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This document provides specifications of the estimatord irs8ubroutine 1, along with a formal proof of Lemma 1.

1. Specification of Estimators

Following (HanneKe, 2009; 2012), we specify the estimalorssed in the algorithm as follows. For convenience, we
suppose we have access to two independent sequBnces {wy, wo, ...} andWy = {w], w}, ...} of independenD-
distributed random variables, witfiV’;, W5) independent of. Such sequences could easily be taken from the unlabeled
data sequence in a preprocessing step, in which case wpretténe{ X, }3°, sequence referenced in the algorithms as
those points remaining in the pool after extracting the sagasi¥; andW,. Fix anyH C C andm € N. For anyk € N,
define

SFY(H) = {S € x*~1 . H shattersS}.

Forany(z,y) € X x {—1,+1}, definel(y) (@, 9, Wo, H) =1, _, (n(2)}(¥) andA{) (z, Wa,H) = L g1 (x). For any
ke{2,....d+1},VieN,let

k
Si( )= {wll-i-(i—l)(k—l)’ e 7w§(k—1)}§

then let

i=1

m3
M (1) = max {1’2115’“1(7-[) <Sz'(k)>} ’

and for(z,y) € X x {—1,+1}, define

3

A 1 m . i
B (o, Wa H) = Wzﬂ“*\swl(wx’—yn) (Sf )> Lse=130) (Sf )),

m’ =1

3
. 1 o
AW (@ Wy, H) = ———> Ty (SH U{z}).

a0 2 o )

Foranyk € {1,...,d + 1}, define

3
. 2 1 & .
AR Wy, Wa, H) = —t 3 21[1/8,00) (Afff)(wi,Wg,H)) .

i=1

With these definitions, we now define the estimators refer@imt Subroutine 1 as follows. Lettingbe the label budget
argument to Subroutine 1, and letting,, and V' be as in Subroutine 1, for any € {1,...,d + 1}, m € {m, +
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1,...,n%/32} andy € {—1,+1}, define
p (z P (s € X"~ V shattersS U {:z:}’V shattersS) >1 /2) A®) (W, Wa, V),

(S e X*~1. V shattersS U {Xm}‘V shattersﬁ) = A(")(Xm, Wa, V),

P (S € X1 V[(X,n, —y)] does not shatteﬁ's"v shattersS) B (X, y, Wa, V).

2. Relevant Lemmas

Before getting into the proof of Lemma 1, we first state a felevant definitions and lemmas. The definitions are

taken from rg(_ﬁe_k 12), some of which are slightly medifinere to suit our present context, and the lemmas

represent slight generalizations of results proven“ m2) (aside from the first lemma, which is due to
is, 1971)). Throughout this sectiamfix an arbitrary distributioxy € UniformNoise(C).

Foranym € N, letV, = {h € C: Vi < m,h(X,,) = hp . (X,n)}. Foranye > 0, defineB(hy,, ,,e) = {h € C:
D(x : h(x) # hy (x)) <e}. Fork e NU{0} andH C C, letd,hy, = lim._,o S*(HNB(h}, <)), and define

d =min {k € N: D¥(9kh}, ) =0},

whereD* is the product measure (with marginals eqDlover X*. Also let = DJ*I(ag_lh;gxy) (oré =1if d=1).
Additionally, for anyz € X, k € N, andH C C, definep, (k, H) = DF! (S cxk1.8u{z} e S’f(H)‘Sk‘l(’H))

(recalling our convention that® = {@}, D°(XY) = 1, ando € S°(H) iff H # {}). Here, and below, we adopt the
simplifying convention that, for any probability measufeand measurable sets B, if P(B) = 0, thenP(A|B) = 0 by
definition (whenP(B) > 0, P(A|B) = P(AnN B)/P(B) as usual).

The first lemma is due td (Vapnik and Chervonehkis, 1971; W[i982).

Lemma 4. For anyé € (0,1) andm € N, on an event,, (J) of probability at leastl — ¢/3, everyh € C has
ety (h) — ex(h)] < U (3)/2.

This immediately implies the following corollary.

Corollary 1. If Dxy € UniformNoise(C), and Subroutine 1 is executed with label budgee N and confidence
parameters € (0, 1), then on the evert,, (¢),

Vi CV CB (M, d(mn; ),

Whereqﬁ(mn; 6) = %Umn ((5)
Proof. On the events,,, (9),

* _ . / < 2 * _ .
i, (Wb, ) = min e, () < U, (6)/2 + ex(hp,., ) = min (ex(l) = Un, (0)/2) = U, (9),

and anyh € C with er,,, (h) — minyec erp,, (B') < U, (8) has

er(h) — v(C;Dxy) =er(h) — 1111%% er(h') < Up,, (8)/2 + erp, (h) — }Ill}é%(ermn (R') = Uy, (8)/2)

= Un,, (6) +erpm, (h) — ;rf/léfé €T, (h/) < 2Un,, (6),

SO tham(x : h( ) # hery(lE)) = m(er(h) — er(h*ny)) S mUmn (5) O
The following lemmas are due to_(Hanneke, 2012); some of taemnslightly generalized to suit our present context, and
we include proofs in those cases (which are essentiallym@npr modifications to the original proofs). The other lensma
are taken directly fron] (HanneKe, 2012), and the readeffésresl to the original work of (Hanneke, 2012) for the proofs
of these.
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Lemma 5. (|t[an—n_ek|em2 part of Lemma 35) There is an evéhwith P(H’) = 1 such that onH’, Vm € N,
vk € {0,...,d— 1}, foranyH withV,* CH C C,

DF(S*(H)|0kh, ) = DH@ihipy, 10EhD,., ) = 1 and DN (9l h,, ) = DH (kb ).

Lemma 6. dﬂan—n_ekb@Zpart of Lemma 36) There is a monotonic fometir) = o(1) (asr — 0) such that, on the
event’, foranyk € {0,...,d — 1}, m € N, r > 0, and set{ such thatV,y € H C B(hp, .,7),

DH(X*\ Oghip, [S™(H)) < q(r).

For any( € (0, 1), definer¢ = sup{r € (0,1) : ¢(r) < (}/2; this value is guaranteed to exist, sinde) = o(1).
Lemma 7. (based orl Hanneke, 2012, Lemma 38) Fix anye (0,1) and » € [0,7¢/s), and let A (r) =
(2/(¢0))DU(S4B(hp, , ,7))). Onthe eventl’, for anym € N and anyH with V5, € H C B(hp, 1),

D (w:pu(d H) = ¢) < AO().
Proof. For anyx € X,

pi-1 (s exd1.5U{z) e S&(’H)‘S‘Z‘l(”ﬂ))

— pi-1 (s e X1 5u{s) e SJ(H)]sJ-l(H) N agflh;;”) pi-1 (agflh;gxy si-l(ﬂ))

4+ pi-t (s cxdl.SUz) e S‘i(H)‘S‘i’l(H) \ag—lh;gxy) pi-1 (del \ O,

SJA(H))

<D (S XS UL} € SUH)STIH) NI i, ) + DT (AT hp ST ) @)

On the evenfi’, Lemmdb implies that the first term on the right hand sidépfg&qual
pi-1 (s cxil.5u{z) e Sd(H)‘Sd_l(H) N ag—lh;jxy) pi-t (sd—l(m‘ag—lh;)xy)
=D (sexttisuls}e SJ(H)]agflhggxy) ,
while Lemmd® implies the second term on the right hand sid@)df at mosi(r) < ¢/2, so that on/’,
D(z: DT (Se Xl sUa} e sd(m\sgfl(%)) > ()
<D (x . pa-1 (s cxd1.5U{a) e SJ(H)‘ag‘lh;’ny) > §/2) .
By Markov’s inequality, this is at most
fgpfi (s U{e} e X4: SU{x} € SUB(hp,,,r)) ands € ag—lh;jxy) < A, O

Lemma 8. (a special case ¢f Hanneke, 2012, Lemma 41) There existarusst € N andc;, ¢; € (0, 00) such that, for
any integerr > 77, on an evenf7") with IP’(HQ)) > 1—ciexp{—ci7}, forany set{ withVx CH C B(hp 5 71/12),
Vk € {1,...,d}, for every integern > 7,

AW (X, Wa, H) < 1/2 = TW (X, —hp o, (Xim), Wa, 1) < TN (X, B, (X)), Wa, H).

Lemma 9. (based on Hanneké, 2012, Lemma 42) For éng (0, 1), there exists a constant®) € (0, 00) such that,
for any T € N, and any setH C C (possibly depending o, but independent of/;), on an eventHf)(C) with
P(HP (0)) > 1 — ) - exp{—¢2r35/8}, if V¥ C 7, thenVk € {1,...,d}, for every integern > ,

D (a:

Pk, H) = AW (2, W, H)| > ¢) < expl—¢2m?5/2).



Activized Learning with Uniform Noise

The proof of Lemm@l9 is identical to that Md@omnm 42), except substitutiriguV;* for V;* throughout that
proof (for eacty > 7) and in the definitionsy, p.., m) referenced therein; the proof remains valid with this rfiodtion.
For brevity, we do not repeat the details here.

Lemma 10. (based on Hannekk, 2012, Lemma 43) For any € (0,1), 8 € (0,1 — y/a], 7 € N, and any se#{ C C

(possibly depending o, but independent dfi’;), on the evenHﬁQ) (8¢) (defined relative to thig{), if V.x C H, then
VEk € {1,...,d}, for every integem > 7,

D (x AW (o W, H) > g) <D (2: palk, M) > Vac) + exp{—B°C>m?5/2}.

Proof. Fix «, ¢, 8,7, as in the lemma statement, and suppose the eﬁéﬂt(ﬁg) occurs; also supposér C #H. Fix
anyk € {1,...,d} andm € N with m > 7. By a union bound,

D(x:A;’;)(x,W2,H) zc) <D (x:palk,H) > Va() +D(:c:

Pk, H) = AR (2, Wa, 7)| > (1= Va)() .
Since(1 — \/a)¢ > ¢, Lemmd® and monotonicity of probability measures imply

D(x:

Polk 1) = A (@, Wo, H)| > (1= Va)C) < exp{-67C*m?3/2}. =

Lemma 11. (based on Hanneke, 2012, Lemma 44) For &my (0, 1/32], there is a constant; (¢) € N such that, for any
setH C C (possibly depending of, but independent dfit;, W5)), and any integerr > 75 (&), there is an eveni/?)
with P(H\?) > 1 - 2d-exp{—27} such that, or\” N H{”) (¢) (whereH\") (¢) is defined relative to thigl), if V;* C #,
thenvk € {1,...,d},

D (z: po(k, H) > 1/4) + exp{—726/2048} < AW (W, Wy, H) < D (z : po(k, H) > 1/16) 4 47~ 1.

1/3
Proof. Fix any ¢ € (0,1/32], definers(¢) = Rgéln (%)) ] and fix any integerr > 75(£). For anyk €
{1,...,d}, Hoeffding’s inequality and the law of total probability piy that, on an evenf.(k) with P(G(k)) > 1 —
2exp{—27}, we have

D (IE : A,(,_k)(iE,WQ,H) > 1/8) — 773 TZﬂ[l/S’w) (A_(rk)(wi,WQ,H)) < L (2)
i=1

Defining the eventZ!> = NZ_, G(k) yieldsP(H®)) > 1 — 2d - exp{—2r} by a union bound.
Now fix anyk € {1,...,d}. By a union bound,

D(x:po(k,H) >1/4) <D (x D AE) (2, W, H) > 1/8) +D (x :

Pk, H) = AP (@, W2, 1) > 1/8) . (3)
By Lemmd®, onHﬁz) (&), If V¥ C H, then

D(m:

Pk, M) — Ag’“)(:c,WQ,H)( > 1/8) <D (ac :

Pk H) = AP (2, W, 1) > €) < exp{~€27%3/2). (@)
Furthermore, on the evefi'”, (2) implies
D (x AW (2, Wy, H) > 1/8) < AW Wy, W, H) — 771,
Combining this with[(B) and{4) reveals
D (x: polk, 1) > 1/4) < AW (W, Wy, H) — 771 + exp{—€2735/2} < AW (W, Wy, H) — exp{—735/2048},

where this last inequality is due to our choicerpf¢). In particular, we have established the first inequalithmdtatement
of the lemma.
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Toward establishing the second inequality, note thaHé??, @) implies
AP (W1, Wa, 1) < D (w5 AP (@, Wa, H) 2 1/8) + 377,
while LemmdID (withv = 1/4, ¢ = 1/8, 8 = £/¢ < 1 — /@) implies that onH (> (¢), if V;* C H, then
D (w: AW (2, W, H) 2 1/8) <D (@ palk, H) 2 1/16) + exp{~€7°5/2}.
Combining these two inequalities, we have
AR (W, W, 1) <D (@ : pu(k,H) > 1/16) + exp{—€27°6/2} + 377 L.

Noting that our choice of; (&) guarantee3xp{—§2735/2} < 771, this establishes the second inequality in the lemma
statement. O

3. Proof of Lemma 1
We are now ready for the proof of Lemma 1. For e&ch {1,...,d + 1}, andn € N, let
Uk = {mn S, m [n/ (6 LKA (717, Wg,V))J } :
wherem,, andV are as in Subroutine 1, when executed with label budgetd confidence paramet&y.

Proof of Lemma 1.This proof follows closely to the proof ofk12 nraa 45). Letn* =
4 2
64 64 32e
max{ (min{Tl/lz’T1/32}(1*277(DXY))) ! (min{ﬁ/lz77"1/32}(1*277(DXY))) (11’1(12) +dln (mln{rl/12 7"1/32} (1- 277(®XY))))

27, 275(1/32)}. By settingc appropriately large, we can guarantee the result is tlyvisatisfied for alln < n*

(e.g., by takinge > exp{c/(n*)'/3}). Now fix any integem > n*, and letV andm,, be as in Subroutine 1, when
executed with label budget and confidence parametéy. In particular, note thatn, > max {7, 75(1/32)}, and
¢(My, 0p) < min{ry j12,71/32}

Let H,(ﬁ) (1/32) andH,Sf,,)L be the events from Lemmak 9 dnd 11, respectively, defineiiveeta the set’. By Corollary(1,
and LemmaB70 arid 11, on the evéht, (6,) N H,(,f,{(l/32) NHY ke {1,...,d},¥m € U,

D (x AW (2, W, V) > 1/2) <D (z:po(k, V) > 1/4) + exp {—m35/2o48}
<D (z: pulk, V) > 1/4) + exp {—m38/2048} < AW (W, Wo, V). (5)

Noting that,Vk € {1,...,d}, {X,, : m € Uk } are conditionally independent glve]nmn(Wl,Wg, V), with each of
theseX,, variables having conditional distributidd, a Chernoff bound implies that (on the above event),

P (Hm cU® AR (X, Wy, V) > 1/2}‘ >n/ (325 ’Wl,WQ,V)
<P (|{m et : Al (X, W2, V) 2 1/2}| > 2[ulP| AL (Wi, Wa, V) Wi, W2, V)
< exp {— [n/ (6 C2FAR) (W, WQ,V))J AW (W, Wy, )/3} <exp{1-n/(18-2%)}.
By the law of total probability and a union bound, there exat evenHT(,fr)L with
P(Ep, (6,) N HP (1/32) N HE \ HY) < d - exp {1 —n/ (18 : 23)}
such that orE,,,, (6,) N HY) (1/32) nHY) n =YY vk e {1,...,d},

Hm U™ AM (X, Wa, V) > 1/2}‘ <|n/(3-2%)].
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In particular, this implies that on this event, the¢ n” condition in Step 6 of Subroutine 1 is redundant while d, so that
every time the algorithm reaches Step 9 wiiile: d, we haveA!r (Xm, Wa, V) < 1/2. Combined with LemmEl8, this
implies that on the everdt,,, (6,)N "N Hﬁfﬂ (1/32)N Hr(,fz N Hf,‘,%zy, every value ofn for which the algorithm reaches

Step 9 whilek < d hasl'ly (X, —hi (X)), Wa, V) < T8 (X, B (Xom), Wa, V), SO thati = hi_ (Xn). In

ny - DXY
particular, this means that., (k5. ) = 0 for everyk < d.

Finally, by Lemmag1 arid 7, on the event,, (6,) N H' N a (1/32) N H,(;:’) we have

AWD (Wy, Wy, V) <D (x po(d, V) > 1/16) +dmt < AG) (¢(my;8,)) + dmi .

Thus, if we definep, (n) = min { {n/ (6 . 9d (5(1/16>(¢(mn;5n)) + 4m;1))J ,n33/32}, we have that on the event

Ep, (6,) N H' N HY (1/32) n HY, |IL;U Q] > ¢1(n). SinceD(d¢h3, ) = 0, continuity of probability measures
implies A1/16)(r) — 0 asr — 0; furthermore, since)(m.,: d,) — 0 asn — oo, we haveA(/16)(¢(m,,;8,)) — 0 as
n — oo. We also havem, ' — 0 asn — oo. Altogether, this implieg; (n) = w(n).

Thus, the requirements ofy,- and Q- in Lemma 1 are satisfied fdr* = d, on the event®,, (4,) N H' N anlz N
Hffi(l/BZ) N Hﬁi N H,(,ﬁ which has (by a union bound)
P (B, (0n) N H' 0 HE 0 HES (1/32) 0 BE) 0 HE))
> 1= (1=P(En,(6:)) = (L=P(H") — (1 = P(H{))) - (1 - P(H (1/32))) - (1 - P(H)))

- ]P(Emn (5n) N Hgi(l/?’% N Hfr?l \ H?Sii)b)
>1—(1/3)exp{—v/n} — c1 exp{—cimn} — c§1/32) exp{—m>5/2'3} — 2d exp{—2m,,} — dexp {1 —n/ (18 : ZJ)}

>1—(4+c + 7 +5d) - exp {—min {0/1/4, 5/2,1/(18 - 2‘5)} \/ﬁ} .

The result therefore holds by taking= min {0’1/4, 6/2'1/(18 - 25)} ande = (4+c1+c$ £ 5d+exp{c'(n*)/2});
(we have in fact proven a slightly stronger result than statd.emma 1, increasing'/? to n'/?). O
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