dx)
andRCN(C, a; Dy ) as thoséxy in these respective classes with margifal on X'

In this section we show a lower bound on the query complexity of interactwailey with class-
conditional queries as a function of the query complexity of active learghatgl request queries).
The proof follows via a reduction from the (multiclass) active learning mddbE{ request queries)
to our interactive learning model (general class-conditional quenresy, similar in spirit to the
reduction given in the proof of the lower bound in Theoram

Theorem 7 Consider any hypothesis clagsof Natarajan dimensiod € (0,00). For anya €
[0,1/2), and any distributionDx over X, in the random classification noise model we have the
following relationship between the query complexity of interactive learning inl#fss-conditional
gueries model and the the query complexity of active learning with labeerds;

2 QCaL(6 20, €, RON(C, 05 Dx)) — 410 (§) < QCocqle, 8, €, RCN(C, a5 Dx))

To complement this lower bound, we prove a related upper bound via §rsera an algorithm
below, which operates by reducing to a kind of batch-based activarngaaigorithm. Specifically,
assume we have an active learning algorithihat proceeds in rounds, and in each round it interacts
with an oracle by providing a regioR of the instance space and a numbemland and it expects
in returnm labeled examples from the conditional distribution given thé& in R. For example
the A2 algorithmBalcan et al(2006 and the algorithm oKoltchinskii (2010 can be written to
operate this way. We show in the following how we can use our algorithms &ection3 in order
to provide the desired labeled examples to such an active learning preaelile using fewer than
m queries to our oracle. In the description below we assume that algodtieturns its state, a
region R of the instance space, a numberof desired samples, a boolean flafpr halting ¢ = 0)
or not ¢ = 1), and a classifieh.

The valued’ in this algorithm should be set appropriately depending on the contexhtiedise
as¢ divided by a coarse bound on the total number of batches the algorthwil request the
labels of; for our purposes a valde= poly(ed(1 — 2«)/d) will suffice. To state an explicit bound
on the number of queries, we first review the following definitiorHainneke(2007a 2009. For
r > 0, defineB(h,r) = {g € C: Pp, (h(X) # g(X)) < r}. ForanyH C C, define the region
of disagreementDIS(H) = {x € X : Jh,g € Hs.t.h(xz) # g(x)}. Define thedisagreement
coefficientfor h € C: 0y (¢) = sup Pp, (DIS(B(h,r)))/r. Define the disagreement coefficient of

r>€

the classC asf(e) = supp,cc On(€).

Theorem 8 For C of Natarajan dimensiod, anda € [0, 1/2), for any distributionDx overX’,
QCocqle,C, BN(C, a5 Dx)) = O ((1+ %% ) dklog? (57ises ) ).

The significance of this result is th@ge) is multiplied by, a feature not present in the known
results for active learning. In a sense, this factof@f) is a measure of how difficult the active
learning problem is, as the other terms are inevitable (up to the log factors).

11
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Algorithm 2 General Interactive Algorithm for Bounded Noise
Input: The sequencér, zs, ..., ); allowed error rate, noise boundy, algorithm A.

1. Seth =1, t = 1. Initialize A and letS(A), R, m, b andh be the returned values.
2. LetV be a minimak-cover ofC with respect to the distributioP x .
3. While (b)

(@) Letps = %log £ and let(z;,, ,,...,i,,.,,) be the firsps +m points in(z41, T¢42, .. .) N R.

4log, |V

(b) Run Phasé with parametersf; = (z;,, zi,,...,2;,.), V, [mJ , clog =2

Let i be the returned classifier.

(c) Run Phas@ with parameterély = (i, ,,, i, 0+ Tipoym ) e
Let L be the returned labeled sequence.

(d) Run.A with parameterd, andS(A). LetS(A), R, m, b andh be the returned values.
(e) Lett =ipstm

Output Hypothesish.

By the same reasoning as in the above proof, plugging in a different Kirsdttive learn-
ing algorithm A (which space limitations prevent description of here), one can provenah a
ogous bound based on the splitting indexREsgupta(2009, rather than the disagreement co-
efficient. This is interesting, in that one can also prove a lower boun@@n; in terms of
the splitting index, so that composed with Theorénwe have a nearly tight characterization of
QCccql6 6, D,BN(C, a; Dx)). See Appendix.2

As before, since the value of the noise bounds typically not known in practice, it is often
desirable to have an algorithm capableadfptingto the value ok, while maintaining the query
complexity guarantees of Algorithid Fortunately, we can achieve this by a similar argument to
that used above in Theoren That is, starting with an initial guess éf = ¢ as the noise bound
argument to Algorithn®, we use the budget argument to Phase guarantee we never exceed the
guery complexity bound of Theoregh(with & in place ofa), halting early if ever Phase fails
to label the entiré/; set within its query budget. Then we repeatedly doublentil finally this
modified Algorithm2 runs to completion. Setting the budget sizes &nehlues appropriately, we
can maintain the guarantee of Theor@nmvith only an extrdog factor increase.

5. Discussion and Open Questions

A concrete open question is determining the query complexity of class coralithmil mistake
queries under Tsybakov noise. Another concrete open questionvislipigp computationally effi-
cient procedures that the meet a nearly optimal query complexity for suerfeg in the presence of
certain types of noise. While our analysis provides an upper boundery gamplexity for general
classes of queries, it is not clear that we have yet identified the ajg@pguantities to appear in a
tight analysis in the query complexity in a general case.
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Appendix A. Useful Facts
Lemma9 Let By, ..., B, be independenGeometric{) random variables. With probability at

leastl — 4,
k
ZBZ« < 2 <k+4ln (1>> .
P a )

Proof Letm = 2 (k +41In (})). LetXy, X»,.. . bei.i.d. Bernoulli¢) random variablesy "}, B;
is distributionally equivalent to a valu€ defined as the smallest valuerofor which>"" | X; = F,
so it suffices to sho®(N < m) > 1 — 6.
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LetH =>"", X,;. We haveE[H| = am > 2k. By a Chernoff bound, we have

P < 1) < P(H < (1/2)E[H]) < exp (-BH)/8} < exp {~tn (5 ) } =5

Therefore, with probability — §, we haveN < m, as claimed. |

The following is a direct consequence of a resultVapnik (1999 (except substituting the
appropriate quantities for the multiclass case).

Lemma 10 For L a finite sequence of i.i.dDxy labeled examples, and ary € (0,1), with
probability at leastl — 4, forall h € C,

<errL(h) - minerrL(g)> — (err(h) — err(h*))' < ’8Ld‘1 (3‘L’> + \/errL(h) 1‘271 <3|L’>.

geC

This follows from the fact that

fre(h) — errs(h >|<0<,§‘ (‘L’)+\/er £(1) 1o (’L‘)),

which in particular also implies that the sample complexity of passive learhipginhpirical risk
minimization) is at mosb (d%°).

Appendix B. Class Conditional Queries. The Agnostic Case

Lemma 3 Assume that somé € V haserry(h) < 8 for 8 € [0,1/32]. With probability
> 1—4/2, running Phasé with U, and values = LﬁBJ andN = cln 41°g2 14 (for an appropriate
constant € (0, c0)), we have that for every round of the loop of Step 2, the following hold.

e h makes mistakes on at mas¥/9 of the returned;, ;) examples.
o If erry (plur(V)) > 1085, then Find-Mistake returns a mistake fdur (V') on > N/3 of the sets.

e If Find-Mistake returns a mistake feiur(1') on > N/3 of the setsS;, then the number of in V/
making mistakes on- /9 of the returnedz;, g;) examples in Step(b) is at leas{(1/4)|V|.

Proof Phasel and LemmaB are inspired by the analysis Blannekg(2007h. In the following, by
anoisyexample we mean any; such thaﬂ(xi) = y;. The expected number of noisy points in any
given setS; is at mostl /16, which (by Markov’s inequality) implies the probability, contains a
noisy point is at most /16. Therefore, the expected number of sgtsvith a noisy point in them is
at mostN/16, so by a Chernoff bound, with probability at ledst /(4 log, |V|) we have that at
mostN/9 setsS; contain any noisy point, establishing claim 1.

Assume thaerry (plur(V)) > 108. The probability that there is a poiat in \S; such that
plur(V) labelsz; differently fromg; is> 1— (1 —105)° > .37 (discovered by direct optimization).
So (for an appropriate value ef > 0 in N) by a Chernoff bound, with probability at leakt—
5/( ), at leastV/3 of the setsS; contain a pointz; such thatplur(V)(Z;) # ¢;, which
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establishes claim 2. Via a combinatorial argument, this then implies with probabiléasttl —
d/(4logy |V]), atleastV'|/4 of the hypotheses will make mistakes on more th&i9 of the setsS;.

To see this consider the bipartite graph where on the left hand side walh#ve classifiers ir//

and on the right hand side we have all the retur(iedy;) examples. Let us put an edge between a
nodei on the left and a nodgon the right if the hypothesis; associated to nodemakes a mistake

on (Z;,y;). Let M be the number of vertices in the right hand side. Clearly, the total number of
edges in the graph is at legdt/2)|V'|| M|, since at mostV'|/2 classifiers labef; asy;. Leta|V|

be the number of classifiers I that make mistakes on at masy9 (z;, g;) examples. The total
number of edges in the graph is then upper bounded BYyN/9 + (1 — «)|V| M. Therefore,

(1/2)VIIM| < oVIN/9+ (1 = a)[V[M,

which implies
[VIIM[(a —1/2) < aVIN/9.

Applying the lower bound/ > N/3, we get(N/3)|V|(a — 1/2) < a|V|N/9, soa < 3/4. This
establishes claim 3.

A union bound over the above two events, as well as over the iterationg ¢ddp (of which
there are at modbg, | V| due to the third claim of this lemma) obtains the claimed ovéralls /2
probability. |

Lemma 4 Suppose somé haserry (k) < f, for somes € [0,1/32]. Running Phasé with
parameter#/, i, and any budget, if L is the returned sample, ahfl| = |U], then every(z;, y) €

L hasy = y; (i.e., the labels are in agreement with the oracle’s labels); furthermbyes |U|
definitely happens for any > g|U| + 1.

Proof Every call to Find-Mistake returns a new mistake fofrom U , except the last call, and
since there are only|U| such mistakes, the procedure requires ghly| + 1 calls to Find-Mistake.
Furthermore, every label was either given to us by the oracle, or wagmas at the end, and in this
latter case the oracle has certified that they are correct.

Formally, if |L| = |U|, then either every: € U was returned as sonte, y) pair in Step 2.b, or
we reached Step 2.c. In the former case, thekdbels are the oracle’s actual responses, and thus
correspond to the true labels. In the latter case, every eleménadéled prior to reaching 2.c was
returned by the oracle, and is therefore the true label. Every elefment) € L added in Step 2.c
has labeh(z;), which the oracle has just told us is correct in Find-Mistake (meaning weitdi
haveﬁ(a:i) = y;). Thus, in either case, the labels are in agreement with the true labels. Fiddy
that each call to Find-Mistake either returns a mistakeifare have not previously received, or is
the final such call. Since there are at m@gt/| mistakes in total, we can have at mggt| + 1
calls to Find-Mistake. [ ]

Theorem5 Suppose3 > n, and + ¢ < 1/32. Running Algorithm1 with parameters; =

O(d((B + €)/€*) log(k/€d)), s = [ﬁj andd, with probability at leastl — § it produces a

classifierh’ with err(h’) < n+e€ using a number of querig2 (kdf—; log % + kdlog % log %) .
Proof We have chosen large enough so thatry (h*) < 1+ € < 8 + ¢, with probability at least
1—4/4, by a (multiplicative) Chernoff bound. By Lemn3awe know that with probability — /2,
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h* is never discarded in Step 2(c) in Phdseand as long asrry (plur(V)) > 10(5 + ¢€), then we
cut the setV| by a constant factor. So, with probability— 36 /4, after at mosO (kN log(|V|))
queries, Phasg halts with the guarantee thatr;; (plur(V)) < 10(5 + €). Thus, by Lemmd, the
execution of Phas2returns a sel. with the true labels after at mo§t0(S + ¢)u + 1)k queries.

Furthermore, we can choose theoverV so that|V| < 4(ck?/¢)¢ for an appropriate constant
¢ (van der Vaart and Wellnet 996 Haussler and Londgl995.

Therefore, by Chernoff and union bounds, we have chastarge enough so that thi€ of
minimal erry; (R') haserr(h’) < n + e with probability at leastt — §/4. Combining the above
events by a union bound, with probability- 4, theh’ chosen at the conclusion of Algorithirhas
err(h') < n + e and the total number of queries is at most

dlog(k/¢€)
)

kN logy/3(IV]) + k(10(8 + €)u + 1) = O <kdlog o log

1 2
log7+kd(ﬁ+€) 1 k)
€

Theorem6 There exists an algorithm that is independent @indvn < [0,1/2) achieves query
complexityQCcq (€, 5, C, Agnostic(C, a)) = O (kd@é) .
Proof We consider the proof of this theorem in two stages, with the following intuitivivattion.
First, note that if we set the budget parametdarge enough (at roughly/% times the value of
the query complexity bound of Theore®), then the largest value gf for which the algorithm
(with parameters as in TheoreBhproduces. with |L| = w hasg > 7, so that it produces’ with
err(h') < n+ e. So for a given budget, we can simply run the algorithm for ea¢hvalue in a
log-scale grid of, 1], and take thé' for the largest sucl¥ with |L| = u. The second part of the
problem then becomes determining an appropriately large buggetthat this works. For this, we
can simply search for such a value by a guess-and-double technibaes ¥or eachn we check
whether it is large enough by evaluating a standard confidence bouitig @xcess error rate; the
key that allows this to work is that, || = u, then the seL is an i.i.d. Dxy-distributed sequence
of labeled examples, so that we can use known confidence boundeifking with sequences of
random labeled examples. The details of this strategy follow.

Consider valuesi; = 27 for j € N, and define the following procedure. We can consider
a sequence of valueg = 2!~ for i < logy(1/¢). For eachi = 1,2,...,log,(1/¢), we run
Algorithm 1 with parameters

u=u; = O(d((n; + €) /¢*) log(k/e))),

1
i = ma 6; = 6/(8logy(1/e))

and budget parameter;/ log,(1/€). Let h;; and Lj; denote the return values from this execution
of Algorithm 1, and leth; and L; denote the valuels;; and L ;;, respectively, for the smallest value

of ¢ for which |L;;| = u; (if such ani exists): that is, for which the execution of Ph&sean to
completion.

Note that for somg with n; = O (d’g—j log klogy(1/e) | dlog log®(1/¢) log %) log, 1, Theorenb

S=S

€ 0 €
implies that with probability — 0 /4, every: < |log,(1/n)| with |L;;| = u; haserr(hj;) < n+e€/2,
and|L;;| = wu; for at least one suchvalue: namelyj = |log,(1/max{n,})|. Thus,err(h;) <
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n + ¢/2 for this value ofj. Let j* denote this value of, and for the remainder of this subsection
we suppose this high-probability event occurs.

All that remains is to design a procedure for searching ayafalues to find one large enough to
obtain this error rate guarantee, but not so large as to lose the querjezdynguarantee. Toward

this end, define
d 12|L;|52 . 16d 12|L;|52
& = 8A In 1£517 + 4| err; (hy) ? In Y .
1L 0 L o

LemmalOimplies that with probability at leadt— /2, V5 for which L; andh; are defined,

‘ <err£j(hj) - IhHGI(ICI errij(h)> - (err(hj) —err(h ))’ <E;j.
Consider running th{-: abovg procedure fee 1,2, 3, ... in increasing order until we reach the
first value ofj for which L; andh; are defined, and

errﬁj(hj) - I}fleigerrij(h) +&j<e

Denote this first value of asj. Note that choosing in this way guaranteem(ﬁ;) <n+e

It remains only to bound the value of thisso that we may add up the total number of queries
among the executions of our procedure for all valjies j. By setting the constants i appro-
priately, the sample size ¢ﬁj\ is large enough so that, fgr= j*, a Chernoff bound (to bound
errzj(h*) > errzj(ﬁj)) guarantees that with probability— §/4, £; < /4. Furthermore, we have

errzj(ﬂj) —minerr; (h) <err(hj) —err(h*) +&; < /2 + €/4 = (3/4)e,

heC Li
so that in totabrrﬁj(ﬁj) — mingec errij(h) +&; < (3/4)e + ¢/4 = e. Thus, we havg < j*, so
that the total number of queries is less than)-.

Therefore, by a union bound over the above events, with probability), the selecteoij. has

err(h;) <7 + ¢, and the total number of queries is less than

2 log(1 1 log(1 1
2knj» = O dkn— log og(1/e) log — + dklog Mlogz — .
€2 € € ) €

Thus, not having direct access to the noise rate only increases ayrapmplexity by at most a
logarithmic factor compared to the bound of Theorzm |

Appendix C. Class Conditional Queries. Bounded Noise

Theorem 7 Consider any hypothesis clagsof Natarajan dimensiod € (0,0c0). For anya €
[0,1/2), and any distributiorDx over X, in the random classification noise model we have the
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following relationship between the query complexity of interactive learningerctass-conditional
gueries model and the the query complexity of active learning with labeestsu

ﬁQCAL(e,Q(S, C,RCN(C,a; Dx)) — 4ln% < QCqrqle,d,C,RCN(C, a; Dy))

Proof The proof follows via a reduction from the active learning model (labspliest queries) to our
interactive learning model (general class-conditional queries). rAssbat we have an algorithm
that works for theCCQ model with query complexitfQCqq (€, d, C, RCN(C, o; Dx)). We can
convert this into an algorithm that works in the active learning model with aygeemplexity of
QCa (6,20, C,RCN(C, o; Dx)) = 22 U1QCccq(e, 6, C,RCN(C, a; Dy )) +41n 1], as follows.
When ourCCQ algorithm queries thé" time, say querying for a labgl among a ses;, we pick

an exampler; ; at random inS; and (if the label ofz; ; has never previously been requested), we
request its labey; 1. If y = y; 1, then we returrz; 1, y;.1) to the algorithm, and otherwise we keep
taking examplesq; 2, x; 3, . . .) at random in the sef; and (if their label has not yet been requested)
requesting their labelgy(2, v; 3, . . .), until we find one with labe};, at which point we return this
labeled example to the algorithm. If we exhaGstand we find example of labgl we return to the
algorithm that there are no examplesSinwith labely.

Let A; be a random variable indicating the actual number of label requests weimiakend:
before getting either an example of lalpadr exhausting the s&;. We also define a related random
variableB; as follows. Forj < A;, if h*(x; ;) # vy, let Z; = Iy; j = y], and ith* (x; ;) = v, letC;
be an independent Bernoulli{/(k—1))/(1—«)) random variable, and l&f; = C;I[y; ; = y]. For
Jj > A, letZ; be an independent Bernoutli{ (k—1)) random variable. LeB; = min{j : Z; = 1}.
Since,Vj < A;, Z; < Ily;; = y], we clearly haveB; > A;. Furthermore, note that the; are
independent Bernoulk{/(k — 1)) random variables, so tha; is a Geometrief/(k — 1)) random
variable. By Lemma® in AppendixA, we obtain that with probability at least—  we have

2(k -1 1
ZAz’ < ZBz' < ( - )[QCCCQ(Ea57(C7RCN(C)Q§DX)) +4ln].

This then implies

2(k — 1)

1
[QCceqle, 0, C,RCN(C, o5 Dx)) +41n S],

which implies the desired result. |

QC,p(6,26,C,RCN(C,o; Dx)) <

Theorem 8 For any concept spacg of Natarajan dimensiod, and anya € [0,1/2), for any
distributionDx over X,

QCccqle, 6, C,BN(C,a; Dx)) = O ((1 + (10‘_9(22)2> dk log? <65(1df2a)>) .

Proof We show that, forDxy € BN(C, ), running Algorithnlz with the algorithmA as the
method from Koltchinskii, 2010 returns a classifieh with err(h) < n + € using a number of
gueries as in the claim.
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For bounded noise, with noise bouadon each round of Algorithr2, we run Algorithm 1 on
a set/; that, by Hoeffding’s inequality and the sizef, with probabilityl — 6/log(1/¢), has

. < .
min erry, (h) <a+e

Thus, by Lemmag, the fraction of examples in ea¢h = (z;,, ..., z;,,) on which the returned

makes a mistake is at mosi(« + €). Then the size ops and Hoeffding’s inequality implies that

err(h) < O(a + €) with probabilityl — ¢/ log(1/¢), and a Chernoff bound implies that Algorithm

2 isrun on a sdfs with

erry, (h) < O(a+ €+ \/(a + €) log(log(1/€)/d)/m + log(log(1/€)/d)/m).

Thus, by Lemma$ and4, the number of queries per round is

O(k(or + €)m + kv/ (o + €)mlog(log(1/€)/6) + kdlog(d/ed(1 — 2a))).

In particular, for the algorithm dfoltchinskii (2010, it is known that with probability — 6/2,

every round hasn < O ((19_(%);)2 log (m» and there are at moél(log(1/¢)) rounds, so

that the total number of queries is at mO)s(k (af(e) +1) ﬁ log? (ﬁ)) u

C.1. Adapting to Unknown «

Algorithm 2 is based on having direct access to the noise bourk in Section3.2, since this in-
formation is not typically available in practice, we would prefer a method thrabb#ain essentially
the same query complexity bounds without direct access tortunately, we can achieve this by a
similar argument to SectioB.2, merely by doubling our guess at the valuenadintil the algorithm
behaves as expected, as follows.

Consider modifying Algorithn2 as follows. In Step 6, we include the budget argument to
Algorithm 2, with value O((1 4+ am)log(1/4")). Then, if the setl returned hasL| < m, we
return Failure. Note that if thia is at least as large as the actual noise bound, then this bound is
inconsequential, as it will be satisfied anyway (with probability §’, by a Chernoff bound). Call
this modified method Algorithri’.

Now consider the sequencas = 27 1¢, for 1 < i < logy(1/¢). Fori = 1,2,... logy(1/¢)
in increasing order, we run Algorithi® with parametergzy, zs,...), ¢, «;, A. If the algorithm
runs to completion, we halt and output theeturned by Algorithn®’. Otherwise, if the algorithm
returns Failure, we incrementind repeat.

Since Algorithm2' runs to completion for any > [log(a/€)], and since the number of queries
Algorithm 2’ makes is monotonic in ita argument, for an appropriate choice®f= O(d¢?/d)
(based on a coarse bound on the total number of batches the algorithnequitist labels for),

we have a total number of queries at m@s((l + ab(€)) (l_ga)Q log? (55(1(12@)) log (%)) for the

method ofKoltchinskii (2010, only aO(log(1/¢)) factor over the bound of Theore& similarly,
we lose at most a factor @d(log(1/¢)) for the splitting method, compared to the bound of Theo-
rem14.
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C.2. Bounds Based on the Splitting Index

By the same reasoning as in the proof of TheoBm@xcept running Algorithn2 with Algorithm 3
instead, one can prove an analogous bound based on the splitting indesgiipta2005, rather
than the disagreement coefficient. This is interesting, in that one can ase arlower bound
on QC,y, in terms of the splitting index, so that composed with Theoreme have a nearly tight
characterization cQCcq (€, 9, D, BN(C, o; Dx)). Specifically, consider the following definitions
due toDasguptg2005.

Let@ C {{h,g} : h,g € C} be afinite set of unordered pairs of classifiers fl@nfForxz € X
andy € Y, defineQ% = {{h,g} € Q : h(z) = g(x) = y}. A pointz € X is said top-split Q if

r;lg)}}d@%! <(1-p)lQl

Fix any distributionDx on X. We sayH C Cis (p, A, 7)-splittableif for all finite @ C {{h, g} C
C:Pp, (z: h(z) £ g(x)) > A},

Pp, (x : x p-splitsQ) > 7.

A large value ofp for a reasonably large indicates that there are highly informative examples that
are not too rare. Followinasguptg2005, for eachh € C, 7 > 0, ¢ > 0, we define

ph.r(€) =sup{p : VA > €/2, B(h,4A) is (p, A, T)-splittable}.

Here,B(h,r) = {g € C: Pp,(x : h(x) # g(x)) < r} for r > 0. ThoughDasguptg2009 ex-
plores results on the query complexity as a functiohQfDx, for our purposes (minimax analysis)
we will take a worst-case value pf That is, define

pr(e) = mf ppr(e).

Theorem7 (in the main body) relates the query complexity @€Q to that of AL. There
is much known about the latter, and in the interest of stating a concrete jattictight result
here, we provide a new particularly tight result, inspired by the analydzasfjupta2005. For
simplicity, we will only discuss thé = 2 case in this section.

Theorem 11 Supposeé: = 2. There exist universal constants, co € (0,00) such that, for any
concept spac&€ of VC dimensionl, anya € [0,1/2), ¢, € (0,1/16), and distributionDx over
X,

. C1 . ng3 5 1

f——— < QC 5,C,BN(C,a;Dx)) < inf ——————1 —_ .

720 pr(4e) — QCaL(e, 0, €, BN(C, a:Dx)) < 70 (1 —2a)2p,(€) ©8 <e(57(1 — 2a)>

The proof of Theorerhlis included in Sectioi€.2.1 The implication of the lower bound given
by Theoren7, combined with Theorerilis as follows.

Corollary 12 Suppose: = 2. There exists a universal constantc (0, c0) such that, for any
concept spac€ of Natarajan dimensiod, anya € [0,1/2), ¢,0 € (0,1/32), and distributionDx
overX,

QCceqle,6,C,BN(C,a;Dy)) > — - inf

a
—4In(4).
— 2 >0 pr(4e) n(4)
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In particular, this means that in some cases, the query complexiyCa) learning is only
smaller by a factor proportional to compared to the number of random labeled examples required
by passive learning, as indicated by the following example, which follows inatedg from Corol-
lary 12 and Dasgupta’s analysis of the splitting index for interval classifieesgupta2005.

Corollary 13 For X = [0,1] andC = {2[, 4 — 1 : a,b € [0, 1]} the class ofintervalclassifiers,
there is a constant € (0, 1) such that, for anyv € [0, 1/2) and sufficiently small > 0,

QCocqle 1/32.C,BN(C, a)) > c=.

There is also a near-matching upper bound compared to Cordlfaryhat is, running Algo-
rithm 2 with Algorithm 3 of AppendixC.2.1, we have the following result in terms of the splitting
index.

Theorem 14 Supposé = 2. For any concept spac€ of VC dimensionl, and anya € [0,1/2),
for any distributionD x over X,

QCccqle, 0, C,BN(C, o; Dx))

-0 (ooe (G m) + Moo ()

Logarithmic factors and terms unrelatedetand « aside, in spirit the combination of Corol-
lary 12 with Theorem14 imply that in the bounded noise model, the specific reduction in query
complexity of using class-conditional queries instead of label requesteguis essentially a factor
of .

C.2.1. ROOF OFTHEOREM11

We prove Theorenil in two parts. First, we establish the lower bound. The technique for this
is quite similar to a result oDasgupta(2009. Recall thatQCy (¢, 6, C, Realizable(C; Dx)) <
QCyy(e,6,C,BN(C, a; Dx)). Thus, the following lemma implies the lower bound of TheofEin

Lemma 15 For any hypothesis clags of Natarajan dimensiod, for any distributionD x over X,

: ) S '
QCyu1,(€,1/16, C, Realizable(C; Dx)) > 71_r>1f(’] - (46)

Proof The proof is quite similar to that of a related result@&sgupta(2009. Fix anyr €
(0,1/4), and supposed is an active learning algorithm that considers at most the fifétr)
unlabeled examples, with probability greater théf. Leth € C be such thapy, ,(4e) < 2p,(4e),
and letA > 2¢ and@ C {{f,g9} € B(h,4A) : Pp, (z : f(z) # g(z)) > A} be such that
Pp, (z : z 2pp,(4¢)-splitsQ) < 7. In particular, with probability at leagtl — 7)/“7) > 3/4,
none of the first /(47) unlabeled example®p;, - (4¢)-splits Q). Fix any such data set, and denote
p= 2ph,7'(46)'

We proceed by the probabilistic method. We randomly select the targas follows. First,
choose a paif f*, g*} € Q uniformly at random. Then choog€ from among{ f*, g* } uniformly
at random.
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For each unlabeled exampteamong the firsi /(47), call the labely with |Q%| > (1 — p)|Q|
the “bad” response. Given the initiaf (47) unlabeled examples, the algorithinhas some fixed (a
priori known, though possibly randomized) behavior when the resgsotasall of its label requests
are the bad responses. That is, it makes some nutrddequeries, and then returns some classifier
h.

For any one of those label requests, the probability that étand ¢* agree with the bad
response is greater thdan— p. Thus, by a union bound, the probability boffi and ¢* agree
with the bad responses for thejueries of the algorithm is greater than- ¢p. On this event, the
algorithm returng:, which is independent from the random choicehdffrom amongf* and g*.
SincePp, (z : f*(z) # g*(x)) > A > 2¢, h can bee-close to at most one of them, so that there is
at least al /2 probability thaterr(h) > e.

Adding up the failure probabilities, by a union bound the probability the algofiheturned
classifierh/ haserr(h’) > e is greater thary/8 — 1/4 — tp — 1/2. For anyt < 1/(16p), this
is greater thari/16. Thus, there exists some determinigtic € C for which A requires at least
1/(16p) queries, with probability greater tharn16.

As any active learning algorithm hasras-confidence upper bount! on the number of unla-
beled examples it uses, letting— 0 in the above analysis allon& — oo, and thus covers all
possible active learning algorithms. |

We will establish the upper bound portion of Lemdihvia the following algorithm. Here we
write the algorithm in a closed form, but it is clear that we could rewrite the mdthtte batch-
based style required by Algorithehabove, simply by including its state every time it makes a batch
of label request queries. The valggn this method should be set appropriately for the result below;
specifically, we will coarsely take, = O((1 — 2a)3e27262 /d?), based on the analysis Basgupta
(2005 for the realizable case.

We have the following result for this method, with an appropriate setting ofdhstants in the
“O(-)" terms.

Lemma 16 Supposé: = 2. There exists a constante (0, co) such that, for any hypothesis class
C of VC dimensioni, for anya € [0,1/2) andr > 0, for any distributionDx over X, for any
Dxy € BN(C, o; Dy ), Algorithm3 produces a classifig with err(h) < 7 + € using a number of
label request queries at most

“ ((1 - 2a§ph*,7<e> log? ((1 - 210«)«57)) |

Proof [Sketch] SinceV/ is initially an e;-cover, theh € V' of minimal err(h) haserr(h) < .
Furthermoreg, was chosen so that, as long as the total number of unlabeled examplesspce
does not excee@(#@), with probability 1 — O(4), we will haveh agreeing withh* on

all of the unlabeled examples, and in particular on all of the examples whinsis khe algorithm

requests. This means that, for every examplee request the label oP(h(x) = y|z) > 1 —a. By
Chernoff and union bounds, with probability— O(9), for everyg € V', we always have

1 1
M, — M <O <\/maX{th,Mgh}dlog (€0> +dlog (€0>> ’
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Algorithm 3 An active learning algorithm for learning with bounded mgibased on splitting.
Input: The sequencE = (x1,z2,...); allowed error rate; valuer € (0, 1); noise boundx € [0,1/2).

I. Let V denote a minimady-cover of C
Il. For each pair of classifig, g € V, initialize My, = 0

N.ForT =1,2,...,[logy(4/€)]
1. Consider the s C V? of pairs{h, g} C V with Pp, (z : h(z) # g(z)) > 2T
2. While (Q] > 0)
(@) LetS =0
(b) DOO (e (dlog (£) +log (})) ) times
i. LetQ =Q
ii. While (|Q] > 0)

A. From among the next /7 unlabeled examples, select the omewith minimum
max,cy |QY|, and lety denote the maximizing label

B. S+ Su{z}
C.Q+ Q!
(c) Request the labels for all examplesSpand letL be the resulting labeled examples
(d) Foreachh,g €V, letMyy < Mpy + [{(z,y) € L: h(x) #y = g(x)}]
(e) LetV « {h eV:VgeV, My, — Mg, <O (\/maX{th,Mgh}dlog (i) + dlog (i))}
() LetQ « {{h,g} €Q:h,geV}
Output Any hypothesisi € V.

so that we never removie from V. Thus, for each round’, the setV C B(h*,4Ar), where
A7 = 27T, In particular, this means the returnkds in B(h*, ¢), so thaterr(h) < n + e.
Also by Chernoff and union bounds, with probability- O(d), anyg € V" with M, + M >

(0] (ﬁ log %) has

1 1
Mgfz — Mfzg >0 <\/max{th,Mgh}dlog <€0> + dlog <60>> R

so that we remove it fronlr” at the end of the round.

ThatV C B(h*,4Ar) also meand/ is (p, Ar, 7)-splittable, forp = pp« (€). In particular,
this means we get asplitting example foQ every% examples (in expectation). Thus, we always
satisfy the|Q| = (0 condition after at mospb (% log? %) rounds of the inner loop (by Chernoff and
union bounds, and the definition pj. Furthermore, among the examples added @uring this
period, regardless of their true labels we are guaranteed that at J@ast pairs{h, g} in Q have
at least one ofM,; + M;, ) or (Mg;l + Mﬁg) incremented as a result: that is, for at lej@gl/2

pairs, at least one of the two classifiers disagrees fvidin at least one of theseexamples. This
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is true for the following reason. If any of thelabels arenot the /() label, then for the first such
instance (in this round of the (b) loop), all the pajis ¢} already eliminated frond) have at least
one of(M,; + M;, ) or (Mgﬁ + th) incremented, while at leas' 2 of those remaining also have

that property (since that = iz(g?) value minimizei@%]); On the other hand, if all of thg labels
are equal to the correspondingz) value, then (sinc€) = () at the end of the loopgverypair
in Q has at least one df,; + M;, ) or (Mgh + M;, ) incremented. Thus, after executing this

@) (ﬁdlog (%)) times, we are guaranteed that at least half of{thg 1o} pairs inQ have

(for somei € {1,2}) M, + M, ;>0 (ﬁ log %) thus reducing@)| by at least a factor of
2. Repeating thidog |Q| = O(dlog(1/ep)) times satisfies thg)| = 0 condition.

Thus, the total number of queries is at m@s(ﬁ% log® %) , as desired. [ ]

Appendix D. One-sided noise

Consider the special case of binary classification (t.e=,2). In this case, the Natarajan dimension
is simply the well-known VC dimensioxapnik (1999. In this context, the one-sided noise model
Simon(20132 is a special subclass BN(C, «) characterized by the property that only one of the
two labels gets corrupted by noise. Specifically&IN(C, o) denote the set of joint distributions
Dxy for which3r* € C such that for every: € X with h*(z) = 1, Pp, . (Y = 1| X =z) = 1,
while for everyz € X with h*(z) = 2, Pp,, (Y = 2|X = z) = 1 — «a. In this context, a
hypothesis clas§ is calledintersection-closed, for every h, g € C, there existy € C such that
{z: f(z) =2} = {x: h(zx) = 2} N {z : g(x) = 2} Helmbold et al(1990; Auer and Ortner
(2007. In this context, we have the following result, the proof of which is includetbw. This
result is particularly interesting, as it shows that it is sometimes possible toroien the lower
bounds prove above and obtain close to the realizable-case query giiypmeen with certain
types of bounded noise.

Theorem 17 If k¥ = 2, then for any intersection-closed concept spécef VC dimensioni, and

anya € [0,1), QCqeq(e, 6, C,OSN(C, a)) = O ((d + log(1/4)) log(1/4) log(1/€)).

In the case of intersection-closed spaces, there is one quite naturah¢esirategy, based on
choosing the minimum consistent hypothesis, calledctbsure Specifically, define the closure
hypothesish,, by the property tha{z : /i, (z) = 2} = ey {z : h(z) = 2}, whereV,;} =
{h € C:Vi <ms.ty =2 h(x;) =2}. The following lemma concerns the sample complexity
of passive learning with intersection-closed concept classes undesided noise.

Lemma 18 If £ = 2 andC is intersection-closed of VC dimensidnfor any« € [0,1), and any
Dxy € OSN(C, ), for a universal constant € (0, co), for anym € N, with probability at least
1 — 4, the closure hypothesis,, satisfiesPp ., (i (X) # h*(X)) < C(dlog((d)“)og(l/ )y

l—a)ym

Loosely speaking, Lemma8 says that after observing samples, the closure hypothesis is
roughly d/m-close toh*. We can use this observation to derive a result for learning with class-
conditional queries via the following reasoning. Suppose we are ablet¢ondee the closure
hypothesis?zm for some value ofn € N. Then consider repeatedly asking for examples lab2lad
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the set{z; : m < i < m(1+1/d), hy(x;) = 1}, removing each returned example before the next
query for a2 label among the remaining examples. After we exhaust all of the exampldsdabe
2 among these points, we have all the information we need to calculate the clogothesis

h m(1+1/d)- Proceeding inductively in this manner, we can arrivévatfor a value ofn roughly
O(d/e) after roughlydlog(1/e) rounds (supposing the initial value af is d), at which point
Lemmai8indicateserr(hy,) — err(h*) is roughlye. To bound the number of queries made on each
of thesed log(1/¢) rounds, note that LemniBindicates we expect roughty(1) examples labeled

2 among{xz; : m < i < m(1 + 1/d), hy,(x;) = 1}, so that each round makes oriy1) queries,

for a total ofO(dlog(1/¢)) queries. This informal reasoning leads to the following result, which is
only slighly larger to account for needing these claims to hold with high piibtyalb — 0.

Proof [Theoreml17] Consider Algorithm4 (wherec is from Lemmals).

Algorithm 4 Algorithm for learning intersection-closed under one-sided noise
Input: The sequencéry, xo, . . .)

1. Setm <« [c(dlog(d) + log(1/6"))]

2. Request labelg,, . .. ,y,, individually, and seh, < h,,, the closure hypothesis
3. Whilem < (c/e€)(dlog(d) + log(1/46"))

() Letm « [m (1 +

C(dlog(d)ilog(l/(;’)))—‘
(b) Lettd « {x;:i <m,h(x;) =1}, £ {(2;,2) : i <m,h(z;) =2}
(c) Do
i. Queryl/ for label2
ii. If we receive(x;,y;) returned from the query, 1&t <+ U\ {z;}, £+ LU {(z;,2)}
iii. Else leth < h,,, the closure hypothesis (which can be determined basely swleC), and
break out of loop (c)

Output Hypothesish

At the conclusion, we have: > ¢(dlog(d) + log(1/4")), while the number of rounds of the
outer loop isO((dlog(d) + log(1/"))log(1/€)). Furthermore, the closure hypothesist the end
of each round is precisely the same as that for the true labeled daterseyi), . . ., (zm, ym)}-
By Lemmals, with probability at least — ¢’, Pp, (h(X) # h*(X)) < (¢/m(1 — a))(dlog(d) +
log(1/4")), so thaterr(h) — err(h*) < (¢/m)(dlog(d) + log(1/¢")). Thus, if this is the final round
of the algorithm, this guaranteesr(h) — err(h*) < Pp,, (h(X) # h*(X))(1 — a) < € with
probability at least — ¢'.

It remains only to bound the number of queries. Note that the responsasriegjare always
points (x;, y;) for which h(z;) # h*(x;) andy; = 2. Thus, if this is not the final round of the
algorithm, butPp,,. (A(X) # h*(X)) < (¢/m(1 — @))(dlog(d) + log(1/48")), then a Chernoff
bound implies that with probability at least— &', the number of queries on the next round is at
mostO(log(1/d")).

We reach the final round of the algorithm after at mdsgtlog(d) +log(1/4")) log(1/¢) rounds.
So with probability at least — 6'2¢(d log(d) +1og(1/d")) log(1/¢), the total number of queries is at
mostO ((dlog(d) + log(1/d")) log(1/€)log(1/4")). Takingd” = TodTog(d )Hog(dlog(l/e)/(s))10g(1/€)
we have that with probability at least— 4, the finalh haserr(h) — err(h*) < ¢, and the total
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number of queries is at moét ((d log(d) + log(dlog(1/€)/d)) log(1/e)log(dlog(1/€)/0)). M

Since the closure hypothesis can be computed efficiently for many intersetbiged spaces,
such as intervals, conjunctions, and axis-aligned rectangles, Algodittan also be made efficient
in these cases.

Appendix E. Other types of queries

Though the results of this paper above are all formulated for class caraitjaeries, similar argu-
ments can be used to study the query complexity of other types of queriedlaBay instance, as is
evident from the fact that our methods interact with the oracle only via the Fiistake subroutine,
all of the results in this work also apply (up to a factorkdtto a kind of sample-basestjuivalence

qguery(or mistake query), in which we provide a sample of unlabeled examples toabke @long

with a classifierh, and the oracle returns an instance in the sample on whitlakes a mistake,
if one exists. However, many of the techniques and results also apply to la bno@der family

of queries. In much the same spirit as the general dimensions exploreauitifging the query

complexity in the Exact Learning setting, we can work in our present settingawittbstract family
of queries, and characterize the query complexity in terms of an abstrabiicatorial complexity

measure. The resulting query complexity bounds relate the complexity ofrlgama measure of
the complexity of teaching or verification. The formal details of this abstriaatacterization are
provided below.

E.1. IA and Al dimensions

To present our results on this abstract setting, we adopt the notatidarofeke(2009, which
derives from earlier works in the Exact Learning literatB@acazar et al(2002 2001). A query
is a functiong mapping a functiory to a nonempty collection of sets of functiogsf) such that
Va € q(f), f € a, andVg € a, we havea € ¢(g). We interpret the sef(f) as the set ofalid
answerghe teacher can give to the queryhen the target function i, and for each such answer
a € q(f), we interpret the functiong € a as precisely those functiom®nsistentith the answer
a: that is, those functiong for which the teacher could have validly answered the qygerythis
way hadg been the target function. Further defineaacle as any functiori” mapping a query
to a set of functiond’(q) € U, q(f); we denote by7/ the set of oracle¥ such that every query
hasT'(q) € q(f): thatis, the oracle’s answers are always consistent yvitthe also overload this
notation, defining fot) asetof queries,I'(Q) = (o T'(q)-

Foranym € N andi/ € X™, define the set aflata-dependent querieg; to be those queries
g such that, for any functiong andg with f(z) = g(z) for everyx € U, we haveg(f) = q(g).
This corresponds to the set of queradmutthe labels of the examplesin

In the present work, we study a further restriction on the allowed typgse@ies. Specifically,
foranym € Nandif = (z1,...,2,) € X™, we suppos&;, C Q;/ be the set of data-dependent
queriesq with the property that, for any functiofi, Va € q(f), 3V1,Y2,...,Ym C {1,...,k}
such thate = N;2,{glg(xi) € Vi}. Queries of this type actually return constraints on the labels
of particular examples: so answers such A&]) # 2" are valid, but answers such ag(‘c;) #
f(z2)” are not. In our setting, the learning algorithm is only permitted to make queoes @,
for (finite) setdd C {x1, z2,...}.
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For the remainder of this section, for every € N andi/ € X™, fix some arbitrary set of
valid queriesQy; € Qj,, and letQ = {Qy : U € |J,, X™}. In this setting, we define thguery
complexity analogous to the above, as a minimal quarjyy (¢, J, C, D) such that there exists an
algorithm 4 which, for any target distributio®xy € D, with probability at least — §, makes
at mostQCq(e, 6, C, D) queries fromUsnie /{41 ,,..} Qu and then returns a classifiérwith
err(h) < 1+ e. Also denote byl/[i/] a subset of such thatvh € V, |{g € V[U] : gUd) =
hU)}| = 1.

Following analogous tBalcazar et al(2002; Hannekg2009 20071, define theabstract iden-
tification dimensiorof a function f with respect toiV € C andi/ € X™ (for anym € N) as
Aldim(f, V,U) = inf{n|VT € T/,3Q C Qi s.1.|Q| < nand|V[U]NT(Q)| < 1}. Then define
Aldim(f, V,m,0) = inf{n : Pypm(Aldim(f,V,U) > n) < §}, and finallyAldim(V,m,J) =
sup; Aldim(f, V,m, d), wheref ranges over all classifiers. This notion of complexity is inspired
by analogous notions (of the same name) defined for the Exact Learnidegl impBalcazar et al.
(2002, where it tightly characterizes the query complexity. The extension of tmgpexity mea-
sure to this sample-based setting runs analogous to the extension of thaeedtiarching dimension
by Hannekg(20070 from the original notion oHegedis (1995, to study the query complexity of
active learning with label requests; indeed, in the special case thattthg;seorrespond to label
request queries, the abovddim(f, V,U) quantity is equal to the generalization of the extended
teaching dimension explored yanneke(2007h. In the case of class-conditional queries, we al-
ways haveAldim(V, m,d) < k, while for sample-based equivalence queries (requesting a mistake
for a given proposed labeling of the sampleC i), Aldim(V, m,d) = 1.

For our present purposes, rather thafdim, we define a related quantity, which we call
the IAdim, which reverses certain quantifiers. Specifically,Iletlim(f, V,U) = inf{n|3Q C
Qu st.|Q| < nandvT € T/, |VIU] N T(Q)| < 1}. Then defindAdim(f,V,m,§) = inf{n :
Py~pm (IAdim(f, V,U) > n) < 6}, and finallyIAdim(V, m, §) = sup; IAdim(f, V,m, ).

In words,IAdim( f, V,U) is the smallest number of queries such that any valid answers consis-
tent with f will leave at most one equivalence classlifi{/] consistent with the answers: that is,
there will be at most one labeling &f consistent with a classifier i that is itself consistent with
the answers to the queries. This contrasts Witdim( f, V,4), in which we allow the choice of
gueries to adapt based on the oracle’s choice of answers.

Examples In the special case whet2 corresponds ttabel requestswe havelAdim(f, V,U) =
Aldim(f, V,U), and both are equal to thextended teaching dimensiguantity fromHanneke
(20078. For instance, whef is a set of threshold classifiers, we havedim(f, V,U) = 2,
simply taking any two adjacent examplegirfor which f has opposite labels. In fact, for several
families of queries mentioned in various contexts above (class conditioeaequmistake queries,
label requests, close examples labeled differently), the notiodddiin andIAdim are actually
identical. Indeed, one can show they will be equal in binary classificatioenever the queries

O, have a certaiprojectiveproperty (where any query whose answer only constrains the labels of
U’ C U has a query i, that allows this same answer).

Focusing queries Formally, whenk = 2, we say the familyQ of queries isfocusingif, for any
finite set/ C X, any queryg € Qy, any classifierf, and anya € g(f), lettingld’ = {z € U :
{h(z) : h € a} # {1,2}}, there exists) € Q such thata € ¢'(f) C {da’ € q(f) : Vx €
U\NU'  {h(z): hed}=1{1,2}}. Thatis, by restricting the unlabeled sample to just those where
the answer is informative, there is a query for that subsample such theshesr is still valid, and
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furthermore there are no answers for the query on the subset thahatevalid for the original set.
For instance, ify is a label request query for the label of a paine U/, theng € Qy, but also

q € Qqay, SO label requests are a focusing query (wliere ¢ in this case). As another example,
if ¢ requests a mistake for some classifigrom the samplé/, then for any point: € U/ that the
query could possibly indicate as a mistake, this remains a valid response to kengjseayq’ for

g from the subsefx}; thus, mistake queries are also focusing. We can show that, ivked and

Q is focusing, Aldim( f, V,U) = IAdim(f, V,u) for all f, V, andl{. Specifically, letl" € T/ be

a maximizer ofmin{|Q| : @ C 9y s.t.|V[U] N T(Q)| < 1}, and without loss, we can suppose
that for eachy € Qy, there is nol” € T/ with T(q) C T'(q) (since changind’(q) to T'(q)
would still result in a maximizer). Lef) C 9 be of minimal|Q| such thaiV[U/] N T(Q)| < 1.
Then letQ)’ C Qy; denote the set of queries guaranteed to exist by the definition of focusing,
corresponding to the queriesdh Now, for the purpose of obtaining a contradiction, suppose there
existsT' € T/ such thaV 4] N T'(Q')| > 1. Then by the definition of focusing, there exists
T" € T7 such thafl” (¢) = T'(¢’) for each pair of correspondinge @ andq’ € Q’, and for each
suchg e Q, {z e : {h(zx) : heT"(q)} ={1,2}} D{z el : {h(z): h e T(q)} = {1,2}},
with the inclusion beingtrict for at least ong € @, so thatl”’(¢) D T'(q); but this contradicts the
assumption that no sudf’ exists. Thus, we must hay& [i/] N T"(Q’)| < 1 for everyT’ € T/,

so thatQ)’ satisfies the criterion in the definition bAdim( f, V,U), with |Q| = Aldim(f, V,U), so
thatTAdim(f, V,U) < Aldim(f, V,U); the reverse inequality is obvious from the definitions, so
thatTAdim(f, V,U) = Aldim(f, V,U).

E.2. A bound on query complexity based o Adim.

We present here a result a bound on query complexity in termiddfim. Specifically, using a
technique essentially analogous to those used for class-conditionesjakove, except with some
additional work required in Phase 2 (analogous to the methéthohekg(20070), we are able to
prove the following results.

Theorem 19 In the case ok = 2, for anyC of VC dimension, for n < 1/64, there are values =
) ( L ) andg = O <(Z—22 + 1) (dlog% + log %) (log %)) such that, folA = IAdim (C,s, d/q),

n+e
QCyle, 0, C, Agnostic(C,n)) <TAg= O (IA (%22 + 1) (dlog% + log %) (log %))-

Moreover, this result also holds fér> 2 (with additionalk-dependent constant factors}it> ckn,
for an appropriate constant > 0.

A similar result should also hold for the bounded noise case, analogousetrdms3 and14.
We conjecture that these results remain valid in general when we rdpledé by Aldim, even
for non-focusing types of queries. However, a proof of such atrasuld require a somewhat new
line of reasoning compared with that used here.

E.2.1. RROOF OFTHEOREM19

Intuition  The primary tool used to obtain these results is a replacement for the Findk®lis
subroutine above, now based on queries ftf@m Our goal in constructing this new subroutine
(which we call Simulated-Find-Mistake) is the following behavior: given &sifger i, a set of
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classifiersV’, and a set of unlabeled exampl§sif there exists a classifigr € V' that correctly
labels the points ity (in agreement with their trug; labels),thenthe procedure either identifies a
point in S whereh makes a mistake, or if no such point exists it identifies the complete true labeling
of S. Based on the definition diAdim, for a given sefS of unlabeled examples, a classifierand

a set of classifier¥’, we can findlAdim(h, V, S) queriesM C Qg such that, ifo happens to be
consistent with the oracle’s responses to those queries (based orethebels of points irb), then

all of the classifiers i/ that are consistent with the oracle’s responses agree on the labels of all
points inS: that is, there is at most one equivalence clads[ii] consistent with the answetdNote

that this is not always the same as getting backithe labels of S when# is consistent with the
answers, since some of the labels may be noisy (hence, it is possible thatVidhaserrs(g) = 0).
However, wecanguarantee that there is a classifiey € V that correctly labels all of the points in

S, and h happens to be consistent with all of the answers given by the oractegponding to the

true labels) for the queries W/, thenall of the classifiers i consistent with the oracle’s answers
will correctly label all of the points irb.

For example, ifQ corresponds to label request queries, &b a set ofthresholdclassifiers
r = 2I; oy (7) — 1 onR, then for anyS and anyh, the queries could be for any two adjacent points
in S thath labels differently (or the extremal points fif h is homogeneous of). If those two
points happen to actually be labeled a&jthen there will be at most one labeling corresponding to
a threshold classifier consistent with these labels. However, if one @ tivedabels corresponded
to a noisy point, thei* will not agree with this one consistent labeling.

Summarizing, for a given s&t of random unlabeled samples, at a given time in the algorithm
when the set of surviving classifiers so far is dendtedhere existAdim(plur(V'), V, S) queries
such that, if any of the responses are not consistent wlith(1"), we receive a label constraint
contradicting at least &/k fraction of V', and if the responses are all consistent wittr (1), then
there is at most one labeling 8fby a classifier consistent with the answers.

Thus, in Phase 1, we can proceed as before, taking samples @‘(%igee), so that most of them
do not contain a point contradicting’, but for whichplur(V') makes mistakes on a significantly
larger fraction of them. By using the above tool to elicit responses that eitettiradictplur (1)
or contradict the vast majority df, we can proceed as in Phase 1 by keeping a tally of how many
contradicting answers each classifieMirsuffers, and removing it if that tally exceeds the number
of such contradictions we expect fbt.

As before, Phase 1 will only work up to a certain point, at which the eats ofplur(V) is
within a constant factor of the error rate/of. At this point, we would like something analogous to
Phase 2 above. However, things are not quite as simple as they wetas®iconditional queries,
since our tool for finding contradictions does not necessarily give el labels but rather the
labels of some classifier i consistent with the responses. However, as lonlg*aoes not make
any mistakes on that sample, those will be preciselyithiabels. Since the error rates of bdth
andplur(V') arex 7 + ¢, taking a large enough number of random subsets of@(zn%) should
guarantee that for most of those sets (a constant fraction greatet t@gn.* andplur(V') are
both correct (with respect to the true labels), so that the answers taieues will be consistent
with both plur(V') and h*, and thus we can reliablinfer the labels of the points in such sets.
However, some fraction of such setdll have points inconsistent withiur(1") or 2*, and we may

4. Recall that, in this context, the classifiers consistent with each answét hage disagreements on the labels of
points inS (possibly even all of the labels). But when combining all the answellg, (@hmost) one equivalence
class will be consistent witll of the answers to thed&\dim(h, V, S) queries.
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have no way to tell which ones. To resolve this, we make use of a trick Hanmeke(20070:
namely, we sample the sets of s'@éﬁ) from a fixed pool/ with replacementand take enough

of these sets so that, for eacke U, x appears in a large enough number of these small subsamples
that we are guaranteed with high probability that most of them do not havéo#rer) points for
which ~* or plur(V') make mistakes. Thus, assuming the answers to the queries do not rgveal an
information about the label of itself, the answers to the queries will be consistent witlx(17),

and theh* labeling will be the one consistent with the answers, so that we get areéefierence

of h*(x) for themajority of the sets containing: that is, the majority vote over the inferred labels
for = will be ~*(z) with high probability. On the other hand, if the answers to the queries directly
reveal information about the label of then we can simply use that revealed label itself, rather than
inferring theh* label. Thus, in the end, we produce a label for eaehi/, some the actual labels,

the others thé*(x) labels. All that remains is to show that a labeled data set of this type, in the
contexts the labeled sample was used above for class-conditional gudglisgrve the same (or
better) purpose, so that the required guarantees remain valid.

Formal Description The formal details are analogoustanneke(2007h, and are specified as
follows. Define the following methods, intended to replace their respectivaterparts in the
General Agnostic Interactive Algorithm above.

Subroutine 2 Simulated-Find-Mistake
Input: The sequencd = (x1,x2, ..., x,,); classifierh; set of classifiery”

1. Let@ be the minimal set of queries from the definitionléfdim(k, V, .S)

2. Make the queries iy, and letT’(Q)) denote the oracle’s answers

Output: T(Q)

Algorithm 5 General Queries Agnostic Interactive Algorithm
Input: The sequencéry, s, ..., ); valuesu, s1, sz, 0;

1. LetV be a (minimal)-cover of the space of classifiefswith respect taDx. LetU be{z1, ..., x,}.

2. Run the General Queries Halving Algorithm (SubrouBhvith inputU; V, s1, ¢In 41%2\‘/\’ and geth.

3. Run the General Queries Refining Algorithm (Subrouihwith inputU, V', h, so, [ci In %1 and get
labeled samplé. returned.

4. Find an hypothesis’ € V of minimumerry, (/).

Output Hypothesish’' (andL).

The only major changes compared to Algoritirare in Find-Mistake and the Refining Algo-
rithm. We have the following lemmas.

Lemma 20 Suppose that somie € V haserry(h) < 8, for 8 € [0,1/(32k)]. With probability
> 1 — 6/4, running Subroutin® with U, V, and valuess = LﬁJ andN = cln 41%2\\/\ (for an

appropriate constant € (0, c0)), we have that for every round of the loop of Step 2, the following
hold.
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Subroutine 3 General Queries Halving Algorithm
Input: The sequenct = (z1, x2, ..., Tps); Set of classifierd’; valuess, N

1. Seth = true, t = 0.
2. whileb

(@) DrawsSy, Ss, ..., Sy of sizes uniformly without replacement froriy.

(b) For eachi, call Simulated-Find-Mistake with argumerss, plur(V'), andV. LetT; be the return
value.

(c) If more thanN/(3k) of the sets havelur(V) ¢ T;, remove fromV everyh € V with [{i : h ¢
Ti}| > N/ (9k)

(d) Elseb <« 0

Output Hypothesiplur(V).

Subroutine 4 General Queries Refining Algorithm
Input: The sequenct = (z1, x2, ..., Tps); Set of classifiery’; classifierh; valuess, M;

2. Draw$y, Ss, ..., Sy, for sizes uniformly without replacement frorey
. For each, call Simulated-Find-Mistake with argumerffg h, andV, and letT’; denote the returned value
. Foreachj <ps,letl; = {i:z; € S;,h € Ti, andT; NV # (0}

3

4

5. Foreach € |J, I;, leth; e T, NV

6. Foreacly < ps, letg; be the plurality value ofh;(x;) : i € fj}
-

. LetL = {(xla:gl)7 ey (Ipsagps)}

Output Labeled sampld.

e There are at mos\/(9k) samplesS; containing a pointc; for which ﬁ(:cj) # y;; in particular,
h ¢ T; for at mostN/(9k) of the returnedr; values.

e If erry (plur(V)) > 11k, thenplur(V') ¢ T; for > (2/3 — 1/(9k))N of the returned values.

e If plur(V) ¢ T; for > (2/3 — 1/(9k))N of the returned values, then the numberah V' with

h ¢ T; for > N/(9k) of the returned values; in Step3(c) is at Ieast(l_l({’j)l(}&}c/)g%)) V| <|VI.
Proof As before, a Chernoff bound implies the first claim holds with probability astié —
d/(clogy |V]). Similarly for the second claim, as before, a Chernoff bound implies that with
probability at least — 6/(c log, |V|), at least(2/3) N of the setsS; contain a point:; such that
plur(V)(z;) # y;. In particular, any such se for which the labels are consistent withneces-
sarily has|V N T;| > |V|/k. This happens for at leaé2/3 — 1/(9k))N of the sets. Following
the combinatorial argument as before, now consider a bipartite grapie Wieeleft side has all the
classifiers inV, while the right side has the returng&gsets for those with plur(V') ¢ T;, and an
edge connects a left vertex to a right vertex if the associated hypothesisiis the associated;
set. LetM be the number of right vertices. The total number of edges is atAédst /k. Leta|V|
be the number of classifiers It missing from at mosiv/(9k) of theT; sets. The total number of
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edges is then upper boundeddy | N/(9k) + (1 — «)|V|M. Therefore,
M|V|/k < a|V|N/(9k) + (1 — )|V |M,
which implies
[VIM(a —1+1/k) < o|VIN/(9k).
Applying the lower bound\/ > (2/3 — 1/(9k))N, we get

(2/3—1/(9k))(a — 1+ 1/k) < a/(9k),

(2/3-1/(9k))(A-1/k) __ (1=1/(6k))(1—1/k) i i i i
so thata < /3=3/(98)) = S YIE This establishes the third claim. Note that

a < 1,since(l —1/k) < (1 —1/(3k)).
The full result then follows by a union bound, as before, where novedhstant’ will depend

onk due to a change in the base of the logarithm tox }1;)1({%/)261{)) [

Lemma 21 For this result, we suppose = 2. Suppose somk € V haSerrU(ﬁ) < B, for

B € [0,1/64], and thath haserry(h) < 2243. Consider running Subroutinéwith U, V', h, and
valuess = {ﬁJ andM = [c%In %] (for an appropriate constant > 1), whereu = |U|, and let
L be the returned sample. Theh| = |U|, and for everyj withz; € U, there is exactly ong € Y

with (z;,y) € L; also, with probability at least — /4, every(z;,y) € L has eithery = y; or
y = h(z;).

Proof This argument runs similar to that of Lemma 2Hannekeg(2007h. First note that, for any
z; € U with y; # h(z;), the (z;,y) € L trivially satisfies the requirement, regardless of which
valuey takes.

let A= {i:h ¢ T;}andB = {i : h ¢ T;}. A (respectivelyB) represent the indices
of subsampless; for which & (respectively,h) is contradicted by the answers. SindeC {i :
errg,(h) > 0} andB C {i : errg,(h) > 0}, we haveE[|A| + |B|] < 23 M. By a Chernoff bound,
P(JAUB| > 2M) < e=¢M for an appropriate constardte (0, 1).

Foreachr; € U withy; = h(z;),letl,, = {i: x; € S;}. Note thatiflL,,N(AUB)| > |1, |,
theng; = B(xj). The remainder of the proof bounds the probability this fails to happenafbw
this end, we note (by a union bound)

1
P (|Izj N(AUB)| > 2|Ixj])
sM 3
< ) —_— —
_P(\IIJ\< 2u>+P<|AUB|>8M>
1 sM 3

Pl |l.. Nn(AUB)| > =|I,, I..|>—AN|AUB| < -M].

+2 (I8, 0 (AUB) 2 5L AL, 2 S AJAUB] < 20

As shown above, the second term is at most™. By a Chernoff bound, the first term is at most
e . Finally, by a Chernoff bound, the last term is at mestii . By setting the constantin

M appropriately, we have M + e~ + e THn < d/(4w). A union bound over:; € U with
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yj = ﬁ(xj) then implies this holds for all such;, with probability at least — §/4. |

The difficulty in extending this té& > 2 is that, for the noisy points, every set they appear in will
contain a noisy point (trivially). But that means there might not be a classifi¢ that correctly
labels that set, so that we do not predictably infer a correct label fopthat. In fact, the behavior
in these cases might be somewhat unpredictable, so that we may even ladfef that is neither
the truey; nor thefz(a;j) label. But then there could potentially be a classifier V' with erry(g)
slightly smaller thar25 such that, for the. output by this proceeduresr; (g) < 5 and in particular
errz(g) < errr(h), whereh = argming, oy erry (h').

Note that this issue is not present if we are only interested in identifying sifiéaé of err(h) =
O(n), since then it suffices to use Subroutine 3, so that we can achieve thiiseneen fork > 2.

Proof [Proof of Theoreml9 (Sketch)] Theoreni9 now follows from the above two lemmas, in
the same way that Theorehfollowed from Lemmas3 and4. The only two twists are that now
some of the labels in the set labeled getre denoisedin the sense thatr;,y) € L hasy; #

y = h/(z;), which does not change the fact thatis still the minimizer oferr, (k) overh € V;
so the above two lemmas, combined with the reasoning from the proof of @hé&aegarding the
sufficiency of takingu = O ((L5°) (dlog 1 + log 5)) random unlabeled examplésto guarantee
erry(h*) < n + e and that the empirical risk minimizér haserr(h') < 7 + €, with probability
at leastl — 6/4, the above two lemmas (with = n + € in each) imply that Algorithnb (with

u as aboves; = |1/(323)], andse = [1/(6403)]) returns a classifier witarr(h') < n + € with
probability at least — 35 /4.

Additionally, the total number of calls to Simulated-Find-Mistakelis ‘“%Q‘VW {c% In ﬂ =

0] ((Z—j - 1) (dlog L +1log %) (log %)); in the theorem, supposeis 4 times this value. Since

each call to Simulated-Find-Mistake uses at midstC, s, §/n) queries with probability at least
1 —¢6/n (wheres is either|1/(323) ] or [1/(6453) |, which ever gives the largéA), a union bound

implies that every call to Simulated-Find-Mistake will use at midgstqueries, with probability at
leastl — §/4. Composing this with the results from above via a union bound gives thi.resil
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