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1. Introduction

Active learning is a sequential design protocol for supervised learning problems, in
which a learning algorithm initially has access to a pool of unlabeled data (i.e., just the
covariates X; are observed), and may then sequentially select instances X; from that
pool and request the values of the corresponding labels (response variables Y;), one at
a time. The objective is to learn a low-risk predictor f mapping any X to an estimate
of the corresponding Y. We are interested in bounding the achievable guarantees on
the risk as a function of the number n of label requests. Such a bound is particularly
interesting when it is significantly smaller than the analogous results obtainable for
n random (X,Y’) samples (a setting we refer to as passive learning). In the present
work, we focus on the case of binary classification (i.e., pattern recognition), where
Y € {—1,1}, and the results established here are proven under the assumptions that the
regression function is smooth and satisfies Tsybakov’s noise condition, and the density
of X satisfies the strong density assumption (bounded away from 0 on its support,
which is a regular set).

The practical motivation for using active learning is that, in many applications of
supervised learning, the bottleneck in time and effort is the process of labeling the col-
lection of unlabeled samples. For instance, if we desire a classifier to automatically
label webpages by whether they are about politics or not, we can very easily obtain a
large collection of webpages (X; samples), but to annotate them with the corresponding
labels Y; (whether they are about politics or not) requires a human labeler to read the
pages individually and provide the corresponding label. Obtaining the required large
number of such labeled samples necessary to train a modern high-dimensional clas-
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sifier can be an extremely time-consuming process. The hope is that, by sequentially
selecting the samples X; to be labeled, we can focus the labeler’s efforts on only the
most informative and non-redundant samples given the labels he or she has already
provided, and thereby reduce the total number of labels required to train a classifier of
a desired accuracy.

The objective in this work is to propose an active learning strategy that is practical,
general, and can provide near-optimal rates of convergence under standard conditions.
Toward these ends, we present a general abstract method for active learning, which
can be instantiated in a variety of natural ways by specifying various subroutines. The
method is based on the idea of using label requests for samples in local neighborhoods,
and performing sequential hypothesis tests to identify the sign of the regression func-
tion in those neighborhoods. We find that having these kinds of well-placed tightly-
clustered pockets of labeled samples can be more valuable to a learning method than as
many random samples. However, if the labels in some regions are very noisy, then we
must be careful not to exhaust too many label requests in those regions. For this reason,
we employ a cut-off, so that if the sequential test does not halt within some x number
of label requests, we simply give up on identifying the optimal classification in that
region. We also allow this cut-off  to vary over time as the algorithm runs. We refer to
the resulting method as using a Tiered Cut-off in a Test for the Optimal Classification,
which admits the convenient acronym TICTOC.

The present work instantiates this general approach for the specific scenario of learn-
ing under a Holder smooth regression function. We select the locations of the local
neighborhoods by using estimates of the regression function at previous locations, to-
gether with the smoothness assumption, to identify a random location at which the
optimal classification cannot already be inferred from the data collected so far. We
then use the above TICTOC strategy to attempt to identify the optimal classification at
the selected location, if possible, with a number of label requests not exceeding a well-
chosen cut-off value. This repeats for a number of rounds until we reach a set budget
on the number of label requests. At that point, we construct a classifier based on the
inferred optimal classifications at the chosen locations. Specifically, we use these as a
training set in a nearest neighbor classifier.

We prove that, under the assumption of a Holder smooth regression function, to-
gether with Tsybakov’s noise condition and an assumption that the density of X is
bounded away from zero and has regular support, this method obtains the minimax
optimal rate of convergence in expected excess classification risk (up to log factors), in
terms of the allowed number of label requests n. Furthermore, this minimax rate can be
significantly faster than the corresponding optimal rate of convergence achievable with
n random labeled samples (i.e., passive learning), established by Audibert & Tsybakov
[1].

2. Main Results

To state the results formally, we first introduce a few basic definitions. Let (X, p) be
a metric space, where X is referred to as the instance space, and is equipped with
the Borel o-algebra generated by p to define the measurable sets. Let Y = {—1,1}
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denote the label space. For any probability measure P over X x ), and (X,Y") ~ P,
denote by n(z; P) = E[Y|X = z], the regression function at the point z € X, and
[F(x) = sign(n(x; P)) € Y, the optimal classification at x. Also, for any measurable
f+ X — Y (called a classifier), denote R(f; P) = P((z,y) : f(z) # y), the
error rate (or classification risk) of f. Also, we generally denote by Px the marginal
distribution of P over X.

In the learning problem, for some u € N, there is an implicit (X x ))*-valued
random variable Z,, = {(X1,Y1),..., (X4, Y,)}: the data. The active learning setting,
described informally in the previous section, may then be formalized as follows. An
active learning algorithm is an estimator, taking as input a label budget n € N, and
which is permitted access to the data Z,, via the following sequential protocol. Initially,
only the unlabeled data X1, . .., X,, are accessible to the algorithm. The algorithm may
then select an index 7; € {1,...,u} and “request” access to the associated label Y;, ,
the value of which it is then permitted access to. It may then select another index
iz € {1,...,u} and “request” access to Y;,, and so on. This continues for up to n label
requests. To be clear, if the algorithm requests the same label Y;, twice, the second
request is redundant (i.e., there is only one copy of each label). Finally, the algorithm
produces a classifier fnu We denote by A, the set of all active learning algorithms.

For the sake of comparison, we will also discuss passive learning algorithms, which
produce a classifier f based on n labeled samples: (X1,Y1),...,(X,,Y,). To unify
the notation, for our purposes we can equivalently define a passive learning algorithm
as a special type of active learning algorithm, which for any n < wu, always chooses
iy =t fort € {1,...,n}, and has no dependence on {X; : i > n} (though this last
part can be removed without affecting the claims below). We then denote by A, the set
of all passive learning algorithms.

For a given distribution P, we will be interested in guarantees on the error rate
R( fmu; P) of the classifier produced by a given active (or passive) learning algorithm,
under the condition that Z,, ~ P“. To express such guarantees, for any A, € A, and
n,u € N, define the random variable R(n, u; A,, P) as the value R(fnu, P), for fnu
the classifier returned by A, (n) when we define Z,, to have distribution P".

As mentioned, in this article, we are interested in the achievable risk guarantees
under certain assumptions on the distribution P. These assumptions are taken directly
from the work of Audibert and Tsybakov [1] (who determine the optimal rates for
passive learning under these assumptions). Specifically, we work under the assumption
that the regression function is Holder smooth, and that P satisfies Tsybakov’s noise
condition, along with an additional assumption on the density function of the marginal
Px. Although the method presented below should often be reasonable under some
suitable generalization of these conditions to general metric spaces, for simplicity we
state the theoretical results for the specific case where X = R, for any d € N, with p
the Euclidean metric. The assumptions are formalized as follows.

Holder smoothness assumption For any finite constants 5 € (0,1] and L > 1,
define the Holder space ¥(L, 3) as the set of functions f : X — [—1,1] such that,
Vo, 2’ € X,

F(@) = ()] < Lo(z,2').
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Holder spaces commonly arise in the literatures on nonparametric regression and den-
sity estimation, as they provide a natural and well-quantified notion of smoothness for
a function. See, for instance, [1, 7, 21, 24], for further discussion of the properties of
Holder spaces, and their relevance to nonparametric statistics.

Strong density assumption Let \ denote the Lebesgue measure on R?, and for any
z € X and r > 0, denote B(z,r) = {2/ € X : p(x,2") < r}. For ¢o,79 €
(0,1], we say a Lebesgue measurable set A C R? is (cg,rq)-regular if Yo € A,
Vr € (0,70, A(ANB(x,7)) > coA(B(z,7)). For constants fimin,co,m0 € (0,1],
let SD(fmin, co, 7o) denote the set of probability measures P over R? having a density
p with respect to A with (cg, rg)-regular support supp(p) = {z € R? : p(x) > 0},
which satisfies p(2) > fumin for all z € supp(p). The distributions in SD(ttmin, o, 7o)
are said to satisfy the strong density assumption. We note that this is actually a slightly
weaker version of this assumption than originally studied by Audibert and Tsybakov
[1]; however, one can easily verify that the result attributed to that work below (namely
(1)) remains valid under this weaker version.

Tsybakov’s noise assumption Finally, we will quantify the noisiness of the distri-
bution P using Tsybakov’s noise condition. Specifically, for constants a € [1, 00) and
a € (0,1), let TN(a, ) denote the set of probability measures P over X' x ) such
that Ve > 0,

Px(z:|n(z; P)| <e) < aTEeTw

This convenient condition (in various forms) has been studied a great deal in recent
years, in both the passive and active learning literatures (e.g., [4, 5, 9-13, 15, 17—
20, 22, 25]). Various interpretations and sufficient conditions for this assumption have
appeared in the literature. In combination with the other assumptions above, it can of-
ten (very loosely) be interpreted as restricting how “flat” the regression function n(-; P)
can typically be, near the decision boundary of f7: larger v values indicate that (z; P)
typically makes a steep transition as it changes sign (i.e., as x approaches the decision
boundary), while smaller «v values allow for 7(z; P) to hug 0 more closely as = ap-
proaches the decision boundary. See the above references for various alternative forms
of the assumption (some stronger, some weaker), and further discussions of sufficient
conditions for it to holds.

We will be interested in distributions P satisfying the above conditions. Denote
== (0,1]x[1,00)x(0,1]3x[1,00)x (0, 1). Forany £ = (83, L, finin, €0, 0, @, @) € =,
let us denote by P(&) the set of all probability measures P over X' x ) contained in
TN(a, «), with marginal Py contained in the set SD(min, o, 70), and with regression
function 7(-; P) contained in X(L, ). Audibert and Tsybakov [1] have established
that, V¢ = (8, L, ftmin, Co, 70, @, ) € =,

inf  sup E[R(n,u; Ay, P)]—R(fp; P) = @(n_m) . (1)
Ap€Ap peP ()

In contrast, the following is the main result of the present work, establishing an im-

proved optimal rate for active learning methods. In particular, we will show that this

rate is achieved by a simple method presented in Section 4, based on the TICTOC strat-

egy sketched above.



Nonparametric Active Learning 5

Theorem 1. For any & = (3, L, fimin, Co, 70, @, @) € E satisfying 19 <

s

i

~ s
inf inf sup E[R(n,u;A., P)] —R(fp; P :@(n_@ﬂ“)(l*w)*aﬂ).
il inf sy EIR( )~ R(f5:P)

~ (28+d)(1—a)
Furthermore, this rate remains valid with v bounded by an O(n <25+d><1*a>*aﬁ) se-
quence.

Note that this represents an improvement over the rate (1) established by Audibert
and Tsybakov [1] for passive learning. The lower bound in Theorem 1 was previously
established by Minsker [19, 20]. An upper bound, matching up to logarithmic fac-
tors, was also established by Minsker, but under stronger assumptions on P, and via a
somewhat more-specialized method (though, interestingly, also allowing an extension
to Holder classes with higher-order smoothness, beyond what is studied in the present
work). The main contribution of the present work is therefore to develop a simple and
general method, and a corresponding analysis establishing near-optimality under the
above conditions (without additional restrictions). The hope is that this method is sim-
ple enough that it (or a suitable variant of it) may actually be useful in practice.

To be clear, the asymptotic notations O(f(n)) and O(f(n)) treat all values except
the number of labels n as constant. The same will be true of asymptotic claims below
involving a variable ¢ taken to approach 0. Also, the modifications O and © indicate
that there may be additional logarithmic factors. The actual logarithmic factors ob-
tained in the upper bound will be made explicit in Theorem 2 below.

We can equivalently express Theorem 1 as a result on the sample complexity (and
indeed, this is the form in which we prove the result below). Specifically, for the active
learning method 4, = ActiveAlg introduced below, there are values n and u sufficient
to achieve E[R(n, u; Ay, P)] — R(fF; P) < e, which satisfy

wwof(9) -o[(9

) (2B+d)(1-a)
- 7
u=0 —

€

Theorem 1 further implies that a value of n of the above form is minimal such that
the minimax expected excess risk of active learning is bounded by e. Furthermore,
from (1), we see that a value of u of the above form is also minimal such that the
minimax expected excess risk of passive learning is bounded by € when n = w [1]. This
indicates that the active learning method below effectively achieves the same excess
error guarantee £ as an optimal passive learning method that requires all u samples
to be labeled, but does so while requesting only an O(s"‘) fraction of these u labels.
Interestingly, this is precisely the same type of improvement of active over passive
achievable (at best) in the case of learning with general VC classes [13].

ot 2D =)

and
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3. Relation to Prior Work

The subject of optimal rates of convergence in classification under smoothness condi-
tions on the regression function was studied by Audibert and Tsybakov [1], with the
motivation of providing an analysis of plug-in learning rules: that is, classifiers that pre-
dict according to the sign of an estimate of the regression function. They established a
general result for such plug-in rules, whereby one can convert rates of convergence for
a tail bound on the point-wise risk of a regression estimator into results for the classifi-
cation error of the corresponding plug-in classifier, under Tsybakov’s noise condition.
Plugging in such a bound for an appropriate nonparametric regression estimator, hold-
ing under the above assumptions on the regression function 7(-; P) and density of Py,
they immediately arrive at the upper bound in (1) above. In addition to (1), they also
establish an extension of this result for Holder classes with higher-order smoothness:
that is, with bounded derivatives up to a given order, and the Holder smoothness con-
dition above holding for the derivatives of that order. They additionally study weaker
forms of the density assumption SD(ftmin, Co, 7o), though the resulting optimal rates
are slower in that case. The present work leaves open the interesting questions of ex-
tension of Theorem 1 to include higher-order smoothness assumptions or the “mild”
density assumption of Audibert and Tsybakov [1].

Gyorfi [8] has proposed a generalization of the Holder smoothness assumption, in
the context of analyzing k-nearest neighbors regression and classification estimators.
Specifically, he defines a notion of smoothness of 7)(-; P) relative to the marginal dis-
tribution Py, based on the difference between 7(x; P) and the average value of n(-; P)
in a ball B(z, ) if a given probability. This generalization admits a much greater vari-
ety of distributions P, while retaining the essential features of the Holder smoothness
assumption needed for the analysis of many nonparametric regression estimators such
as the k-nearest neighbors estimator. Chaudhuri and Dasgupta [6] have recently car-
ried out a very general (and fairly tight) analysis of the k-nearest neighbors estimator
in general metric spaces. They also propose a generalization of Gyorfi’s smoothness
condition to general metric spaces, and discuss the implications of their general analy-
sis under this condition. In particular, their bounds imply that the k-nearest neighbors
classifier achieves a rate of convergence on the order of (1) in the special case of the
conditions stated in the previous section. While the method proposed in the present
work is well-defined for general metric spaces, and appears to be quite reasonable
in that setting when the regression function is smooth in that metric, our analysis is
restricted to the specific setting of the Euclidean metric on R? for simplicity. Further-
more, we leave for future work the problem of instantiating the general method in a
way that admits analysis under the more-general Px-relative smoothness assumptions
studied by [6, 8].

In the context of active learning, Minsker [19, 20] studies a setting close to that
described above, and establishes an optimal rate of the same form as that in Theo-
rem 1. Indeed, as mentioned above, the lower bound in Theorem 1 is directly supplied
by Minsker’s result. However, due to his reliance on more-restrictive assumptions, the
upper bound above does not follow from that work. Specifically, Minsker assumes
P € TN(a, o) and n(-; P) € (L, [3) as above, plus an assumption on Px that can be
viewed as analogous to the strong density assumption above. However, he also makes
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an assumption on 7(-; P), relating the Lo and L., approximation losses of certain
piecewise constant or polynomial approximations of 7(+; P) in the vicinity of the op-
timal decision boundary. This assumption is quite specific to the requirements of the
analysis of the active learning method proposed in that work. As such, one of the con-
tributions of the present work is establishing these upper bounds under the original
assumptions of Audibert and Tsybakov [1], without additional restrictions. In addition
to this, the method proposed below seems to enjoy some practical advantages, in its
simplicity, and its milder reliance on the specific assumptions of the analysis. Interest-
ingly, unlike the present work, Minsker [20] also establishes a result under the higher-
order smoothness assumptions studied by Audibert and Tsybakov [1]. Whether or not
these rates for active learning with higher-order smoothness remain valid, without the
additional restrictions of [20], remains an interesting open question.

In a recent article, Kontorovich, Sabato and Urner [16] propose an active learning
method, which bears a number of similarities in its form to the method presented below.
Like the method below, it is based on using a number of label requests in local regions
to attempt to identify the optimal classification. Additionally, the final classifier pro-
duced by both methods is based on a nearest neighbor rule, constructed by using seed
points and inferred region classifications. However, the details of the setting, analysis,
and results are entirely different from the present work, and the method differs from
that discussed here in a number of important ways. In particular, the method of Kon-
torovich, Sabato and Urner [16] uses the same number of label requests in each local
region, and the locations of the seed points are determined a priori (so as to form a
cover) given an appropriate resolution for the cover. In contrast, the method proposed
in the present work uses sequential tests (modified to involve a cut-off) to adaptively
determine the number of label requests needed for each local region, which is impor-
tant for adapting to the variability in the noise rate across regions, characteristic of
Tsybakov’s noise condition. Furthermore, the locations of the seed points are also cho-
sen adaptively in the method below, effectively allowing the resolution of the cover to
vary per region as needed. One can show that both of these types of adaptivity are nec-
essary to achieve the optimal rate in Theorem 1 (though see Section 5.2 for a related
discussion). However, it is worth noting that the method of Kontorovich, Sabato and
Urner [16] does enjoy the favorable property that it couples well with a model selec-
tion method they propose, and thereby can be made adaptive to the optimal value of a
certain parameter appearing in their results (namely, the resolution of the cover used
to select their seed points for the local regions). It would be interesting to determine
whether a related technique might enable the method of the present work to adapt to
some of the parameters of the assumptions above.

Perhaps the most directly relevant work to the approach proposed here is the anal-
ysis of optimal rates for active learning with general VC classes under various noise
conditions by Hanneke and Yang [13]. The upper bounds established in that work, for
several of the noise models they study, are proven by analyzing a general active learn-
ing method, which can be viewed as a variant of the TICTOC strategy studied in the
present work. There are a number of additional details in that work, necessary for the
method to apply to general VC classes, but the essence of the strategy remains the
same. Indeed, since this strategy appears to yield near-optimal rates for active learning
in a variety of settings, one of the objectives of the present work is to distill this ap-
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proach into a simple and general form, which can then be instantiated in each specific
context by specifying certain subroutines.

4. Active Learning with TicTocC

We now present the abstract form of the new active learning algorithm, for a given n, u,
and Z,,. The algorithm is described in terms of several subroutines (namely, GETSEED,
TicToc, and LEARN), the specifications of which will affect the behavior of the algo-
rithm; we explain the naming and roles of these below. The specific method achieving
the rate in Theorem 1 will be a version of this abstract algorithm, characterized by a
particular choice of these subroutines, as described below. To be clear, all of these sub-
routines are allowed access to X1, ..., Xy, and the TICTOC subroutine makes label
requests as well. For notational simplicity, we make this dependence on X1, ..., X,
implicit, so that these values are not explicitly stated as arguments to the subroutines.

Algorithm: ActiveAlg
Input: Label budget n
Output: Classifier f;, 4.

1.t 0, L« {}
2.Form=1,2,...
Sm < GETSEED(L, m,t,n)
(L, t) <TICTOC(Spm, m,t,n)
L+ LU{($m,Lm)}
Ift=norm=u

Return f,, ,, +~LEARN(L)

N kAW

The general idea behind this approach is that GETSEED chooses indices s,,, of points
X, from the unlabeled pool that seem in some sense informative. These are referred
to as the seeds. These seeds are then given to the TICTOC subroutine, which is perhaps
the most important part of this algorithm. This subroutine is charged with the task of
identifying the optimal classification f5(X,, ) of these seed points, if it can do so
within a reasonable number of label requests. In particular, this step is the source of
the claimed advantages over passive learning, and is the subject of much discussion
and analysis below. The final step then uses the accumulated labeled data set to run a
standard passive learning method, thereby producing the returned classifier.

4.1. The TicToOC Subroutine

Since it is central to the algorithm, being the source of labeled samples used by the other
subroutines, we begin by describing the general form of the TICTOC subroutine. As
mentioned, the TICTOC subroutine is intended to attempt to identify the optimal clas-
sification f5 (X, ) of the seed point X . Generally, the unachievable ideal for this
would be to somehow obtain a sequence of conditionally independent copies of Yy,
given (S, Xs,, ), and then perform a sequential hypothesis test to determine whether
E[Ys,, |(sm, X5, )] is positive or negative. Indeed, if one could somehow obtain such

Sm
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copies (for instance, in the case of Y  being the result of a randomized computer
simulation), the instantiation of this subroutine presented below can be significantly
simplified. However, since such independent copies would not be available in most ap-
plications of active learning, we instead propose using the nearest neighbors of X in
the unlabeled pool as surrogate points. This is reasonable in the present context, given
that we are interested in the case of smooth regression functions 7(-; P). Specifically,
forany x € X and k € {1,...,u}, define

Ni(x) = argmin p(X;, ),
i€ {1, u N\ Ny ():k' <k}

where we may break ties by any (consistent, deterministic) means that depends on x
and the X; sequence (including their indices), but is independent of the Y; sequence
given = and the X; sequence. For completeness, also define, for integers £ > w,
Ni(z) = Ny(z) (or any other arbitrary index in {1, ..., u}). Then we propose to per-
form the same kind of sequential hypothesis test as mentioned above, except instead of
independent copies of Y, , we request the values of Yy, (x, ) fork =1,2,... until
we can determine the sign of (X ; P). We refer to this idea as a Test for the Optimal
Classification, abbreviated TOC, using nearest neighbors surrogate points.

However, we must be careful with the above strategy, since seed points X with
n(Xs,,; P) very close to 0 can potentially require a very large number of label requests
to determine their optimal classifications: roughly proportional to |1(X, ; P)| 2. Ina
sense, this fact is doubly important because points x with 7(z; P) close to 0 are also
less influential to the error rate of a classifier: that is, for a classifier f with a given
value of Px(x : f(x) # ff(x)), the excess error rate R(f; P) — R(fp; P) will be
smaller in the case where the points in {z : f(z) # fF(z)} have n(x; P) close to 0,
compared to the case where these points have 7)(x; P) far from 0. For these reasons, we
need to modify the above sequential hypothesis test so that it does not waste too many
label requests on such unimportant highly-noisy points. Specifically, we will enforce
a cut-off, such that if the sequential test has not identified the optimal classification
within a given number of label requests (called the cut-off threshold), the subroutine
terminates anyway and returns whatever labeled data it has accumulated.

In the present setting, it turns out it is in fact possible to achieve the near-optimal
rates from Theorem 1 using this combination of a sequential test plus cut-off. However,
in many other settings, such as the analysis of general VC classes studied by Hanneke
and Yang [13], an additional modification of this strategy is required. Specifically, if
the label budget allows for it, we want some of the very-noisy points to have accurate
estimates of their optimal classifications, so rather than fixing this cut-off threshold to
be constant, we can instead monotonically vary the cut-off in tiers as the algorithm
proceeds. The effect of this in the overall algorithm is that the set of seed points X
whose test for their optimal classification runs to completion contains a disproportion-
ate number of less-noisy points compared to the P distribution. Though we do not
make use of this latter capability in the present work (instead using only a single tier,
aside from minor adjustments in logarithmic terms), it is worth mentioning, as it can
be a crucial aspect of this strategy when applied in other settings.

Taking the above ideas together, we may concisely refer to this general strategy as
using a Tlered Cut-off in a Test for the Optimal Classification (with nearest-neighbor
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surrogate points), which admits the convenient acronym T1CTOC, from which the sub-
routine takes its name. Formally, the above motivation leads to the following specifi-
cation of the TiICTOC subroutine; we discuss the various quantities referenced in the
subroutine below.

Subroutine: TicTocC
Input: Seed point index s,,, integers m, ¢, n
Output: Labeled data set £,,,, total query counter ¢

1.Lk+0,Ly+{}
2. While k <min{n—t, k(m,sp t,n)t and |3 e r Y| < erC(Lm,Sm,m,n)
3. k+—k+1

4. Request Yy, (x, )andset Ly, < L, U {(XNk(XSm), YNk(Xsm,))}
5.Return (L, t + k)

Appropriate values of the scalars x(m, s,,,t,n) and (L, Sm, m,n) referenced
in the subroutine are generally based on an analysis of the concentration properties
of the sum of requested labels. Generally, we will have {(L,,, Sy, m,n) on the or-
der of \/|L,,|loglog(|£,,|), based on the law of the iterated logarithm. For the spe-

cific method below that achieves the rate in Theorem 1, we will take x(m, s,,,t,n)
2(1—a)B . .
on the order of n@8+d)I-=)=aF  chosen so that points X having reasonably large

|n(Xs,,; P)| values will result in termination due to the second condition in Step 2.
The detailed definitions of these quantities, as used in the analysis, are given below.
The constant cr is generally a numerical constant. For our purposes, it suffices to take
cr = 2, though the general analysis below requires only that ¢z > 1. The general idea
is that, with ¢z = 1, the second condition in Step 2 is strictly providing a sequential
test for the optimal classification of X _ , whereas with ¢ > 1, it provides a slightly
stronger guarantee: a nontrivial lower bound on |n(X, ; P)| when this quantity is suf-
ficiently far from 0.

For the analysis below, we specifically take the following definitions of ¢ and &.
For any = € [0, 00), denote Log(z) = In(max{x, e}). Fix a numerical constant ¢, €
[1, 00); for our purposes, a value ¢, = 9 will suffice. Then for any k, s € N, a € [1, 00),
o € (0,1), and any £,6 € (0,1), denoting 7. = max{e,a'e'~*}, define

: ~ 2ce s>
0, 1fk<clL0g( < )

\/égk‘ (2LogLog(6k:) + Log ( 06532 )) , otherwise

Res(s;a,a) = % (LogLog(C4> +Log< Ces >) ,
e Ve 0
73

where for our purposes it suffices to take ¢; = 17, ¢o = 12, and ¢3 and ¢4 are numer-
ical constants whose sufficient values we discuss below. The specific choice of these
last two constants is only important to the constant factors (some depending on &) in the
bound below. The analysis below is carried out with abstract specifications of ¢3 and
¢4 subject to constraints (see the discussion at the start of Section 5.1). The definition

C(s(k, S) =

and
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of € is inspired by the very-recent work of Balsubramani and Ramdas [3] on sequential
hypothesis testing based on the recently-established finite-sample version of the law of
the iterated logarithm by Balsubramani [2]. ~

For the results established below, we take ((Ly,, Sm,m,n) = (5(|Lm|, $m), and
K(M, Sm, t,n) = Re 5(sm; a, @), for choices of ¢ and ¢ specified in the theorem below.

4.2. Specification of GETSEED

Next, we turn to the specification of an appropriate GETSEED subroutine. There are
many reasonable choices for the GETSEED subroutine, and generally it perhaps makes
the most sense to use another active learning method in this subroutine. In this way,
the above algorithm can be viewed as a technique for helping other active learning
methods handle label noise more effectively. Indeed, a (more sophisticated) variant of
this kind of noise-robustification approach underlies the proof by Hanneke and Yang
[13] that established the minimax rates for active learning with general VC classes. We
now define a specification of GETSEED that is reasonable for our present purposes of
learning under the assumption of a smooth regression function. However, as we also
discuss below, for certain ranges of the parameters (namely, for @ < 2/3), we can in
fact achieve the optimal asymptotic rate with even the simplistic GETSEED that merely
returns a uniform random sample (without replacement) from the unlabeled pool.

The general idea is to base GETSEED on a kind of active learning algorithm, but
one that typically expects the responses to its queries to contain information sufficient
to identify the noise-free f5(X,, ) labels, rather than the usual (noisy) Y;  labels.
However, it should also be tolerant to the possibility that if it chooses a point X thatis
too noisy (i.e., |n(Xs,,; P)| close to 0), then the response might fall short of identifying
this f5(Xs,,) value. In the specification below, GETSEED in fact uses slightly more
information than merely the inferred f7 (X, ) values, using also a coarse estimate
of the magnitude of |n(Xjs, ; P)|. Specifically, for our present purposes, consider the
following definition. For simplicity, define sy = 0, which only comes up in the case
m = 1 (which, in fact, also implies we always have s; = 1 with this subroutine).

Subroutine: GETSEED
Input: Sequence of pairs L = { (S, L) b’ <m. integers m, t, n
Output: Index s,

L. For each m’ < m, define 4, = 17— (‘Z(%y)eﬁm, y| — C(Em/,smf,m’,n)>
2.Fors=s, 1+ 1,8m_1+2,...,u

3. IfPm/ < mst Ay > 0and p(X, ,, X,) < (cgfm /L))"

4. Return s,, = s

5.Return s,,, = u

The constant ¢, will be discussed in the analysis; for our purposes, it suffices to
choose ¢, = 1/8. The essential feature of this subroutine is that it uses the labeled
data sets constructed so far (i.e., the output of previous calls to TICTOC) and calculates
a confidence lower-bound 4,,,» < (X, ,; P)| for each of these previous seed points
(this requires that the critical value ¢ ¢ in TICTOC be defined to give a slightly stronger
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guarantee on } (. v, Y than merely that it have the same sign as f5 (X ), as we
discuss in the analysis below). It then identifies the next point X in the unlabeled data
sequence such that the value of f5(X,) (and indeed, also a lower-bound on |n(X,; P)|)
is not logically entailed from these confidence lower-bounds. This represents the next
point for which we have a certain degree of uncertainty about f7(Xs) (or, more strictly,
about [n(Xs; P)|).

In the event that the algorithm runs out of unlabeled samples, GETSEED will return
in Step 5. This case is completely inconsequential to the result below, and the return
value in Step 5 can be set arbitrarily; we have chosen u as a default return value purely
to simplify the statement of certain results below. In practice, in this event, one might
consider using the remaining label requests in other ways, such as altering the pa-
rameters (e.g., reducing ¢ or 0) and re-cycling through the unlabeled samples to make
additional label requests.

4.3. Learning a I1-Nearest Neighbor Classifier

Finally, we turn to the LEARN subroutine. As with GETSEED, the specification of
the LEARN subroutine generally depends on the learning problem. In the analysis of
general VC classes, Hanneke and Yang [13] found it appropriate to define LEARN as
an empirical risk minimization algorithm. However, for our present context of learn-
ing under the assumption of a smooth regression function, we find it most appropriate
to use a LEARN subroutine that constructs a flexible nonparametric classifier. In par-
ticular, one particularly simple instantiation of the LEARN subroutine is to construct
a l-nearest neighbor classifier, using as data set the points (Xsm,f/ ), for Y, =

Sm m

sign (Z( 2y)ELm y) , for only those s,,, indices for which a sequential test for their opti-
mal classification is able to form a definite conclusion about their f7 value. In our con-
text, this corresponds to those (X, Vs, ) with ‘Z(z,y)eﬁm y| > (L Sm,myn).
Altogether, this would correspond to a kind of locally-adaptive modification of an ac-
tive learning method of [16], enabling it to adapt to local noise conditions in its choice
of queries and placement of centroids. This method is simple in both its form and its
analysis.

Formally, for any ¢t € {1,...,u}, any distinct ji,...,j; € {1,...,u}, and any
Yjrr-- Y5, € Vs for S = {(X;,,y;),-..,(Xj,,y;5)}, and for any z € X, denote

Ni(z;8) = argmin p(X;,z),

Je{in,de}

where we may break ties arbitrarily (but consistently). We then define the /-nearest
neighbor classifier .
fNN(ﬂC;S) = YNy (x;S)-

For completeness, also define fxn(z;{}) = 1 for all . Then consider the following
subroutine.
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Subroutine: LEARN NN
Input: Sequence of (index, data set) pairs L = {($m, Lm) }m
Output: Classifier f

.S+ {}
2.Form=1,...,|L]|

3. If ‘Z(M)Eﬁm y‘ > ((Lns Sm,m,n)
4. Y, ¢+ sign (Z(z,y)egm y)

5. S+ SU{(X,,, Y}
6. Return the 1-nearest neighbor classifier fan(+;S)

In the analysis below, we take LEARN = LEARNnN.

5. Analysis

We now show that the rate in Theorem 1 is achieved by ActiveAlg with the above spec-
ifications of subroutines. Specifically, we have the following result; see the discussion
following the theorem for descriptions of how the numerical constants (c., ¢3, etc.)
should be set for this theorem to hold.

Theorem 2. For any § = (B3, L, fimin, €0, 70, a, ) € Z satisfying 19— < %, there
exist finite constants Cy, Cy > 1 such that, for any ¢, 6 € (0,1/2), for A, = ActiveAlg
(with the above specifications of subroutines), and with (L, ,Sm,m.n) =Cs5(|Lm],5m)

and K(m, Sy, t,n) = Ke 5(Sm; a, ), forany P € P(€) and any n,u € N satisfying

1 2—2a+4(1-a)
€ ed
2-3a+4(1-a)
1 B 1
€ ed

with probability at least 1 — 6, it holds that R(n,u; A, P) — R(fp; P) < e.

and

In particular, this implies that for any ¢ as in the theorem, there exist finite constants
(26+d)(1—a) )
C,C",C" > 0 such that, for any sequence wu,, > C"'n@s+d(-a)-af  letting &,, =

8
c’ (bgi‘%) @PEO0mO=% sing A, = ActiveAlg (with the above specifications of
the subroutines), and with ¢(Ly,, 5, m, 1) = Co, (|Loml, 5m) and &(m, s,,,t,n) =

R;Enxsn (Sm; a, Oé), for any P € ?(6)’

]
1 2 (2B+d)(1—a)—af
E[R(n, tin; Aa, P)] — R(f; P) < C ("g(”)) .

n
The upper bound in Theorem 1 then follows immediately from this, so that (when com-
bined with the lower bound of Minsker [19] discussed above) establishing Theorem 2
will also complete the proof of Theorem 1.
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As discussed by Audibert and Tsybakov [1] and Minsker [19], the restriction in

the theorem to ﬁ < % is merely a convenience. One can in fact show that the

case 19 > % is a fairly trivial case, given the other assumptions above. Specifi-

cally, note that by the strong density assumption and Holder smoothness assumption,
if inf, cqupp(p) [1(z0; P)| = 0, then for all € € (0, 2Lr€], taking any xo € supp(p)
with [n(o; P)| < /2,

Px(x: |n(z; P)| < &) > Px (B (:vo, (6/(2L))1/5)>

> umm/\(B (xo, (6/(2L))1/B) N Supp(p))

/2

s

> lminC A(B(a} ,(e/(2L 1/5)) = lminCo=——————(/(2L d/B,

and therefore P cannot satisfy Tsybakov’s noise condition with a value « satisfying

= > %. Thus, if ;%= > %, then it must be that inf, csupp(p) [7(z0; P)| > 0. In
particular, this would imply that P satisfies Tsybakov’s noise assumption with values
of «v arbitrarily close to 1 (while maintaining that a is bounded, and in particular a <
1/inf, csupp(p) |1(x0; P)|). Nearly all of the analysis below (except only Lemma 11,
due to some minor simplifying calculations in the proof) holds without the restriction to
ﬁ < %. Based on careful examination of the (unsimplified) bound on the number of
queries in the proof of Lemma 11 below (namely, (26)), we may conclude that when o
may be taken arbitrarily close to 1 (while a remains bounded), it is possible to achieve
R(n,u; Aq, P) — R(fp; P) < e with probability at least 1 — J, using any budget
n > CLog?(Z ), for a constant C' depending on d, 3, L, ftmin, co, 7o, and the bound
on a.

5.1. Proof of Theorem 2

We will prove Theorem 2 via a sequence of lemmas. For the remainder of this section,
fix any & = (8, L, ftmin, €0, 70, @, ) € Z and P € P(&), and let p denote the density
function of Px from the strong density assumption. To simplify the notation, we omit
the P argument in certain notation below; specifically, 7)(-) abbreviates 7(+; P), and f*
abbreviates f5. We will in fact establish a slightly more general result, allowing certain
constant factors to be abstractly specified. Specifically, let c. = 9, and fix any finite
constants ¢ > 1, é;,é4 > 0, and Cy, &, Cg,Cp, € € (0,1) such that ¢y (2 — ¢)Co <

1= Co, ¢9(2—0) < 1,6 < 1=Co (14 ¢4(2 = &), Co < @ < 1—c— SEQELI,

~ ~ 469c2,  ~ ~ CoC . .
Gl > 4,63 > max{ fg;g ,cl}, and & > Y212°T For instance, to satisfy these

CoCp
constraints it would suffice to take Cy = 1/8,¢ = 1/16,¢, = 1/4,¢4, = 1/8,¢ =
153/512, cp = 2, é3 = e'4, and &4 = €%, though it should be possible to further reduce
the constant factors in the bound by a more careful choice of these constants. Fix ¢, €
(0,1/2), and let £ (m, Sy, t,n) and (L, Sm, m, n) be as in theorem statement. Also,
for any s € {1,...,u} and k € N, introduce the abbreviations ¢y, = Cs(k,s) and
ks = [Fe,5(5;a,)]. Also recall from above the definition 7. = max{e,a~'e!~*}.
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Lemma 3. There exist finite constants C, Ca, C3 > 1 such that, if

C

Log (3> : 2)
ed

then on an event E of probability at least 1 — §/c., {X1,...,X,} C supp(p), and

forevery s € {1,... u} with |n(X,)| > Cone, for everyi € {1,...,k.}, it holds that
f*(Xnix) = [(Xs) and

Co[n(Xs)| < f1(X)n(Xn,(x.)) < (2= ) [n(X5)];

2B+d) (A=)
B

- - (1
’UJZCl—FCQ <8)

whereas for every s € {1,...,u} with |[n(X,)| < Cove, for everyi € {1,...,kg}, it
holds that
n( X x)| < Co(2 = co)ve-
Furthermore, if (2) holds, then u > kg for every s € {1,...,u}.

Proof. Let p. = (Co(1 — ¢o)v./L)"/? and fix any g € supp(p). Note that the strong
density assumption implies that

Px (B(xo, p)) > Px (B(zo, min{ro, pc}))

> pminA(supp(p) N B(xo, min{ro, pe }))

/J/mincoﬂ-d/2

m min{ro, pg}d.
3

Z NminCOA(B(-IOv min{Tm ﬁe})) =

Also note that, for any s € N, a bit of algebra reveals that

2¢, 52
/{S—1>4L0g< c(ss >

Therefore, by the Chernoff bound, if

I'((d/2) +1) 2
7Td/2 HminCo min{r(% lbe}d

u—1> (ks — 1), “

then with probability at least 1 — §/(2c.s?),
H{Xg:s'€{l,...,u\{s}}NB(zo, pc)| > (1/2)(u — 1)Px (B(zo, pe)) > ks — 1,

where the last inequality is by (3). Furthermore, note that if (4) is satisfied for every
s € {1,...,u}, it follows immediately that u > r forevery s € {1,...,u}.

For any s € {1,...,u}, since the points {Xy : s’ € {1,...,u} \ {s}} are inde-
pendent of X, we may apply the above argument to zop = X, under the conditional
distribution given X, on the event that X, € supp(p). Together with the law of total
probability, the fact that X; € supp(p) with probability one, and the fact that we al-
ways have X € B(Xg, p), this implies that with probability at least 1 — §/(2c.s?),
X, € supp(p) and

HXy s e{l,...,ul} NB(Xs, )| > ks (5)
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By the union bound, this holds simultaneously for all s € {1, ..., u} with probability
atleast 1 — Y. 6/(2ces*) > 1 — §/c.. In particular, for any s € {1,...,u}, when
(5) holds, it must be that

max (X, Xnvy(x,) < Pe.

Together with the Holder smoothness assumption and our definition of p. above, this
implies §
max |n(Xy,(x,)) — 1(Xs)| < Co(1 — é)re. (6)

1<i<kg
Therefore, if |17(X,)| > Co7., thenevery i € {1,..., 4} has
f*(Xs)n(XNi(Xs)) S f*(Xs)n(Xs) + 00(1 - 60)76
< FHX)N(X) + (1= éo)[n(Xe)| = (2 = o) [n(Xs)]
and

FHX (X, x.) 2 [ (Xn(Xs) = Co(l = éo)ye
> [1(Xs)n(Xs) = (1= éo)n(Xs)| = éoln(Xs)l-
In particular, since this last quantity is at least ¢oCov., which is strictly positive, and
since f* (X, (x,)) =sign(n(Xn,(x,))) and f*(X,) € {—1,1}, we have f*(Xn,(x.))

= f*(Xs).
On the other hand, if |n(X;)| < Co7e, then (6) implies that Vi € {1,...,ks},

(X, (x)| < (X)) + Co(l — éo)ve < Co(2 — é0)7e.

To complete the proof, it remains only to argue that there exists a choice of the con-
stants C, Co, C5 so that (2) suffices to guarantee (4) holds for every s € {1,...,u}.

The rest of the proof is devoted to establishing this fact. For any s € {1,...,u}, we
note that
14 I((d/2)+1) 2(ks — 1) - I'((d/2)+1) 2K
md/? HminCo miH{To, pe}d a md/? HminCo min{TOa pe}d ’

and denoting C] = W M“% this is at most

; : 052 1 L g
% <LogLog(C4) +Log(3c 5 )) maxq —, <v - > .
V2 Ve 0 5 \Co(1 — ¢o)e

Letting C} = w, Ccl = LogLog(W) + Log(3ce), and C) =
"o

2,.28+d
L2rg

d

d B ..
C’{a2+5 (é (1L 2 )) , the above expression is at most
0 —Co

C4C4 + 2C5Log (%)
max (28+d)(1—a)

A (LogLog(%“) + Log(‘%eT“z))
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Furthermore (see e.g., Corollary 4.1 of [23]), u is guaranteed to be at least this large as
long as it satisfies

2C4C4 + 4C3Log(C) + 4C4 In(%)
2 d)(1—a /
20y (1) (%) +gm(y)

where C = 3c¢.¢4¢4(C})? and C} = (1 + W) Since the terms in this
maximum are both nonnegative, we can upper bound its value by the sum of the two
terms. Thus, the lemma follows (Witl{ some loss in the constant factprs compared to the
above sufficient size of u) by taking Cy = 2C5C% +4CLog(C%), Cy = 4CH+2CC§,
and Cy = (C1)Y/%. O

U > max

The next lemma follows immediately from Theorem 4 of Balsubramani [2], a finite-
sample version of the law of the iterated logarithm for martingales. Its statement is
included here for the purpose of self-containment of this article; the interested reader
is referred to the original article of Balsubramani [2] for the proof.

Lemma 4. Let by, bs, . .. be finite positive constants, and let { M, }5° , be a martingale
such that My = 0 and V't € N, lMt — M;_1| < by. Forany 6’ € (0,1), with probability
at least 1 — §', ¥Vt € Nwith Y., b? > 173L0g(%),

1=1"

; t
3 2
) . LR ot =) ).
M| < ,|3 <i§_1 bl> <2LOgLOg<2max{Mt|,bt} 2 bl> +L0g<5,>>

We use this lemma to establish the following result.

Lemma 5. For each s,k € {1,...,u}, define

k
* * ]- ].
Vsk = (f (Xs)% ;YM(XS)> - %Ck,&

There is an event Es of probability at least 1 — 46 /c. such that, if u satisfies (2), then
on Ey N Ey, foreverys € {1,...,u} and every k € {1,...,ks}, each of the following
claims holds:

° If|77(Xs)| > 0076, then

(2 = co) In(Xs)| > V5 k- )
e For every finite ¢ > 1, if |n(X,)| > Coy. and Zle Yn,(x.)| = Ck,s» then

c—1

o> C X)),
Yok = C+100|77( s) ®)
i Ifln(Xs)| < C’O’Vs, then
1< 1
T ZYNi(XS) - %Ck,s < Co(2 = ¢o)Ye- )
i=1
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Proof. Suppose u satisfies (2) and fix any s € {1,...,u}. First note that, under the

conditional distribution given X1, ..., X, the sequence
k
M= (Ynx.) — 1(Xn.(x.)):
i=1
ke {1,...,ks}, forms a martingale (with the convention My = 0), satisfying | M}, —

My,—1| < 2. Therefore, applying Lemma 4, together with the law of total proba-
bility, we have that, on an event Es  of probability at least 1 — 2§/(c.s?), every

ke{l,...,ks} withk > 1%?’Log<%) satisfies

k 2
CeS
> (v, — 1w, x| < \/ 121 (2LogLog(6k) + Log ) ).
i=1
By our definition of ¢ , this implies that on Es s, every k € {1,..., ks } satisfies
k

D> (Vnxa) = (X n,x.)| < Crose (10)
i=1

Note that the left hand side of this inequality equals

k
(f*(XS)ZYNi(Xs)> (Zf (X, (x, )))‘

Therefore, (10) implies that, on Es g, every k € {1,..., K} satisfies

k k
1 N 1 1 N
%Z XN (X )) (f (Xs)kZYNi(XS)> - %Ck,s = Vs, k-
=1 =1

Furthermore, Lemma 3 implies that, on F, if |7(X,)| > Co7e., then the leftmost
expression above is at most (2 — ¢g) |7(X5)|, so that (7) holds.
In the other direction, (10) also implies that, on E5 4, every k € {1,..., ks } satisfies

k
X)) Vx> (Zf* n(Xn;(x, ))) Chs-
i=1

Lemma 3 then implies that, on Ey, if [n(Xs)| > Coe, then the right hand side of this
inequality is at least k¢o|n(Xs)| — Ck,s, SO that

k
X)) Vx> kéoln(Xo)| = Crs- (11)

In particular, since kéo|n(Xs)| > 0, (11) implies f*(X5) Zle Yn,(x.) > —Ch,s» OF
equivalently — f*(Xy) Zle Yn.(x.) < Ck,s- Thus, since

k
ZYN (x| = max{ Z Y (x.), —f(Xs) ZYNi(XS)} )
i=1

=1
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if [0 YNI_(XS)‘ > G and (11) holds, then it must be that [S1, Vi, cx.)

1 (Xs) Zle Yn,(x,)- We therefore have that, if
¢ > 1) and (11) holds, then

1 2 1 c—11
* = *XS - Y - - 7 S 1L S
ik (f ( )ki; Nl(XS)> 1S T ok
k
1 2c 11
> (f*(Xs)k E :YNi(XS)> - c+1kc ( ZYN (X )> Jrlkas
2 c—11
= 1—
< C+1) < E YN ) +1kas’

and (11) implies this last expression is at least as large as

2 1
(1= 225 (st - 16us) + S a6 = STt

Altogether, we have that on the event £y N Es g, if |n(X;)| > Coe, then every k €
{1,..., ks } with ‘Zle YN,:(XS)‘ > (. s satisfies (8).
Finally we turn to establishing (9). For any k € {1, ..., ks}, (10) also implies

k k k
> Ynx %ZU(XNI-(X Z (X, (x)l
=1 =1 i=1

Lemma 3 further implies that, on By, if |n(X,)| < Coye, then every i € {1,...,k}
has |17(Xn;(x.))| < Co(2—¢)7e. Altogether, we have that on Ey N Es . if |(X,)| <
Core. thenevery k € {1,...,r,} satisfies (9).

The result now follows by defining E5 = (._, E» , which has probability at least
1—>""_26/(ces?) > 1 —45/c. by the union bound. O

> (s (for any

k
i=1

??'M—‘

1
ECk,s <

T =

Lemma 6. Let L denote the final set L in ActiveAlg(n) ( with subroutines as in The-
orem 2), and let S denote the final set S in LEARNlNN( ). If u satisfies (2), then on
Ey N By, every (X,,Ys) € S with |n(Xs)| > Cone has Yy = f*(X,).

Proof. Note that every (X, Y&) € Shas s equal to some s,,, for some m encountered
in the execution of ActiveAlg(n), and furthermore (by definition of LEARNNN), these
values s,,, satisfy

Z y 2 C‘L"'mlvs'm'
(z,y)€ELM

Also recall (from the definition of TICTOC) that £,,, = {(XN,;(XSMM Yni(x.,)) 1<
|L]} and |£,,| < Ks,, for each such m. Thus, by taking ¢ = 1in (8), Lemma 5 implies
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that if w satisfies (2), then on E'; N Es, for each of these values s,,, with (Xs,,,Ys, ) €
S,if |n(Xsm)‘ > Coe, then

1 1
f* Xsm, T Y - 7< m|,Sm Z 0.
Koz, 2, V) e

y)ELM

In particular, since \ElT\QﬁmLSm > 0, this implies (f*(Xsm)Tlm\ D w)elm y) >0,

which means Sign(z(z,y)eﬁm y) = f*(X,, ), and therefore Y, = f*(X, ), as
claimed. O

Lemma 7. Foreach s € {1,...,u}, define

4égck } ( (\/24620T) (30652>)-‘
s = | ma < 5,C LogLo — | + Lo )
@ [ X{ca|n<xs>|2 vy \Lostes| Z o) Tloel 7

with the convention that Qs = co when 1(X) = 0. There is an event Es5 of probability
at least 1 — 20 /c. such that, if u satisfies (2), then on E1 N Es, forevery s € {1,...,u}
with |n(Xs)| > cye (for ¢y defined above, at the top of Section 5.1), for everyt,m € N,
the pair (L,t') that would be returned from TICTOC(s, m, t,00) satisfies t' —t < Qs
and

Z Y| = crcys-

(z,y)eL

Proof. Suppose u satisfies (2) and fix any s € {1,...,u}. Recalling that ¢;, > Cj,
Lemma 3 implies that on Ey, if |n(X)| > cp7e, then every ¢ € {1,... K} has
[ (Xon(Xn,(x.)) > ¢o|n(Xs)|. Also note that, by our choice of the constants ¢; and

&, and the fact that 7. < 1, if [(X,)| > c372, then Qy < ks and Qy > z:lLog(%).
Therefore, by applying Hoeffding’s inequality under the conditional distribution

given Xy,..., X, together with the law of total probability, there is an event Fs g
of probability at least 1 — §/(c.s?) such that, on Ey N E3 g, if [n(Xs)| > cpye, then

Q. .
PO Yo 2 aliCo)ie - 2e.m(%5). a2
=1

Note that if (), satisfies

2
0 g (255 or s (55)) )
0 s

then the right hand side of (12) is at least

cr \/EQQS <2LogLog(6Qs) + Log (6?2 )) = crCQ,.s-
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By a bit of calculus to handle the LogLog term, one can verify that () indeed satisfies
the inequality (13); in fact, its definition is primarily motivated by this inequality, aside

. ~ 2 . .
from the ¢; term which guarantees Qs > ¢ Log (QCTS) In particular, this means that

(12) implies )2?:1 YNi(XS)’ > crCQ, s-
Thus, on By N Es, if [n(Xs)| > ¢bve, then denoting by ks the smallest k €
{1, 5o} with k> & Log (257 ) and ‘Zle YNi(XS)‘ > ¢7(p.s, we have that such

a k, exists and satisfies ks < Q¢ < k. It follows that, for any ¢, m € N, the execution
of TICTOC(s, m, t,00) terminates with k equal this k value, and therefore the returned
pair (£,t') hast’ —t = |£]| = ks < Qs and

> -

(z,y)eL

> CTCks,s = CTC|E|,5-

ks
ZYNi(Xs)
=1

The proof is completed by defining E3 = (._, E3_s, and noting that this has prob-
ability atleast 1 — Y%, §/(ces?) > 1 — 28/c. by the union bound. O

Lemma 8. Denote p. = (¢v./L)"/? (for ¢ as defined at the beginning of Section 5.1),
/2 .
and define q. = T2y 1) HminCo min{rg, p. /2}% and

o= (55))
=0 qe qe0 '

Ifu > s. g, then there is an event E4 of probability at least 1 — § /c., on which

sup min p(zg, Xs) < pe. (14)
zoEsupp(p) s€{1,...,5¢,5}

Proof. Letxy,...,x) denote a maximal (p./2)-packing in supp(p) under the metric
p: that s, a set of points in supp(p) of maximal cardinality such that min;«; p(z;, z;) >
pe/2. Then (as is well known, e.g. [14]) it also supplies a (p. /2)-cover of supp(p): that
is, supp(p) € U, < B(@i, pe/2). Therefore, by the triangle inequality, to satisfy (14)
it suffices to have -

(Xo, o X s hn{z e X ip(z, @) < pe/2} #0

foreveryi € {1,...,M}.
Now, for any constant ¢ € (0, 1/2], by the strong density assumption (which also
implies Py is absolutely continuous with respect to \), Vi € {1,..., M},

Px (z: p(x,x;) < cpe) = Px(B(24,¢pe)) > pranin A(B(24, ¢pe) N supp(p))
> fiminCoA(B(z;, min{ro, cpe })) > (2¢)%.. (15)
In particular, with ¢ = 1/4, (15) implies that every ¢ € {1,..., M} satisfies

Px(z : p(x,z;) < p-/4) > 27%.. Furthermore, since x1,...,7y is a (p./2)-
packing, the triangle inequality implies the sets {z : p(z,x;) < p./4} are disjoint
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overi € {1,...,M}. Thus,

1> Px U {z:p(z,2)<p:/4} | = Z Py (z:p(x, ;) <pe/4) > M2,
i<M i<M

from which it immediately follows that M < 2

Additionally, with ¢ = 1/2, (15) implies that each ie{l,..., M} satisfies Px (x
p(x, ;) < pe/2) > qe. Therefore, minge gy, . 51 p(24, Xs) < p5/2 holds with prob-
ability at least

0qe
2dc,

1—(1—¢)™° >1—exp{—qescs}>1—

Finally, by the union bound, minge(i,.. 5. ;3 p(2i, Xs) < pe/2 holds simultaneously
foralli € {1,..., M} with probability at least 1 — 5q5 M>1- - O

Ce’

Lemma 9. Let S be as in Lemma 6. Let 1 denote the random variable representing
the final value of m upon termination of ActiveAlg(n) (due to satisfying the condition
in Step 6). If u satisfies (2), on the event 4y N o N E3 N By, if 53, > Sc5, then for
every xo € supp(p) with [n(zo)| = 7.,

Fan(zo; S) = f*(w0).

Proof. The claim is vacuous if © < s. 5 (since the definition of GETSEED implies
Sm < u), SO suppose u > s 5. Also suppose u satisfies (2), that the event £y N Ey N
EsNE, holds, and that s;, > s, 5. Fix any xg € supp(p) with [n(z¢)| > . and denote
by s(z) = argmin, ., , p(Xs,20). By Lemma 8, we have p(2o, Xs(z,)) < pe. The
Holder smoothness assumption then implies [1(X(4,)) — 7(z0)| < ¢7ye, which entails

(1 =2)ve < n(xo)| — eve < IN(Xs(wo))| < [n(z0)| + E7e < (14 ¢)|n(wo)|- (16)

Since s(z9) < Se.s < Sm. there is a (unique) index m for which s takes the value
s(x) in the execution of GETSEED(LL, m, ¢, n) during the execution of ActiveAlg(n);
denote this unique index as m(x). Now there are two cases to consider. First (case 1),
if 5p(20) 7 S(0), then Im’ < m(xg) with 4,,,» > 0 and

P(Xs, s Xs(ao)) < (cgm/L)P. (17)

Note that we always have |£,,/| < kg .

Now, if it were true that |(X,, ,)| < Co7e, then (9) of Lemma 5 would imply
Amr < 6’0(2 — ¢p)7e. Together with the Holder smoothness assumption and (17), this
would imply

IN(Xs(wo))| < IN(Xs, )|+ ¢4Co(2 = E0)7ve < (L+¢4(2 — &) Cove < (1= 2)7e,

where this last inequality is based on the restriction on ¢ discussed above, at the start
of Section 5.1. But since (16) implies [(X(5,))| > (1 — €)7e, this would obtain a
contradiction.
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We may therefore conclude that |1(X, ,)| > Cov.. Combining this with the fact
that 4,,,» > 0 (and the fact that £,,,, = {(XN (X., ) YN (., ,)) 24 < |Lpy|}, from
the definition of TlCTOC) (8) of Lemma 5 (with c= 1) 1mp11es 7 L] > 0. Since
Am 18 equal either e, Or %7,7'& allys ,|C|L i ,,and at most one of

m m

these can be nonnegatlve the facts that Yms > 0 and ¥ g, | > 0 together imply

Sm/’s

that 4,,,, = 7} VL Combining this with the fact that [n(X, ,)[ > Cove, (7) of
Lemma 5 implies 4,,,» < (2 — ¢o)|n(X5s,,,)|. Plugging this into (17) yields
P( Xy Xoan) < (e(2 = ) In(Xs,)I/ D)V (18)
By the Holder smoothness assumption, this implies
N(Xs@o)) | > [1(Xs,, )| = ¢q(2 = Go)[n(Xs,, )| = (1 = ¢g(2 = o)) In(Xs,,, )]

Recalling that ¢, (2 — ¢) < 1 (from the definitions of these constants at the beginning
of Section 5.1), and plugging this back into (18), we obtain

cg2—c0)  In(Xa@o)) |\’
1-— 09(2 — é()) L '

p(Xsm/ ) Xs(a:o)) < (

Together with (16), this implies

e o (o[ /3
P(Xe s Xogany) < ( 91(2_ cg(og)(_lz;)) U(Lo)|) .

By the triangle inequality, we therefore have that
p(xoa Xsm/) < p(xo, Xs(wo)) + p(Xsm/ ) Xs(mo))

cg(2 = &) (1 + ) |n(ao)|\*
<%+(1%&%) LO> :

19)

On the other hand (case 2), if s5,,(5,) = s(w0), then since p(z0, X(z,)) < pe. it
trivially follows that p(zo, Xsm(mo)) is less than (19). Thus, in either case, Im < m
such that p(xg, X, ) is less than (19). Plugging in the definition of p,, together with the
fact that |1(zo)| > 7., and using monotonicity of the £, norm in p (more specifically,
(|2|*? + |y|'/#)? < |x| + |y for any z,y € R), we have that

ple0, Xz,) < (c'”“”“)')l/ﬂ (2= n(:co)l)”ﬁ

L 1—c,(2-¢) L
< (e e |7I(zo)|>1/ﬁ_ o

Together with the Holder smoothness assumption and the fact that |n(zg)| > e, this
implies

Ve 2> CbYes 210
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where this last inequality follows from the restrictions on these constant values dis-
cussed above (at the top of Section 5.1).

Now let ¢,,, denote the value of ¢ in the execution of ActiveAlg(n) upon reaching
Step 4, at which point the algorithm executes TICTOC(S,, M, t,n,n), which returns
a pair (L,,,t"). Note that, since m < 71, it must be that the condition in Step 6 of
ActiveAlg(n) is not satisfied for this index m, which in particular implies ¢’ < n.
This, in turn, implies that the constraint “k < n — t” in Step 2 of TICTOC is satisfied
throughout the execution of TICTOC(S,,,, M, t,m, n). Since, with the above definitions
of x and (, this constraint is the only place the value of n appears in TICTOC, we
conclude that TICTOC(8y,, M, tyn,n) = TICTOC(Sy,, M, iy, 00) for this particular m.
Combining this fact with (21), Lemma 7 implies

Yoy = erensn Z Gl
(1,y)€£m

Therefore, by the definition of LEARNnN;, for f’sm = sign (Z(I Y)ELm y), we have

(X, .Y, )eSs. A )
Combining this with (20), and denoting by (X3, Y3) the element of S with § =

Ni(z0; S), we have

p(ro, X5) = min _p(xo,x) < p(zo, X5, )
(z,y)€S

- (<+ cg<2—eo><1+c>> |n<xo>>”5

1—cy(2— o) L

Together with the Holder smoothness assumption, this implies

() > £ (aonlan) - (o + 42 LD

(. =& +0)
= (1—0— 1_69(02_60) ) (o)l = e,

) o)

where this last inequality follows as in (21) above. In particular, since c,y. > 0, this
implies sign(n(X;z)) = sign(f*(xo)), so that f*(Xz) = f*(xp), and also implies
that [(X3)| > c7.. Recalling that ¢, > Cp, Lemma 6 then implies Yz = f*(X;).
Altogether, we have that ?S = f*(x0), as claimed. O

Lemma 10. Let ¢, =277 E;Héocg. For every ~v > 0, define

g _ DU/ + 1) a5 (24 )7 max{l < L >}7

b
md/2 [ominCo rd” \ ey

If u satisfies (2), then on the event 1 N Fo N Es, for every v > cye, there are at
most max{S.,, 1} indices m in the execution of ActiveAlg(n) such that s, < u and

v < [n(Xs,,)| < 2.



Nonparametric Active Learning 25

Proof. Suppose u satisfies (2) and that the event £; N Ey N E3 holds, and fix any
v > cpye. Let v, = 2(c,y/L)'/8. The proof proceeds in two parts: first arguing that
any 7-packing in {z € supp(p) : v < [n(Xs,.)| < 27} has size at most S, and
second proving that the points X = with s, < wand v < |n(X5s,,)| < 2 comprise
an r-packing.

The first part proceeds similarly to part of the proof of Lemma 8§, with a few im-
portant modifications to incorporate Tsybakov’s noise assumption. Let x1, ..., x5 be
any r.-packing of { € supp(p) : v < |n(z)| < 27}: that is, each z; is contained in
supp(p) and has v < [n(x;)| < 2v, and if M > 1 then minj, p(z;,2;) > 7. The
strong density assumption implies that, Vi € {1,..., M},

Px(z: p(xs,x) <14/2) = Px(B(2i,77/2)) 2 ptminAM(B(x4,7,/2) Nsupp(p))

/2
> HminCoA(B 2 i ) 2 = /770N 1 1 Mmin i ; 2 d'
> oM (Bl minfro/2))) = Frrrs s osncominro. /2]
Since x1,. ..,z is an r.-packing, it follows that the sets {x : p(z;,x) < r,/2} are

disjoint over i € {1, ..., M}. Therefore,

Px U{x:p(xi,x)<7“7/2} :ZPX(x:p(xi,x)<r7/2)

i<M i<M

/2

> Wummco min{rg,r., /2" M. (22)

Furthermore, by the Holder smoothness assumption, for every ¢ € {1,..., M} and
every € X with p(z;,x) < r,/2, we have

In(@)| < Inzi)| + oy < (24 o)y
Combining this with Tsybakov’s noise assumption, we have that

Pu| U {e: plaenz) <ry/2} | < Pxa: In(@)] < 2 +c)v)
i<M

< aTw (24 ¢) Ay T, (23)

Combining (22) with (23), it immediately follows that

1 a el
PR (T RS PR LB L Y
/2 HminCo min{rg, r,/2}4 K
Since 1, ...,z was an arbitrary r.-packing in {z € supp(p) : v < |n(x)| < 2v},
we conclude that this is an upper bound on the size of any such packing.

Lemma 3 implies that every X, € supp(p). Therefore, to complete the proof, it
suffices to establish that the points X, = with s, < wand v < (X, )| < 2v are
r-separated (if any such points exist). We will in fact establish that this is true of the
(potentially larger) set of points X, = with s, < uwand [7(X5,,, )| > 7.

Sm
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Fix any mo < 7 with sp,, < wand [n(Xs,, )| > ~; if there is no such mo,
then the result trivially follows, so for the remainder we suppose such an m exists.
Consider the round of ActiveAlg(n) with m = mg, and let ¢,, denote the value of ¢
upon reaching Step 4 with this index m = my, at which point the algorithm executes
TICTOC(Syn, M, Ly, m). Since m < 7, as in the proof of Lemma 9 it holds that TiC-
TOC(Sm, M, tyn,n) = TICTOC(S,, M, iy, 00). Therefore, since v > ¢;7., Lemma 7
implies that the pair (L, ¢') returned by TICTOC(Sy,, m, &, 1) satisfies

Z Yy > CTQLmLsm-

(z,9)ELM

Combining this witb (8) of Lemma 5 and the definition of £,, from TicToc (and
recalling that ¢, > Co, ¢ > 1, and |L,,| < Ks,,), we obtain that

cr—1, cr
Vel = CT+1CO\77(Xsm) > T

Furthermore, since the rightmost quantity is strictly positive and (¢, | s,. > 0, it fol-
lows from the definitions of v . | and Ly, that f*(Xs,,) 32, yeg,, ¥ > 0, so that

éo’}/.

Am = ,‘Y;mmlﬁml > 0, where 4,,, = \Tlml (’Z(x,y)etm, y’ — CILm\,sm)’ as defined in
the GETSEED subroutine.

In particular, this implies that any s € {s;,, + 1,...,u} with p(X
necessarily has

Xs) <ry

Smgr<rs) =

p(XsmO s Xs) < (cgmo /L)l/ﬂ~

Noting that (by a simple inductive proof based on the definition of GETSEED and
the fact that s,,, < w) every s, with m € {mg + 1,...,m} has s, > Sp,, and
that every such m for which s, < w has (by the condition in Step 3 of GETSEED)
P(Xe Xs,,) > (CgYmo /L) P, we conclude that every m € {mg + 1,...,7m} with
sm < u satisfies p(Xs,, , Xs,,) > 7.

Since this holds for any choice of mg < m with s,,,, < w and |77(Xsm0 )| > v, it
follows that, defining M., = {m € {1,...,m} : s, < u,|n(Xs,,)| > 7}, we have
that either | M| < 1 (in which case the corresponding set of points X, is trivially an
r-packing) or else

min X ,Xs ,)= min X X >
m,m’eMW:p( Sm 1 <X S, ) 77Lo,m6./\/17:p( Smg? Sm) v
m;ﬁm' mo<m
which completes the proof. O

Lemma 11. Suppose ﬁ < %. There exist finite constants C’l, é’g > 1 such that, if u
satisfies (2) and w > s. 5, and n satisfies

. 1 2—3a+%(1—o¢) A
n>Cy (6) Log? % , (24)

then there is an event E5 of probability at least 1 — 6 /c. such that, on the event F1 N
E> N E3 N Es, the random variable 1 (from Lemma 9) satisfies sy, > s¢ 5.
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Proof. Suppose u satisfies (2) and v > s. 5. For each s € {1,...,u}, note that the
pair (£, t') that would be returned from TICTOC(s, m, ¢, 00) has the property that the
difference ¢’ —t is invariant to the values of m and ¢ (since our definitions of x and  are
independent of these arguments); denote by QS this value of ¢ — t. Since s,, is strictly
increasing in m when s, < u, in the event that ActiveAlg(n) terminates with m = u
satisfied in Step 6, we may immediately conclude that s; = u > s. s, so that the
result trivially holds in this case. Otherwise, if ActiveAlg(n) terminates with m < wu,
then it must be that it terminates with ¢t = n in Step 6. In this case, the conclusion that
Sm > Se,5 Will immediately follow if we can establish that

n> Y Q- (25)

m<ri:
Sm<Se,s

Denote j. = [max{log,(1/(cy7:)),0}] and fix any j € {1,..., j-} (if jc # 0). By
Lemma 7, on Eq N Es, any m € {1,...,m} with s,,, < s.5and 277 < [n(X,,, )| <
2177 satisfies

ol
Q.. <Q,. <2%(C (LogLog(Cs) + Log(gcesa’(;)) ,

~ 2 N =
dacr 51} and C}) = 7@16";”. Also, by Lemma 10, on the event
0

2
c, (e

where C = 2 max{
FEiNEy;NEs,

[{me{1,...,m}:sm <s.6,277 < |n(Xs,)

< 21*j}| < max{S,-j, 1}.

Furthermore, for any m € {1,...,m} with s, < s.5 and |n(X,, )| < 277, the
definition of TICTOC always guarantees Qsm < Ks,, < Ks. 4. Additionally, by the
Chernoff bound and Tsybakov’s noise assumption, there is an event F5 of probability
atleast 1 — §/c., on which

[{s€ L seshiIn(X)| <275} < logy (5 ) + 26Px (w2 (@) <2726

< logQ(%e) + ZeaﬁQﬂ'E(ﬁ)%ﬁ.

Altogether, we have that on the event F; N Ey N Es N Ej5,

Z QSm < (IOgZ(%) + zeaﬁQ_ja(ﬁ)Sa,é) Rses

m<m:
Sm<Se.s

Je A
i A s 3CeSe.s
> ~5,112%¢" | LogLog [ =2 | + Log( =222 ) | . (2
—|—j:1max{82 1} C’1< og og<€>+ og( 5 >> (26)

Thus, to satisfy (25) (and hence have s > s. s on the event Iy N Fy N E3 N Es),
it suffices to take n greater than the right hand side of (26). All that remains is to show
that the expression on the right hand side of (26) can be relaxed into the form (24).
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Specifically, by plugging in the definitions of these various quantities, simplifying the
resulting expression via basic inequalities, noting that the summation in the second
term is bounded by a geometric series (using the fact that %~ < %), and coalescing
the constant factors in the final expression, one can straightforwardly verify that the
right hand side of (26) is less than the expression on the right hand side of (24) if we
choose

R 9 R 2d+3 o
Oy = (d + Cé“lc1aa1+§> 4¢3 (1 + %(1 - a)) a2

B peals
d o
1., ~, 1 o =4 (2a 2+E7E d
and
N4
¢! (4d060§)
A o ) s\ V/(2+250-0))
Cy = max (30204 ( é%a%> (4dceCé) d)
AL AL odtl d ~ % 1/(2+%(17Q))
¢! <3ceC’§C’§écd/gaﬂ (4dceC§> >
A /
where C, = w We should note, however, that this simplification of form

Wd/z#mincoro
comes at the expense of some loss of precision in the dependence on certain constant
factors compared to (26). O

We are now ready to piece these lemmas together into a proof of Theorem 2.

Proof of Theorem 2. Suppose 1%~ < %, that u satisfies (2) and has u > s, 5, that n
satisfies (24), and that the event ﬂle FE; holds. Let fnu denote the classifier returned
by ActiveAlg(n), and note that f,, ,(-) = fxx(-;S). By Lemma 11, we have s,; >

s..5. Therefore, by Lemma 9, every xo € supp(p) with |n(z0)| > 7 has f,, . (z0) =
f*(x0). This implies

R(fui P) = RU5P) = [ 1] Fanla) # @) )| Px (d2)

< /ﬂ[ln(x)l < el [n(@)|Px (dz) < Px (= ()] <7z)7e-

If 7. = &, then this last expression is trivially at most €. Otherwise, if 7. = a~tel ™,

then Tsybakov’s noise assumption implies

1

Px(z: n(x)] <7e)ye < (ay:)T= =e.

To complete the proof, we note that the event ﬂle E; has probability at least
1—95/cec = 1 — § by the union bound, and that (by basic inequalities) any n and
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u satisfying the size constraints stated in Theorem 2 will necessarily satisfy (2), (24),
and u > s 5, if we choose Cy = 4C1Log2 (Cs) and
).

Cl + 2C’QLOg(Cg)
Cl — max 2d+2F((d/2)+1)de/ﬁ agL0g<(4dCCF((d/2)+1))

aw
ol

7Td/2Nminco"'(c)iﬁéd/[j 7Td/2“minco7'g

5.2. Using Random Seeds

For o < 2/3, one can verify that the result in Theorem 2 in fact remains valid even
when we replace GETSEED with the frivial subroutine GETSEED(L, m,t,n) = m.
Only the constant factors are affected. However, this variant of GETSEED gives a sub-

- 40—
optimal rate for a > 2/3, yielding a label complexity bound © ((%) S a)), which is

. 3a—2 . . .
worse than optimal by a factor ( %) “7". For brevity, we leave the details of the analysis
of this alternative method as an exercise for the interested reader.
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