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Abstract

| study the informational complexity of active learning irstatistical learning

theory framework. Specifically, | derive bounds on the ratiesonvergence achiev-
able by active learning, under various noise models andrugeleeral conditions
on the hypothesis class. | also study the theoretical adgastof active learning
over passive learning, and develop procedures for tramafigrpassive learning al-
gorithms into active learning algorithms with asymptoflicauperior label com-

plexity. Finally, | study generalizations of active leargito more general forms of
interactive statistical learning.



Vi



Acknowledgments

There are so many people | am indebted to for helping to makettasis, and
indeed my entire career, possible. To begin, | am gratefthedaculty of Webster
University, where my journey into science truly began. Supfrom the teachers |
was privileged to have there, including Gary Coffman, Britié¢ Schiller, Ed and
Anna B. Sakurai, and John Aleshunas, to name a few, inspinee ia deep curiosity
and hunger for understanding. | am also grateful to my teacred colleagues at the
University of lllinois. In particular, Dan Roth deserves nppaeciation for nothing
less than teaching me how to do effective research; my expezias an undergrad-
uate working with Dan and the other members of his Cognitive Qidation Group
shaped my fundamental approach to research.

I would like to thank several of the professors at CarnegieldelThis institu-
tion is an exciting place to be for anyone interested in nteezhearning; it has been
an almost ideal setting for me to develop a mature knowleflggaming theory, and
is generally a warm place to call home (metaphorically spepk | would specif-
ically like to thank my advisors (past and present), Ericgiharry Wasserman,
and Steve Fienberg, whose knowledge, insights, and wisdgom been invaluable
at various times during the past four years; | am particulgrateful to them for al-
lowing me the freedom to pursue the topics | am passionatetaBeveral students
at Carnegie Mellon have also helped to enrich this experiehc@articular, Nina
Balcan has been a source for many many interesting, inslgintialways exciting
discussions.

In addition to those mentioned above, | am also grateful verse colleagues
who have been invaluable at times through insightful conmsjeadvice, or discus-
sions, and who have generally made me feel a welcomed pdredatger learning
theory community. These include John Langford, Sanjoy Datg Avrim Blum,
Rob Nowak, Leo Kontorovich, Vitaly Feldman, and Elad Hazanpag others.

I would also like to thank Eric Xing, Larry Wasserman, Avrinuigt, and Sanjoy
Dasgupta for serving on my thesis committee.

Finally, on a personal note, | would like to thank my parempsandparents,
brother, and all of my family and friends, for helping me ursiend the value of
learning while growing up, and for their continued unwargrsupport in all that |
do.



Contents

2.7.2 Proofs Relating to SECbnR.3 + v v v o, 38
2. 7 3 Proofs Relatlng to SectibnR.4 . . o o, 44




3.6 Discussion and Open QUEeStIONS . . . . . v v v v v e e e e e e e 78

[3.7__The Verifiable | abel Complexity of the Empty Intefval . . . . . ... .. .. 80

3.8 ProofofTheorerﬁ? ................................ 82
3.9 ProofofTheorerﬁS ................................ 83
3.10 Heuristic Approaches to Decomposition . . . . . . ... . ....c....... 84
3.11 Proof of TheorerEE ................................ 85

[Bibliographyl 144



Chapter 1

Notation and Background

1.1 Introduction

In active learning, a learning algorithm is given accessléoge pool of unlabeled examples, and
is allowed to request the label of any particular examplesifthat pool, interactively. The ob-
jective is to learn a function that accurately predicts #ieels of new examples, while requesting
as few labels as possible. This contrasts with passiveitegrwhere the examples to be labeled
are chosen randomly. In comparison, active learning candignificantly decrease the work
load of human annotators by more carefully selecting whicdn®les from the unlabeled pool
should be labeled. This is of particular interest for leagrtiasks where unlabeled examples are
available in abundance, but label information comes omguph significant effort or cost.

In the passive learning literature, there are well-knoworas on the rate of convergence
of the loss of an estimator, as a function of the number ofléebexamples observed [e.g.,
Benedek and Itai, 1938, Blumer et al., 1939, Koltchinskii, @0Rulkarni, 1989, Long, 1995,
Vapnik, 1998]. However, significantly less is presently kmnaabout the analogous rate in active
learning: namely, the rate of convergence of the loss of amator, as a function of the number
of label requests made by an active learning algorithm.

In this thesis, | will outline some recent progress | haventade to make toward understand-
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ing the achievable rates of convergence by active learm@long with algorithms that achieve
them. | will also describe a few of the many open problems rem@ on this topic.

The thesis begins with a brief survey of the history of thigi¢palong with an introduction
to the formal definitions and notation that will be used tlyloout the thesis. It then describes
some of my contributions to this area. To begin, Chdgter 2riescsome rates of convergence
achievable by active learning algorithms under variousecbnditions, as quantified by a new
complexity parameter called tlitsagreement coefficienltt then continues by exploring an in-
teresting distinction between two different notions ofdabomplexity: namelyyerifiable and
unverifiable This distinction turns out to be extremely important fotiaelearning, and Chap-
ter[3 explains why. Following this, Chapler 4 describes actdns-based approach to active
learning, in which the goal is to transform passive learratgprithms into active learning al-
gorithms having strictly superior label complexity. Theukls in that chapter are surprisingly
general and of deep theoretical significance. The thesislwdes with Chaptdr]5, which de-
scribes some preliminary work on generalizations of ad@aning to more general types of
interactive statistical learning, proving results at ahieiglevel of abstraction, so that they can

apply to a variety of interactive learning protocols.

1.2 A Simple Example: Thresholds

We begin with the canonical toy example illustrating thegobial benefits of active learning.
Suppose we are tasked with finding, somewhere in the intérvd| a threshold value; we are
scored based on how close our guess is to the true value,tgbwiegaguessr equals: for some
z € 10, 1], we are awardedl — |z — z| points. There is an oracle at hand who knows the value of
x, and given any point’ € [0, 1] can tell us whethet’ > x orz’ < x.

The passive learning strategy can be simply described agytpkints uniformly at random
from the interval0, 1] and asking the oracle whether each pointis or < z for every one. After

a number of these random queries, the passive learninggfrahooses its guess somewhere
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betweenr| = the largest:’ that it knows is< x, andz’, = the smallest’ it knows is> x (say
. ! ! . . . .
it guesses’lz—?). By a simple argument, if the passive strategy asks abqudints, then the

expected distance betweehandz, is at IeastnL+1 (say forx = 1/2), so we expect the passive
strategy’s guess to be off by some amog%.

On the other hand, suppose instead of asking the oracle aleunt one of these random
points, we instead look at each one sequentially, and oklyabsut a point if it is between the
currentz] and the current’; that is, we only ask about a point if it r#ot greater than a point
2’ known to be> x andnot less than a point known to be z. This certainly seems to be a
reasonable modification to our strategy, since we alreadyvkmow the oracle would respond
for the points we choose not to ask about. In this case, if \ketesoracle about points, each
one reduces the width of the interval , «),] at that moment by some factéy. Thesen factors
p; are upper bounded by independent/niform([1/2,1]) random variables (representing the
fraction of the interval on the larger side of th®, so that the expected final width pf), 2] is
at most(g)” < exp{—n/4}. Therefore, we expect this modified strategy’s guess to bleyodt
most half this amouni.

As we will see, this modified strategy is a special case of émealearning algorithm I will
refer to as CAL (after its discoverers, Cohn, Atlas, and Ladh894]) or Algorithm 0, which
| introduce in Section_1l14. The gap between the passiveegiyatvhich can only reduce the
distance between the guess and the true threshollinatea rateQ(n '), and the active strategy,
which can reduce this distance atexponentiatates (2)", can be substantial. For instance, with
n = 20, 55y ~ 024 while 3(3)" ~ .0016, better than an order of magnitude improvement.
We will see several cases below where these types of expahemprovements are achievable
by active learning algorithms for much more realistic léagrproblems, but in many cases the
proofs can be thought of as simple generalizations of tlyigkample.

10f course, the optimal strategy for this task always asksnaﬁ/ta;ﬁ, and thus closes the gap at a rate'.

However, the less aggressive strategy | described hestrdbes a simple case of an algorithm we will use exten-

sively below.



1.3 Notation

Perhaps the simplest active learning task is binary claasidn, and we will focus primar-
ily on that task. LetX be aninstance spacecomprising all possible examples we may ever
encounter. C is a set of measurable functiots : X — {—1,1}, known as theconcept
spaceor hypothesis classWe also overload this notation so that far € N and a sequence
S = {x1,...,zn} € X", h(S) = (h(x1),h(z2),...,h(zy)). We denote byl the VC di-
mension ofC, and byC[m| = max {h(S) : h € C}| the shatter coefficient (a.k.a. growth
function) value ain [Vapnik,1998]. Generally, we will refer to ary with finite VC dimension
as aVC class D is a known set of probability distributions oki x {—1, 1}, in which there

is some unknowrarget distributionDxy . | also denote byD[X'| the marginal ofD over X'.
There is additionally a sequence of examples v ), (z2,¥2), ... Sampled i.i.d. according to
Dxy. In the active learning setting, thg values are hidden from the learning algorithm until
requested. Defin&,, = {(x1,v1), (z2,92), ..., (Tm,ym)}, & finite sequence consisting of the
firstm examples.

For anyh € C and distributiorD’ over X x {—1,1}, leterp/(h) = Px vy~ {h(X) # Y},
and forS = {(21,91), (x5, v5), ..., (x,,,y.,)} € (X x {—1,1})™, define the empirical error
ers(h) = 5= 5" |h(z}) — vi|. WhenD’ = Dy (the target distribution), we abbreviate the
former byer(h) = erp,, (h), and whenS = Z,,, we abbreviate the latter ky,,,(h) = erz,, (h).
Thenoise rate denotedv(C, Dxy), is defined ag/(C, D) = inf,ec erp(h); we abbreviate this
by v whenC andD = Dy, are clear from the context (i.e., the concept space andttdige
tribution). We also defing(z; D) = Pp(Y = 1|z), and define thdayes error rate denoted
B(D), asB(D) = Ex.pix[min{n(X;D),1 — n(X;D)}], which represents the best achievable
error rate byany classifier; we will also refer to the Bayes optimal classiféenotedh*, de-
fined ashi(z) = 21[n(x; D) > 1/2] — 1; again, forD = Dxy, we may abbreviate this as
n(z) = n(z; Dxvy), B = B(Dxy), andh* = hy,__ .

For concept spac# and distributiorD’ over X', for any measurablg : X — {—1,1} and
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anyr > 0, define
By.up/(h,’l“) = {h/ € H . PXND/(I”L(X) 7é h/(X)) S ’f’}.

WhenH = C, D' = Dxy[X], or both are true, we may simply writBp (h, ), By(h,r),
or B(h,r) respectively. For concept spagéand distributionD’ over X x {—1,+1}, for any

€ [0,1], define thec—minimal set H(¢;D') = {h € H : erp/(h) — v(H,D’) < €}. When
D' = Dxy (target distribution) and is clear from the context, we ablate this byH(e) =
H(e; Dxy). For a concept spacH and distributionD’ over X', define thediameterof ‘H as
diam(H; D) = supy, p,en Px~p(h1(X) # hao(X)); as before, whe®' = Dxy [X] and is clear
from the context, we will abbreviate this d&m(H) = diam(H; Dxy|[X]).

Also define theegion of disagreememf a concept spacH as
DIS(H) = {ZE e X: Elhl,hg € H s.t. hl(l’) 7é hQ(IL’)}

Also, for a concept spack, distributionD overX’ x {—1,+1}, € € [0, 1], andm € N, define

theexpected continuity modulas

wy(m, ;D) = Egupm . s}zlpH |(erp(hy) — ers(hy)) — (erp(hg) — ers(ha))].
1,N2€H:
]P’X~D[X]{h1(§()7ﬁh2(x)}§€

At this point, let us distinguish between some particuldtirsgs, distinguished by the defini-
tion of D as one of the following sets of distributions.

e Agnostic = { all D} (the set of all joint distributions o/’ x {—1,+1}).

e BenignNoise(C) ={D : v(C,D) = 5(D)}.

® Tsybakov(C, Kk, 1) = {D : Ve > 0,diam(C(e; D); D) < ,ue%}, (for any finite parameters
k> 1,u>0).

*» Entropy)(C,a,p) = {D :Vm € N ande € [0, 1], wc(m, e; D) < ae%m_lﬂ}, (for any
finite parameters > 0, p € (0, 1)).

e UniformNoise(C) ={D :3Ja €[0,1/2),f € Cs.t.Vz € X, Pp(Y # f(z)|X =x) =
at.



® Realizable(C) = {D: 3f € Cs.t.erp(f) = 0}.

® Realizable(C,Dx) = Realizable(C) N {D : D[X]| = Dx}, (for any given marginal

distributionDx over X).

Agnostic is the most general setting we will study, and is referred4dhe agnostic case
whereD is the set ofall joint distributions. However, at times we will consider tbéher
sets, which represent various restrictionsAginostic. In particular, the seBenignNoise(C)
essentially corresponds to situations in which the lack giedect classifier inC is due to
stochasticity of the labels, not model misspecificatiGiybakov(C, k, 11) is a further restric-
tion, introduced by Mammen and Tsybakov [1999] and TsybdRo04], which (informally)
represents those distributions having reasonably lowenonesar the optimal decision bound-
ary (see Chaptér 2 for further explanations)ntropy;(C, a, p) represents thénite entropy
with bracketingcondition common to the empirical processes literatuige |&oltchinskii,[ 2005,
van der Vaart and Wellnelr, 19961(niformNoise(C) represents a (rather artificial) subset of
BenignNoise(C) in which every point has the same probability of being labbedpposite to
the optimal labelRealizable(C) represents theealizable casegpopularized by the PAC model
of passive learning [Valiant, 1984], in which there is a petfclassifier in the concept space;
in this setting, we will refer to this perfect classifier ag target function typically denoted
h*. Realizable(C, Dx) represents a restriction of the realizable case, which Weefér to as
thefixed-distribution realizable cas¢his corresponds to learning problems where the marginal

distribution overX’ is knowna priori.

Several of the more restrictive sets above may initiallynsemrealistic. However, they
become more plausible when we consider fairly complex goinspaces (e.g., nonparametric
spaces). On the other hand, some (specifically; formNoise(C) and Realizable(C, Dy))
are basically toy scenarios, which are only explored aspstgpstones toward more realistic

assumptions.
We now define the primary quantities of interest throughoig thesis: namely, rates of
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convergence, and label complexity.

Definition 1.1. (Unverifiable rate) An algorithrd achieves a rate of convergen&g-, -) on
expected excess error with respecd for any Dyy andn € N, if h,, = A(n) is the

algorithm’s output after at most label requests, for target distributioR vy, then
Eler(h,)] — v(C, Dxy) < R(n, Dxy).

An algorithm.A achieves a rate of convergen&-, -, -) on confidence-bounded excess error
with respect taC if, for anyDxy, § € (0,1), andn € N, if h,, = A(n) is the algorithm’s output

after at most: label requests, for target distributicR xy, then

P(er(hn) — V(C,ny) S R(n, (5, ny)) 2 1—06.

Definition 1.2. (Verifiable rate) An algorithmA achieves a rate of convergeng&g-, -, -) on an
accessible bound on excess error with respe@i tanderD if, for anyDxy € D, 6 € (0, 1),
andn € N, if (h,, €,) = A(n) is the algorithm’s output after at mostlabel requests, for target

distribution Dy, then

]P)(GT(hn) — I/(C,ny) S €n S R(n, 5, ny)> Z 1-— 5

| will refer to Definition[1.2 as averifiable rateunderD, for short. If ever | simply refer to
therate, | will mean Definition1.1. To distinguish these two notiafonvergence rates, | may
sometimes refer to Definitidn 1.1 as theverifiable rateor thetrue rate Clearly any algorithm
that achieves a verifiable rafe also achieves? as an unverifiable rate. However, we will see

interesting cases where the reverse is not true.

At times, it will be necessary to express some results ingerithe number of label requests
required to guarantee a certain error rate. This quantigfesred to as thiabel complexityand

is defined quite naturally as follows.



Definition 1.3. (Unverifiable label complexity) An algorithpd achieves dabel complexity
A(-, ) for expected error, if for anPxy-, Ve € (0,1), Vn > A(e, Dxy), if b, = A(n) is the
algorithm’s output after at most label requests, for target distributioR y-, then

Eler(h,)] <e.

An algorithm.A achieves dabel complexityA(-, -, -) for confidence-bounded error, if for any
Dxy, Ve, 6 € (0,1),Vn > A(e, 0, Dxy), if h, = A(n) is the algorithm’s output after at most

label requests, for target distributioR xy, thenP(er(h,) <€) > 1 — 6.

Definition 1.4. (Verifiable label complexity) An algorithtd achieves averifiable label

complexityA(-, -, -) for C underD if it achieves a verifiable rat& with respect taC underD

such that, for anyDxy € D, V6 € (0,1), Ve € (0,1), Vn > A(¢,6,Dxy), R(n,d,Dxy) < e.
Again, to distinguish between these definitions, | may somex refer to the former as the

unverifiable label complexitgr thetrue label complexity Also, throughout the thesis, | will
maintain the convention that whenever | refer to a “radter “label complexityA,” | refer to the
confidence-bounded variety, and similarly when | refer toade'RR” or “label complexityA,” in
those cases | refer to the version of the definitioneigpecteckrror rates.

A brief note on measurability:
Throughout this thesis, we will |& andP (and indeedany reference to “probability”) refer to
the outer expectation and probability [van der Vaart and Wellner,6]990 that quantities such

asP(DIS(B(h,r))) are well defined, even ibI.S(B(h,r)) is not measurable.

1.4 A Simple Algorithm Based on Disagreement

One of the earliest, and most elegant, theoretically soetidealearning algorithms for the re-

alizable case was provided by Cohn, Atlas, and Ladner [1994gler the assumption that there
exists a perfect classifier i@, they proposed an algorithm which processes unlabeledmram

in sequence, and for each one it determines whether thests exclassifier ifC consistent with

all previously observed labels that labels this new examyl@nd one that labels this example
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—1; if so, the algorithm requests the label, and otherwiseaesdwt request the label; aftetabel
requests, the algorithm returns any classifier consistéhtadl observed labels. In some sense,
this algorithm corresponds to the very least we could expkah active learning algorithm, as
it never requests the label of an example it can derive froowkninformation, but otherwise
makes no effort to search for informative examples. We caivabgntly think of this algorithm
as maintaining two setd/ C C is the set of candidate hypotheses still under consider,zdiad

R = DIS(V) is their region of disagreement. We can then think of therilym as request-
ing a random labeled example from the conditional distrdyubf Dy, given thatX € R, and

subsequently removing froid any classifier inconsistent with the observed label.

Most of the active learning algorithms we study in subsetuwbapters will be, in some
way, variants of, or extensions to, this basic procedurefadty at this writing, all of the pub-
lished general-purpose agnostic active learning algostlachieving nontrivial improvements

are derivatives of Algorithm 0. A formal definition of the alithm is given below.

Algorithm O
Input: hypothesis clasq, label budget
Output: classifieh,, € H and error bound,,

0.Vo<—H,q<+0

1. Form=1,2,...

2. If Elhl, hy € V;] S.t. hl(fL‘m) 7é hQ(ZEm),

3. Requesy,,

4. qg+—q+1

5. Vo—{heViy:h(zn) =Yn}

6. If ¢ = n, Return an arbitrary classifiér, € V,, and value,, = diam/(V},)

One of the most appealing properties of this algorithm,dessits simplicity, is the fact that
it makes extremely efficient use of the unlabeled examplesadt, supposing the algorithm
processes: unlabeled examples before returning, we can take the filas'si and label all of
the examples we skipped over (i.e., those werdittequest the labels of); this actually produces
a set ofm perfectly labeled examples, which we can feed into our fis&qassive learning
algorithm, even though we only requested the labels of aetulisthose examples. This fact

also provides a simple proof that(h,,) can be bounded by a quantity that decreases to zero (in
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probability) withn: namely,diam(V;,). However| Cohn et al. [1994] did not provide any further
characterization of the rates achieved by this algorithmeneral. For this, we must wait until
Chaptet 2, where | provide the first general characterizatiadhe rates achieved by this method

in terms of a quantity | call the disagreement coefficient.

1.5 A Lower Bound

When beginning an investigation into the achievable rates,natural to first ask what we can
possibly hope to achieve, and what results are definitelypossible. That is, what are some
fundamental limits on what this type of learning is capalfleTdis type of question was inves-
tigated by Kulkarni et al. [1993] in a more general settingotmally, the reasoning is that each
label request can communicate at most one bit of informattm the best we can hope for is
something logarithmic in the “size” of the hypothesis cla€d course, for infinite hypothesis
classes this makes no sense, but with the help of a notiaoar sizelKulkarni et al. [1993]

were able to prove the analogous result.

Specifically, letN(¢) be the size of the smallest sit of classifiers inC such thatvh €
C,3n e V : Pxplh(X) # W(X)] < ¢, for some distributiorD over X. Then any achievable
label complexityA has the property that > 0, sup  A(e,9, Dxy) >log,[(1-0) N (2¢)].

Dxy €Realizable(C,D)

Since we can often get a reasonable estimat® @f by its distribution-free upper bound
2 (%1n %)d [Haussler, 1992], we can often expect our rates to be atbedt—cn/d} for some
constantc. In particular, rather than working with(e) in the results below, | will typically
formulate upper bounds in terms @f in most of these cases, some variani@f NV (¢) could
easily be substituted to achieve a tighter bound (by usiagtiver as a hypothesis class instead

of the full space), closer in spirit to this lower bound.
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1.6 Splitting Index

Over the past decade, several special-purpose activeirigaatgorithms were proposed, but
notably lacking was a general theory of convergence rateadiive learning. This changed in
2005 when Dasgupta published his theory of splitting insliE&gasgupta, 2005].

As before, this section is restricted to ttealizable caseLet @ C {{h1,ho} : hy,hy € C}
be a finite set of unordered pairs of classifiers frémForx € X andy € {—1,+1}, define
QY = {{h1,ha} € Q : hi(z) = ha(x) = y}. Apointz € X is said top-split Q if

Yl < (1-— .
Jemax @z < (1= p)lQl
We sayH C Cis(p, A, 7)-splittableif for all finite Q C {{h1,he} CC:P(hy(X) #ho(X)) > A},
P(X p-splits@) > 7.

A large value of for a reasonably largeindicates that there are highly informative examples

that are not too rare. Dasgupta effectively proves thewioiig results.

Theorem 1.5. For any VC clas<C, for some universal constant> 0, there is an algorithm
with verifiable label complexityk for Realizable(C) such that, for any € (0,1), 6 € (0, 1),
andDxy € Realizable(C), if B(h*,4A)is (p, A, 7)-splittable for allA > ¢/2, then

A(€,0,Dxy) < c% log % log %

The valuep has been referred to as tlelitting index It can be useful for quantifying
the verifiable rates for a variety of problems in the realieatase. For example, Dasgupta
[2005] uses it to analyze the problem whérés the class of homogeneous linear separatods in
dimensions, an®xy [X]| = D is the uniform distribution on the unit-dimensional sphere. He
shows that this problem id /2, ¢, €)-splittable for any > 0 for any target inC. This implies a

verifiable rate fofRealizable(C, D) of

n

R(n,0,Dxy) x %l - exp {—c’ E}

for a constant’ > 0. This rate was previously known for other algorithms [elzasgupta et al.,

2005], but had not previously been derived as a special dasecb a general analysis.
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1.7 Agnostic Active Learning

Though each of the preceding analyses provides valuabighiissnto the nature of active learn-
ing, they also suffer the drawback of reliance on the rehiitg assumption. In particular, that
there is no label noise, and that the Bayes optimal class¥fier@, are severe and often unreal-
istic assumptions. We would ideally like an analysis of tgaastic case as well. However, the
aforementioned algorithms (e.g., CAL, and the algorithmeghg the splitting index bounds)
no longer function properly in the presence of nonzero n@ges. So we need to start from the
basics and build new techniques that are robust to noisataonsl

To begin, we may again ask what we might hope to achieve. Bhate there fundamental
information-theoretic limits on what we can do with this ¢ypf learning? This question was
investigated by Kariainen [2006]. In particular, he was able to prove that foridaly any
nontrivial marginalD over X', noise rates, numbern, and active learning algorithm, there is
some distributiorD xy with marginalD and noise rate such that the algorithm’s achieved rate

R(n, 0, Dxy) atn satisfies (for some constant> 0)

2log(1
R(TL,(S,DX)/)ZC %(m

Furthermore, this result was improved by Beygelzimer, Datgwand Langfora [2009] to

2d
R(n,3/4, ny) Z C V—

n

Considering that rates %ﬂ/‘”

are achievable in passive learning, this indicates that,
even for concept spaces that had exponential rates in theatda case, any bound on the veri-
fiable rates that shows significant improvement (more thamléipticative factor of,/v) in the
dependence on for nonzero noise rates must dependg, in more than simply the noise

rate.
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Chapter 2

Rates of Convergence in Active Learning

In this chapter, we study the rates of convergence in ganati@an error achievable by active
learning under various types of label noise. Additionalg, study the more general problem of
active learning with a nested hierarchy of hypothesis elssand propose an algorithm whose
error rate provably converges to the best achievable emong classifiers in the hierarchy at a
rate adaptive to both the complexity of the optimal classdied the noise conditions. In partic-
ular, we state sufficient conditions for these rates to bendtally faster than those achievable

by passive learning.

2.1 Introduction

There have recently been a series of exciting advances otopie of active learning with

arbitrary classification noise (the so-callagnosticPAC model), resulting in several new al-
gorithms capable of achieving improved convergence radegpared to passive learning un-
der certain conditions. The first, proposed/ by Balcan, Beymelz and Langford [2006] was
the A% (agnostic active) algorithm, which is provably never sfigaintly worse than passive
learning by empirical risk minimization. This algorithm svdater analyzed in more detalil

in [Hanneke, 2007b], where it was found that a complexity snea called thelisagreement
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coefficientcharacterizes the worst-case convergence rates achigwdfbr any given hypothe-
sis class, data distribution, and best achievable erreimdhe class. The next major advance was
by Dasgupta, Hsu, and Monteleoni [2007], who proposed a tgovithm, and proved that it im-
proves the dependence of the convergence rates on theedisagmt coefficient compared 3.
Both algorithms are defined below in Section]2.2. While all es#hadvances are encouraging,
they are limited in two ways. First, the convergence ratas tlave been proven for these algo-
rithms typically only improve the dependence on the magieitof the noise (more precisely, the
noise rate of the hypothesis class), compared to passik@nga Thus, in an asymptotic sense,
for nonzero noise rates these results represent at bessenbfactor improvement over passive
learning. Second, these results are limited to learning wifixed hypothesis class of limited

expressiveness, so that convergence to the Bayes erros ragealways a possibility.

On the first of these limitations, some recent work by CastbMowak [2006] on learn-
ing threshold classifiers discovered that if certain patarmseof the noise distribution akeown
(namely, parameters related to Tsybakov’s margin condijiothen we can achieve strict im-
provements in the asymptotic convergence rate via a spective learning algorithm designed
to take advantage of that knowledge for thresholds. Thak st open the question of whether
such improvements could be achieved by an algorithm that dog explicitly depend on the
noise conditions (i.e., in thagnosticsetting), and whether this type of improvement is achiev-
able for more general families of hypothesis classes. Inrsop@l communication, John Lang-
ford and Rui Castro claimed such improvements are achieved?bfpr the special case of
threshold classifiers. However, there remained an opertigned whether such rate improve-
ments could be generalized to hold for arbitrary hypothekisses. In Sectidn 2.3, we pro-
vide this generalization. We analyze the rates achieved®bynder Tsybakov’s noise condi-
tions [Mammen and Tsybakav, 1999, Tsybakov, 2004]; in paldr, we find that these rates are
strictly superior to the known rates for passive learningew the disagreement coefficient is

small. We also study a novel modification of the algorithm @fsBupta, Hsu, and Monteleoni
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[2007], proving that it improves upon the rates 4f in its dependence on the disagreement
coefficient.

Additionally, in Section 24, we address the second linataby proposing a general model
selection procedure for active learning with an arbitrarycture of nested hypothesis classes.
If the classes each have finite complexity, the error ratehfisralgorithm converges to the best
achievable error by any classifier in the structure, at attetadapts to the noise conditions
and complexity of the optimal classifier. In general, if theusture is constructed to include
arbitrarily good approximations to any classifier, the egonverges to the Bayes error rate in
the limit. In particular, if the Bayes optimal classifier issnme class within the structure, the
algorithm performs nearly as well as running an agnostiwea&tarning algorithm on that single

hypothesis class, thus preserving the convergence rateweipents achievable for that class.

2.1.1 Tsybakov’s Noise Conditions

In this chapter, we will primarily be interested in the s8tgbakov(C, &, 11), for parameter
valuesy > 0 andx > 1. These noise conditions have recently received substatténtion
in the passive learning literature, as they describe $itagtin which the asymptotic minimax
convergence rate of passive learning is faster than thetwasen /2 rate [e.g., Koltchinskii,
2006, Mammen and Tsybakav, 1999, Massart Bhulie Necelec, 2006, Tsybakoy, 2004].

This condition is satisfied when, for example,
I >0,k >1st.3h e C:Vh € Cyer(h) —v > p/'P{h(X) # W (X)}".

As we will see, the case where= 1 is particularly interesting; for instance, this is the case
whenh* € C andP{|n(X) — 1/2| > ¢} = 1 for some constant € (0,1/2). Informally, in
many cases these conditions can often be interpreted irs t@frthe relation between magnitude
of noise and distance to the decision boundary; that isesim@ractice the amount of noise
in an example’s label is often inversely related to the distafrom the decision boundary, a

x value of 1 may often result from having low density near the decisionratary (i.e., large
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margin); when this is not the case, the value:@$ essentially determined by how quickjyz)
changes as approaches the decision boundary. See [Castro and Nowag, [R@Gchinskil,
2006,/ Mammen and Tsybakov, 1999, Massart Bludlie Necelec, 2006, Tsybakov, 2004] for
further interpretations of this margin condition.

It is known that when these conditions are satisfied for seme 1 andy > 0, the passive
learning method of empirical risk minimization achievesoavergence rate guarantee, holding
with probability> 1 — ¢, of

dlog(n/d)) 2T |

ner (1) — v <
er(argr}fgger (h)) I/_C( .

wherec is a (= andu -dependent) constant [Koltchinskii, 2006, Mammen and akpk,| 1999,
Massart andElodie Necelec, 2006]. Furthermore, for some hypothesis classesigtkinown to
be a tight bound (up to the log factor) on the minimax convecgeate, so that therens passive
learning algorithm for these classes for which we can guaeaa faster convergence rate, given

that the guarantee depends®gr, only throughy andx [Tsybakov) 2004].

2.1.2 Disagreement Coefficient

Central to the idea of Algorithm 0O, and the various genertbna there-of we will study, is
the idea of theegion of disagreemertf the version space. Thus, a quantification of the per-
formance of these algorithms should hinge upon a desanigifonow quickly the region of
disagreement collapses as the algorithm processes exandpies rate of collapse is precisely
captured by a notion introduced in [Hanneke, 2007b], caledlisagreement coefficientt is

a measure of the complexity of an active learning problemgclwhas proven quite useful for
analyzing the convergence rates of certain types of acaming algorithms: for example, the
algorithms of Balcan, Beygelzimer, and Langfard [2006], Béxineer, Dasgupta, and Langford
[2009],/Cohn, Atlas, and Ladner [1994], Dasgupta, Hsu, andt®leoni [2007]. Informally, it

guantifies how much disagreement there is among a set offdesselative to how close to
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someh they are. The following is a version of its definition, whicle wvill use extensively

below.

Definition 2.1. The disagreement coefficient/ofvith respect taC underDxy [X] is

0 — sup FLRIS(BUL. 1))

r>r0 r

wherer, can either be defined &s giving a coarse analysis, or for a more subtle analysis we
can take it to be a function of, the number of labels (see Section 2.7.1 for such a definition
valid for the main theorems of this chaptér: 2[11-2.15).

We further define the disagreement coefficient for the hgsatltlas< with respect to the
target distributionDyy as6 = limsup,_, . 0, , where{h®} is any sequence &f* € C with

er(h®)) monotonically decreasing te.

In particular, we can always bound the disagreement coafidiysup;,.c 6, > 6.

Because of its simple intuitive interpretation, measuriregdmount of disagreementin a local
neighborhood of some classifigr the disagreement coefficient has the wonderful property of
being relatively simple to calculate for a wide range of heag problems, especially when those
problems have some type of geometric representation. Ustrilte this, we will go through a
few simple examples, taken from [Hanneke, 2007b].

Consider the hypothesis class of threshadldsn the interval0, 1] (for z € [0, 1]), where
h.(z) = +1iff x > z. Furthermore, supposBxy [X] is uniform on|0,1]. In this case, it is
clear that the disagreement coefficient is at n2psince the region of disagreement®fh., r)
is roughly{z € [0,1] : |z — z| < r}. Thatis, since the disagreement region grows at rate
two disjoint directions as increases, the disagreement coefficignt= 2 for anyz € (0, 1).

As a second example, consider the disagreement coefficieintérvalson [0, 1]. As before,
let X = [0, 1] andDxy [X] be uniform, but this time is the set of intervalg, ;) such that for
x € [0,1], Iig(x) = +1iff x € [a,b] (for a,b € [0,1], a < b). In contrast to thresholds, the
disagreement coefficiends for the space of intervals vary widely depending on the paldir /.

In particular, take anyt = I}, where0 < a < b < 1. In this casef;, < max {+ 4}.

max{ro,b—a}’
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To see this, note that whely < r < b — a, every interval inB(Ij,;,r) has its lower and
upper boundaries within of a andb, respectively; thusP(DIS(B(Ij.4,7))) < 4r. How-

ever, whenr > max{rg,b — a}, everyinterval of width< r — (b — a) is in B(Ij,y,7), SO

P(DIS(B(Ijo,7))) = 1.

As a slightly more involved example, consider the followthgorem.

Theorem 2.2.[Hanneke| 2007Db] Ift is the surface of the origin-centered unit spher&infor
d > 2, Cis the space of linear separators whose decision surfaceegablsough the origin, and

Dxy |[X] is the uniform distribution o', thenVh € C the disagreement coefficieft satisfies

1 1 1
— min {W\/g, —} < 0, < min {W\/C_l, —} )
4 70 To

Proof. First we represent the concepts(@nas weight vectorsy € R¢ in the usual way. For
wy,wy € C, by examining the projection dPxy [X] onto the subspace spanned oy, w-},
we see thalP(x : sign(w; - x) # sign(wy - z)) = “mosfrw Thus, for anyw € C and
r <1/2, B(w,r) ={w': w-w" > cos(nr)}. Since the decision boundary corresponding/to

is orthogonal to the vectar’, some simple trigonometry gives us that

DIS(B(w,r)) ={x € X : |z - w| < sin(nr)}.

Letting A(d, R) = QWdF/fo)d ~ denote the surface area of the radiisphere iR9, we can express

the disagreement rate at radiuas

P(DIS(B(w,r)))

1 sin(rr) T g T4 e it )
- A(d’ 1> /_Sm(wr) . <d 1’ b ) ! \/_F (dT) /—sin(m") (1 ) a ( )
\/_F((d)T) 2sin(mr) < vVd — 2sin(nr) < NZ S

For the lower bound, note th& DS (B(w,1/2))) = 1 s06,, > min {2, %} and thus we need
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only consider, < % Supposing, < r < % note that(x) is at least
\/ / 1—x d:c>w/ / \/jed’”dx
—sin(mr) —sm(m"
1 1
> 5 min {5, \/Esin(m’)} > 2 min {I,W\/ar} :
O

The disagreement coefficient has many interesting prasettiat can help to bound its value
for a given hypothesis class and distribution. We list a féswmentary properties below. Their

proofs, which are quite short and follow directly from thdidiion, are left as easy exercises.

Lemma 2.3. [Close Marginals]Hanneke, 2007b] Supposa < (0, 1] s.t. for any measurable
setA C X, APp, (A) < Pp, (A) < iPp, (A). Leth : X — {—1,1} be a measurable classifie

%
-

and supposé,, andd, are the disagreement coefficients fowith respect taC underDy and
D', respectively. Then

1
N, <6, < ﬁeh.

Lemma 2.4. [Finite Mixtures] Supposéla € [0, 1] s.t. for any measurable st C X',
Pp, (A) = aPp, (A) + (1 — a)Pp,(A). For a measurablé, : X — {—1,1}, let6\" be the
disagreement coefficient with respectiainderD;, 922) be the disagreement coefficient with

respect taC underD,, andf, be the disagreement coefficient with resped tonderDy. Then

Oh <0\ +07.

Lemma 2.5. [Finite Unions] Supposé € C; N Cs is a classifier s.t. the disagreement
coefficient with respect t6, underDy is 0 ) and with respect t&, underDy is 0 ) Then if

0y, is the disagreement coefficient with respectte- C; U C, underDy, we have that

max {0,007} < 0, < 0 + 67

The disagreement coefficient has deep connections to $ekes quantities, such as dou-

bling dimensioni[Li and Long, 2007] and VC dimension [Vapiik82]. See [Hanneke, 2007D],
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[Dasgupta, Hsu, and Monteleoni, 20071, [Balcan, Hanneke Vdortman, 2008], and
[Bevgelzimer, Dasgupta, and Langford, 2009] for furthecdssions of various uses of the dis-
agreement coefficient and related notions and extensicadtive learning. In particular,
Beygelzimer, Dasgupta, and Langford [2009] present anastigrg analysis using a natural ex-
tension of the disagreement coefficient to study activeniegrwith a larger family of loss func-
tions beyond) — 1 loss. As a related aside, although the focus of this thesistige learning,
interestingly the disagreement coefficient also has agjptios in the analysis gfassiveearn-

ing; see Section 2.9 for an interesting example of this.

2.2 General Algorithms

The algorithms described below for the problem of activerigay with label noise each represent
noise-robust variants of Algorithm 0. They work to reduce $let of candidate hypotheses, while
only requesting the labels of examples in the region of demment of these candidates. The
trick is to only remove a classifier from the candidate seeome have high statistical confidence
that it is worse than some other candidate classifier so thatever remove the best classifier.

However, the two algorithms differ somewhat in the detailsaw that confidence is calculated.

2.2.1 Algorithm 1

The first algorithm, originally proposed by Balcan, Beygekimand Langford [2006], is typi-
cally referred to asi? for Agnostic Active This was historically the first general-purpose ag-
nostic active learning algorithm shown to achieve improgedr guarantees for certain learning

problems in certain ranges afandv. A version of the algorithm is described below.
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Algorithm 1
Input: hypothesis class, label budget:, confidenced
Output: classifief

0.V+ C,R< DIS(C),Q <+ 0,m<+0
1. Fort=1,2,....,n
If P(DIS(V)) < iP(R)
R+ DIS(V); Q «+ 0
If P(R) < 27", Return anyh € V'
m < min{m’ > m: X, € R}
Request,, and letQ < Q U {(X,,,Y,)}
V< {heV:LBhQ,0/n) < }IlrlleigUB(h’,Q,é/n)}

hy < argrhréi‘r/l UB(h,Q,0/n)
5, ¢ (UB(h, @, 6/n) ~ min LB(h, Q. 5/n) P(R)

10. Returnizn = h;, wheref = argmin [,
te{l,2,...,n}

© © Nogakwd

Algorithm 1 is defined in terms of two functiong/ B and L B. These represent upper and
lower confidence bounds on the error rate of a classifier fébmith respect to an arbitrary
sampling distribution, as a function of a labeled sequeaogéed according to that distribution.

As long as these bounds satisfy
PZN'DM{Vh € (C,LB(]'L, Z, 5) S GTD(h) S UB(h, Z, 5)} 2 1-— 5

for any distributionD over X x {—1,1} and anyé € (0,1/2), andUB and LB converge to
each other as: grows, this algorithm is known to be correct, in thath) — v converges td in
probability [Balcan, Beygelzimer, and Langford, 2006]. Fwstance, Balcan, Beygelzimer, and
Langford suggest defining these functions based on classidts on uniform convergence rates

in passive learning [Vapnik, 1982], such as

UB(h,Q,0) = min{erg(h) + G(|Q|,0),1}, LB(h,Q,0) =max{erg(h) — G(|Q|,0),0},
(2.1)
whereG(m, ) = & + 1/ % and by conventiond(0, ) = oo. This choice is justified
by the following lemma, due to Vapnik [1998].
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Lemma 2.6. For any distributionD over X’ x {—1,1}, and anys > 0 andm € N, with

probability > 1 —  over the draw ofZ ~ D™, everyh € C satisfies

lerz(h) — erp(h)| < G(m,0). (2.2)
To avoid computational issues, instead of explicitly repreing the set§” and R, we may

implicitly represent it as a set of constraints imposed by ¢bndition in Step 7 of previous
iterations. We may also repla&¢ D15 (V")) andP(R) by estimates, since these quantities can be

estimated to arbitrary precision with arbitrarily high éidence using onlyinlabeledexamples.

2.2.2 Algorithm 2

The second algorithm we study was originally proposed byDa&, Hsu, and Monteleoni [2007].

It uses a type of constrained passive learning subroutieRrl, defined as follows.

LEARNc(L, Q) = he%ljg;g?('}gzo erg(h).

By convention, if noh € C haser,(h) = 0, LEARN¢(L, Q) = @.

Algorithm 2
Input: hypothesis clas§, label budget:, confidence)
Output: classifief, set of labeled examples, set of labeled exampl&g

0.L+0,Q<« 0
1. Form=1,2,...
2. If|Q| =nor|L| = 2", Returnh = LEARN:(L, Q) along with£ andQ
3. Foreachy € {—1,+1}, leth® = LEARNc (LU {(Xom, »)}, Q)
4. If somey hash=¥) =g or
ercog(h0) — ereug(h®) > Ay 1 (£, Q, h) h(9)3)
S. Thenl « LU {(X,,,v)}
Else Request the labg], and letQ «+ Q U {(X,,, Yin)}

Algorithm 2 is defined in terms of a functiah,,, (£, Q, h®), h{=¥),§), representing a thresh-

o

old for a type of hypothesis test. This threshold must be aegfually, since the sef U @ is not
actually an i.i.d. sample fror®y, . IDasgupta, Hsu, and Monteleoni [2007] suggest defining this

function as

AL, Q% WD §) = 32 + B, (\/erm(hw)) + \/eer(h(—y))> . (23
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where 3,, = \/ AlnEm(m+DCRmP/S) and C[2m] is the shatter coefficient [e.d., Devroye et al.,

m

1996]; this suggestion is based on a confidence bound theyedand they prove the correct-
ness of the algorithm with this definition. For now we will fecon the first return value (the
classifier), leaving the others for Section|2.4, where théybe useful for chaining multiple

executions together.

2.3 Convergence Rates

In both of the above cases, one can prove fallback guarasii##sg that neither algorithm is sig-
nificantly worse than the minimax rates for passive learfi@ican, Beygelzimer, and Langford,
2006, Dasgupta, Hsu, and Monteleoni, 2007]. However, ¥émenore interesting to discuss sit-
uations in which one can prove error rate guarantees foe tigsrithms significantipetterthan
those achievable by passive learning. In this section, wgenldey reviewing known results on
these potential improvements, stated in terms of the deégsgent coefficient; we then proceed to
discuss new results for Algorithm 1 and a novel variant ofokithm 2, and describe the conver-
gence rates achieved by these methods in terms of the desagne coefficient and Tsybakov's

noise conditions.

2.3.1 The Disagreement Coefficient and Active Learning: Basic Results

Before going into the results for general distributi@hg, on X' x {—1, +1}, it will be instructive

to first look at the special case when the noise rate is zerdetdtanding how the disagreement
coefficient enters into the analysis of this simpler case adyn digestion of the theorems and
proofs for the general case presented later, where it plagssentially analogous role. Most of
the major ingredients of the proofs for the general case eaioidnd in this special case, albeit
in a much simpler form. Although this result has not previguzen published, the proof is

essentially similar to (one case of) the analysis of Algomitl in [Hanneke, 2007b].
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Theorem 2.7. Suppos@ xy € Realizable(C) for a VC classC, and letf € C be such that
er(f) =0, andf; < co. For anyn € N, with probability> 1 — ¢ over the draw of the

unlabeled examples, the classifigr returned by Algorithm Oaften label requests satisfies

er(hn) <2 exp {_69f(4d1n(449f) + In(2n/9) } '

Proof. The caseliam(C) = 0 is trivial, so assuméiam(C) > 0 (and thus? > 1 andf; > 0).
Let V; denote the set of classifiers@hconsistent with the firstlabel requests. P(DI1S(V;)) =
0 for somet < n, then the result holds trivially. Otherwise, with probalill, the algorithm uses
all n label requests; in this case, consider semen. Letz,,, denote the example corresponding
to thet'" label request. Lek,, = 460,(4dIn(16e6;) + In(2n/0)), ' =t + X, and letz,, , denote
the example corresponding to label request numb@ssuming < n — A,). In particular, this
implies [{zm,+1, Tmt2, - - - Tm,, } N DIS(V;)| > A, which means there is an i.i.d. sample of
size\, from Dxy [X] given X € DIS(V;) contained in{,,, 41, Tm, 12, - - -, Tm,, }: NAMely, the
first \,, points in this subsequence that ardJdaS(V;).

Now recall that, by classic results from the passive leatiterature [e.g., Blumer et al.,

1989, Vapnik, 1982], this implies that on an evént holding with probabilityl — §/n,

4dIn 292 +1n 2
sup er(h|DIS(V;)) < N ;) <1/(26;).

heVy An

SinceV, C V;, this means
P(DIS(V)) < P(DIS(B(f.P(DIS(V,))/(204)))) < P(DIS(VL))/2

By a union bound, the evenis;, hold for allt € {i\, : i € {0,1,...,[n/\,] — 1}} with
probability> 1 — §. On these events, if > \, [log,(1/€)], then (by induction)

sup er(h) <P(DIS(V,)) <e.

heVn

Solving fore in terms ofn gives the result. [
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2.3.2 Known Results on Convergence Rates for Agnostic Active Learning

We will now describe the known results for agnostic activerméng algorithms, starting with
Algorithm 1. The key to the potential convergence rate impmoents of Algorithm 1 is that,

as the region of disagreemeRtdecreases in measure, the magnitude of the error difference
er(h|R) — er(h'|R) of any classifiers:, k' € V under theconditional sampling distribution
(given R) can become significantly larger (by a factogf) ') thaner(h) — er(h’), making it
significantly easier to determine which of the two is worsegs sample of labeled examples.

In particular, [Hanneke, 2007b] developed a technique madyeing this type of algorithm, re-
sulting in the following convergence rate guarantee foroditnm 1. The proof follows similar
reasoning to what we will see in the next subsection, but igtechhere to reduce redundancy;

see [Hanneke, 2007b] for the full details.

Theorem 2.8.[Hanneke, 2007b] Leh,, be the classifier returned by Algorithm 1 when allowed
n label requests, using the boun@s1)and confidence parametérc (0, 1/2). Then there

exists a finite universal constansuch that, with probability> 1 — §, Vn € N,

. v202dlog L n 1 n
ha) — v < ctf 5] Zexpd —y]— b
erihn) v s e w5 Rdlog L 56”“’{ c92d}

Similarly, the key to improvements from Algorithm 2 is thatra increases, we only need to

request the labels of those examples in the region of disagget of the set of classifiers with
near-optimal empirical error rates. ThusPifD15(C(¢))) shrinks as decreases, we expect the
frequency of label requests to shrinkragncreases. Since we are careful not to discard the best
classifier, and the excess error rate of a classifier can bedeolin terms of thé\,,, function, we

end up with a bound on the excess error which is converging,ithe number otinlabeledex-
amples processed, even though we request a number of labeisg slower thann. When this
situation occurs, we expect Algorithm 2 will provide an iroped convergence rate compared
to passive learning. Using the disagreement coefficiersggta, Hsu, and Monteleoni [2007]

prove the following convergence rate guarantee.
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Theorem 2.9.[Dasgupta, Hsu, and Monteleoni, 2007] Liet be the classifier returned by
Algorithm 2 when allowed label requests, using the threshd@#3), and confidence parameter

d € (0,1/2). Then there exists a finite universal constastich that, with probability> 1 — 4,

. v20dlog % log 1 n
hy) — v < 6 508 1 /dlog = - o
er(n) —v < C\/ n 085 e cfd log? 5

Note that, among other changes, this bound improves thendepee on the disagreement

Vn € N,

coefficient,d, compared to the bound for Algorithm 1. In both cases, fotaterranges of,

v, andn, these bounds can represent significant improvements iextess error guarantees,
compared to the corresponding guarantees possible favedsarning. However, in both cases,
whenv > 0 these bounds have asymptotiadependence on of é(n*l/Q), which is no better
than the convergence rates achievable by passive leamimg lfy empirical risk minimization).
Thus, there remains the question of whether either algaoritéin achieve asymptotic convergence
rates strictly superior to passive learning for distribos with nonzero noise rates. This is the

topic we turn to next.

2.3.3 Adaptation to Tsybakov’s Noise Conditions

It is known that for most nontriviaC, for anyn andv > 0, for every active learning algorithm
there is some distribution with noise ratefor which we can guarantee excess error no better
thano vn~1/2 [K#ariainen, 2006]; that is, the~'/? asymptotic dependence anin the above
bounds matches the corresponding minimax rate, and thustée improved as long as the
bounds depend oRyy only viar (andf). Therefore, if we hope to discover situations in which
these algorithms have strictly superior asymptotic depeoe onn, we will need to allow the
bounds to depend on a more detailed description of the n@s#dtion than simply the noise
ratev.

As previously mentioned, one way to describe a noise digtdh using a more detailed
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parameterization is to use Tsybakov’s noise conditidng{akov(C, , 1)). In the context of
passive learning, this allows one to describe situationshith the rate of convergence is be-
tweenn~!' andn~'/2, even whernv > 0. This raises the natural question of how these active
learning algorithms perform when the noise distributiotis§ias this condition with finite; and

k parameter values. In many ways, it seems active learningrigcplarly well-suited to ex-
ploit these more favorable noise conditions, since theylyrtipat as we eliminate suboptimal
classifiers, the diameter of the version space decreases; fir smallf values, the region of
disagreement should also be decreasing, allowing us t@ fbeusamples in a smaller region and

accelerate the convergence.

Focusing on the special case of one-dimensional threshaddifiers under a uniform marginal
distribution, Castro and Nowak [2006] studied conditionates toT sybakov(C, k, i) In par-
ticular, they studied a threshold-learning algorithm thatlike the algorithms described here,
takesx asinput, and found its convergence rate todzze(l"%)ﬁ whenk > 1, andexp{—cn}
for some fi-dependent) constant whenx = 1. Note that this improves over the 1 rates
achievable in passive learning [Tsybakov, 2004]. Furtizeaythey prove that a value n~ 72
(or exp{—c'n}, for somec, whenx = 1) is also alower boundon the minimax rate. Later,
in a personal communication, Langford and Castro claimetlttha near-optimal rate is also
achieved by Algorithm 1 (up to log factors) for the same lgggrproblem (one-dimensional
threshold classifiers under a uniform marginal distritujtideading to speculation that perhaps
these improvements are achievable in the general case lgsimagr conditions on the disagree-

ment coefficient).

Other than the one-dimensional threshold learning problemvas not previously known
whether Algorithm 1 or Algorithm 2 generally achieves caigence rates that exhibit these

types of improvements.
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2.3.4 Adaptive Rates in Active Learning

The above observations open the question of whether thgedtaims, or variants thereof, im-
prove this asymptotic dependenceranit turns out this is indeed possible. Specifically, we have

the following result for Algorithm 1.

Theorem 2.10.Let &, be the classifier returned by Algorithm 1 when alloweldbel requests
using the bound@.1) and confidence parametére (0,1/2). Suppose further that

Dxy € Tsybakov(C, k, ) for finite parameter values > 1 andu > 0 and VC clas<. Then
there exists a finites¢ and y-dependent) constantsuch that, for any: € N, with probability
>1-9,

exp {_Wg(n/é)} ,  Whenk =1

c <d€210g—2(”/5)>2:_2 . whenxs > 1

n

er(hy) —v <

Proof. The case ofliam(C) = 0 clearly holds, so we will focus on the nontrivial case of
diam(C) > 0 (and thereforef > 0 andd > 1). We will proceed by bounding thiabel
complexity or size of the label budgetthat is sufficient to guarantee, with high probability, that
the excess error of the returned classifier will be at md&ir arbitrarye > 0); with this in hand,
we can simply bound the inverse of the function to get thelt@sterms of a bound on excess
error.

First note that, by Lemma 2.6 and a union bound, on an eventalifapility 1 — ¢, (2.2)
holds withn = §/n for every set, relative to the conditional distribution given its respee
R set, for any value of.. For the remainder of this proof, we assume that thisy probability
event occurs. In particular, this means that for everg C and every() set in the algorithm,
LB(h,Q,d/n) < er(h|R) < UB(h,Q,d/n), for the setR that( is sampled under. Thus, we

always have the invariant that at all times,
Vy>0,{h eV :er(h) —v <~} #0, (2.4)

and therefore also th&t, er(h;) — v = (er(h|R) — infpey er(h|R))P(R) < B;. We will spend
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the remainder of the proof bounding the sizewdufficient to guarantee songe < e.
Recalling the definition of thé*) sequence (from Definitidn 2.1), note that after step
{h € V : limsupy, P(h(X) # h® (X)) > @}

_ : lim sup, P(h(X) # h®(X))\" P(R)\"
{h - (dzam(er(h) —qu; C)\" IE’>@(_R)> g - > }
( 1 ) - (2u9> }

heV:en _><%)}

N

“rev

{

{h € Vier(h|R) — inf er(N'|R) > P(R)“(Que)ﬁ}

{h €V :UB(h,Q,5/n) —min LB(I,Q,6/n) > P(Ryl(zww}

= {h eV :LB(h,Q,d/n)— }111/1611‘} UB(R,Q,6/n) > P(R)" 1 (2uf) ™" — 4G(|Q\,5/n)} .

By definition, everyh € V hasLB(h,Q,d§/n) < mingcy UB(R,Q,/n), so for this last set to
be nonempty after step we must havé®(R)~(2u0) " < 4G(|Q|,5/n). On the other hand, if
{h € V : limsup, P(h(X) # h*¥ (X)) > P(R } 0, then

P(DIS(V)) < P(DIS({h € C : limsupP(h(X) # h¥) (X)) <P(R)/(20)}))

=limsupP(DIS({h € C: P(h(X) # hF (X)) <P(R)/(20)})) < limsup O, ng) = ?,

so that we will definitely satisfy the condition in stémn the next round. Sincg)| gets reset
to 0 upon reaching step, we have that after every execution of sEBpP(R)"~!(2uf)™" <
AG(1Q| = 1,6/n).

If P(R) < then certainlys; < e. So on any round for which

QI To/m) = 2G(QIe/m)

B; > ¢, we must havéP(R) > Combined with the above observations, on any

2GQ 1o/
k—1
round for whichs; > e, (m) (2u0)™" < 4G(|Q| — 1,6/n), which implies (by

simple algebra)

2k—2

@l < (%) " (6u0)? (m% +(d + 1)ln(n)) 1.
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Since we need to reach stgmt most[log(1/¢)] times before we are guaranteed sofpe< ¢

(P(R) is at least halved each time we reach stg@any

2k—2

n>1+ ((%) " (6u)? <ln§ 4 (d+1) ln(n)> + 1) log, % (2.5)

suffices to guarantee sore < e. This implies the stated result by basic inequalities tortabu

the smallest value af satisfying [2.5) for a given value of. O

If the disagreement coefficient is relatively small, Thewo[210 can represent a significant
improvement in convergence rate compared to passive fegwhere we typically expect rates
of ordern="/2%~1) [Mammen and Tsybakov, 1999, Tsybakov, 2004]; this gap is&afly no-
table when the disagreement coefficient arete small. In particular, the bound matches (up to
log factors) the form of the minimax ratewer boundproven by Castro and Nowak [2006] for
threshold classifiers (whefe= 2). Note that, unlike the analysis of Castro and Nowak [2006],
we do not require the algorithm to be given any extra inforamaabout the noise distribution,
so that this result is somewhat stronger; it is also more rgéres this bound applies to an arbi-
trary hypothesis class. In some sense, Thedren 2.10 is dweewrprising, since the bounds
U B and LB used to define the sét and the bounds, are not themselves adaptive to the noise
conditions.

Note that, as before; gets divided by)? in the rates achieved by?. As before, it is not
clear whether any modification to the definitionsio3 and LB can reduce this exponent on
6 from 2 to 1. As such, it is natural to investigate the rates achieved lgothm 2 under
Tsybakov(C, k, u); we know that it does improve the dependence dor the worst case rates
over distributions with any given noise rate, so we mighténdpat it does the same for the
rates over distributions with any given values;oindx. Unfortunately, we do not presently
know whether the original definition of Algorithm 2 achieviss improvement. However, we
now present a slight modification of the algorithm, and prthet it does indeed provide the

desired improvement in dependence&lpwhile maintaining the improvements in the asymptotic
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dependence on. Specifically, consider the following definition for the éshold in Algorithm

2.

An(L, Q. KW BV §) =3Ec(LUQ, 5; L), (2.6)

whereé(c(-7 -;+) is defined in Sectioh 2.6, based on a notion of local Rademamimaplexity

studied by Koltchinskiil[2006]. Unlike the previous definits, these definitions are known to
be adaptive to Tsybakov’s noise conditions, so that we wexftect them to be asymptotically
tighter and therefore allow the algorithm to more aggredgigrune the set of candidate hypothe-

ses. Using these definitions, we have the following theorenproof is included in Sectidn 2.7.

Theorem 2.11.Supposé, is the classifier returned by Algorithm 2 with threshold a¢Zr8),
when allowed: label requests and given confidence parameéter(0, 1/2). Suppose further
thatDxy € Tsybakov(C, k, u) for finite parameter values > 1 andp > 0 and VC clas<.

Then there exists a finite @nd ;. -dependent) constantsuch that, with probability> 1 — 6,

-exp{—,/m}, Whenlizl

c (delg_wnm)* , whens > 1

n

Vn e N,

S

er(hy) —v <

Note that this does indeed improve the dependenag oeducing its exponent fromto 1;
we do lose some in that there is now a square root in the expohdme ~ = 1 case, but it is
likely that an improved definition of and a refined analysis can correct this. The bound in The-
orem2.11 is stated in terms of the VC dimensibidowever, for certain nonparametric function
classes, it is sometimes preferable to quantify the contglekthe class in terms of a constraint
on theentropy (with bracketing) of the Clasgntropyﬂ((@,oz, p) [see e.qg.. Castro and Nowak,
2007, Koltchinskii| 2006, Tsybakov, 2004, van der Vaart ¥elliner,[1995].

In passive learning, it is known that empirical risk miniibn achieves a rate of order
n="/@xte=1) under Entropyy (C, a, p) N Tsybakov(C, k, 1), and that this is sometimes tight
[Koltchinskii, 12006, Tsybakov, 2004]. The following thewn gives a bound on the rate of con-

vergence of the same version of Algorithm 2 as in Thedren, 2n4 time in terms of the entropy
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with bracketing condition which, as before, is faster tHampassive learning rate when the dis-

agreement coefficient is small. The proof of this is include8ectior 2.77.

Theorem 2.12.Supposézn is the classifier returned by Algorithm 2 with threshold agd16),
when allowed: label requests and given confidence paraméter(0, 1/2). Suppose further
that Dxy € Entropy(C, a, p) N Tsybakov(C, k, 1) for finite parameter values > 1, u > 0,
a > 0,andp € (0,1). Then there exists a finite (1, « and p -dependent) constantsuch that,

with probability> 1 — §, Vn € N,

0 logQ(n/(S)) i

n

er(h,) —v < c(

Although this result is stated for Algorithm 2, it is concaldle that, by modifying Algorithm

1 to use definitions of and ; based orﬁc(Q, 4; (), an analogous result may be possible for

Algorithm 1 as well.

2.4 Model Selection

While the previous sections address adaptation to the n@gédtion, they are still restrictive
in that they deal only with finite complexity hypothesis des, where it is often unrealistic
to expect convergence to the Bayes error rate to be achievaldeaddress this issue in this
section by developing a general algorithm for learning vatBequence of nested hypothesis
classes of increasing complexity, similar to the settin§tofictural Risk Minimization in passive
learning [Vapnik| 1982]. The starting point for this dissim is the assumption of a structure on

C, in the form of a sequence of nested hypothesis classes.
CcCcC---

Each class has an associated noiseuwate inf,cc, er(h), and we define,,, = lim ;. We also
12— 00

let 6; andd; be the disagreement coefficient and VC dimension, resgdgtior the setC;. We

are interested in an algorithm that guarantees convergemprebability of the error rate to...
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We are particularly interested in situations whege= v*, a condition which is realistic in this
setting sinc&; can be defined so that it is always satisfied [see e.g., Dev@y@fi, and Lugosi,
1996]. Additionally, if we are so lucky as to have some= v*, then we would like the conver-
gence rate achieved by the algorithm to be not significantligse/than running one of the above
agnostic active learning algorithms with hypothesis cldsalone. In this context, we can de-
fine a structure-dependent version of Tsybakov's noiseitiondy (| Tsybakov(C;, k;, u;), for

el
somel C N, and finite parameters;, > 1 andy; > 0.

In passive learning, there are several methods for this ¢fpmodel selection which are
known to preserve the convergence rates of each dassderTsybakov(C;, k;, 11;). [€.9.,
Koltchinskil, 2006, Tsybakov, 2004]. In particular, Kdfiaskil [2006] develops a method that
performs this type of model selection; it turns out we can ifiyadoltchinskii’'s method to suit
our present needs in the context of active learning; thisit®s a general active learning model
selection method that preserves the types of improved disesssed in the previous section.
This modification is presented below, based on using Algori2 as a subroutine. (It may also

be possible to define an analogous method that uses Algotithsra subroutine instead.)

Algorithm 3
Input: nested sequence of clas$€s}, label budget:, confidence parametér
Output: classifief,

0. Fori = L\/R_/QJ,L\/TL_/QJ -1, L\/R_/QJ —2,...,1
1. LetZ;, and@;, be the sets returned by Algorithm 2 run with and the
threshold in[(2.6), allowingn/(2i%)| label requests, and confident&2i?)
2. Leth;, < LEARNG,(U;j>iLin, Qin)
If h;, # @ andvj s.t.i < j < [\/n/2],
erz;,0Q, (hin) = €r2,,00,, (hin) < 3€¢;(LinUQjn, 0/(25°); Ljn)
5. Returnh,,

w

The functioné (-, ;-) is defined in Sectiof 216. This method can be shown to coyrectl
converge in probability to an error rate @f, at a rate never significantly worse than the original
passive learning method lof Koltchinskii [2006], as desir&dditionally, we have the following

guarantee on the rate of convergence under the structperdent definition of Tsybakov’s
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noise conditions. The proof is similar in style to Koltchin's original proof, though some
care is needed due to the altered sampling distribution le@danstraint sef ;,. The proof is

included in Sectioh 2]7.
Theorem 2.13.Supposé.,, is the classifier returned by Algorithm 3, when allowethbel

requests and confidence parametef (0, 1/2). Suppose further that

Dxy € () Tsybakov(C,, k;, p;) for some nonempty C N and for finite parameter values
i€l

k; > 1 andy; > 0. Then there exist finite:( and i; -dependent) constantgssuch that, with

probability > 1 — 9, Vn > 2,

cexp = J——"—z ¢, HFri=1
ja . Cidiei log3 TZ
er(hy) — Voo < 3min(y; — vy) + :

K

i .
el 2 d;n 2k;—2
de lO kAl K3 R

S

n

In particular, if we are so lucky as to have= v* for some finite; € I, then the above algorithm
achieves a convergence rate not significantly worse thamgtieranteed by Theoreim 2111 for
applying Algorithm 2 directly, with hypothesis clags.

As in the case of finite-complexit{, we can also show a variant of this result when the
complexities are quantified in terms of the entropy with keding. Specifically, consider the
following theorem; the proof is in Sectidn 2.7. Again, thepresents an improvement over

known results for passive learning when the disagreemetticient is small.

Theorem 2.14.Supposé.,, is the classifier returned by Algorithm 3, when allowethbel
requests and confidence parameter (0,1/2). Suppose further that

Dxy € ﬂ Tsybakov(C;, ki, p1i) N Entmpy[]((ci, a;, p;) for some nonempty C N and finite
paramezteér% >0,k; > 1,a; > 0andp; € (0,1). Then there exist finitex(, x;, a; andp;
-dependent) constantssuch that, with probability> 1 — §, Vn > 2,

~ 6:1o 2 in 2ni+zi—2
er(hy) — Voo < 3min(y; — Veo) + ¢ <1—g5> '
iel n

In addition to these theorems for this structure-dependersion of Tsybakov’s noise con-

ditions, we also have the following result for a structurdapendent version.
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Theorem 2.15.Supposézn is the classifier returned by Algorithm 3, when allowethbel
requests and confidence paramefer (0,1/2). Suppose further that there exists a constant
w > 0 such that for all measurable : X — {—1,1}, er(h) — v* > pP{h(X) # h*(X)}. Then

there exists a finite/(-dependent) constantsuch that, with probability> 1 — §, Vn > 2,

. / n
er(h,) —v* <cmin(y; — v*) +exp{ —, | ——— 7.

The case wherer(h) — v* > uP{h(X) # h*(X)}" for k > 1 can be studied analogously,

though the rate improvements over passive learning are sutée.

2.5 Conclusions

Under Tsybakov’s noise conditions, active learning caerafhproved asymptotic convergence
rates compared to passive learning when the disagreemeffitant is small. It is also possible
to preserve these improved convergence rates when leawiting nested structure of hypothesis
classes, using an algorithm that adapts to both the noisditaors and the complexity of the

optimal classifier.

2.6 Definition of &

For any functionf : X — R, and&y, &, ... a sequence of independent random variables with
distribution uniform in{—1, +1}, define theRademacher procedsr f under a finite sequence

of labeled example® = {(X],Y/)} as

AR}

[
R(F:Q) = 17 26X,

The &; should be thought of as internal variables in the learnimggrhm, rather than being

fundamental to the learning problem.
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For any two sequences of labeled examples {(X/,Y/)} and@Q = {(X/,Y/)}, define

IR R

C[L] ={h € C:er(h) =0},

Cle £,Q) = {h € C[L] : erq(h) — Jmin, ero(k) < e},

let
QI

Dele£,Q)=  sup ﬁzﬂ[hﬂX{’)#hz(X{’)L
) i=1

h1,h2eC(e;L,Q

and define

be(eL,Q =1 s R(h—haQ).

h1,h2€C(6:£,Q)
Leté € (0,1], m € N, and define
20m?1
Sm(0) =1In om 2g2(3m).

LetZ. = {j € Z : 22 > ¢}, and for any sequence of labeled examples- {(X/,Y/)},

1) g

define@,, = {(X1.Y/), (X%, Y)),...,(X],,Y,)}. We use the following notation of Koltchin-

m’ - m

skii Koltchinskil [2006] with only minor modifications. Fare [0, 1], define

U@(e,é;ﬁ, Q):K@C(éE;Lj?Q)_I_ SQ(5)DS|(66;£,Q)+s%(|5)>

£¢(Q.6: £)= min infle>0:j€ 2. Uc(2!6: £, Q) <27
where, for our purposes, we can take= 752, and¢ = 3/2, though there seems to be room for

improvement in these constants. We also de@i@@, 9; C, L) = oo by convention.

2.7 Main Proofs

Let Ec(m,8) = Ec(Z,0;0). For eachn € N, leth;, = arg min er,, () be the empirical risk
S
minimizer inC for thetrue labels of the firsin examples.
Fore > 0, defineC(e) = {h € C:er(h) — v <e€}. Form € N, let

de(m, ) =E L |(er(h1) = erm(h1)) = (er(hs) — erm(hs))l;
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m m

U(c(m, €, (S) = f( <¢C(m,ée) + \/Sm(5)dzam(C(Ee)) n Sm(5)> ’

Ec(m,6) = inf {e >0:VYj € Z,Us(m,2,6) < 2j—4} ’

where, for our purposes, we can take= 8272 and¢ = 3. We also defin€(0,6) = co. The

following lemma is crucial to all of the proofs that follow.

Lemma 2.16. [Koltchinskil,|2006] There is an evetfi; s with P(Ec5) > 1 — §/2 such that, on
eventEc s, Vm € N,Vh € C, V1 € (0,1/m),Vh' € C(r),

er(h) = v < max {2(er(h) — ern(W) + 7), Ec(m, )}

erm(h) — erm(ht) < 3 max {(er(h) —v), &c(m, 5)} :

8(C<m7 6) S éC(mv 5)7

and for anyj € Z with 2/ > &¢(m, 6),

sup |(ery(h1) —er(hy)) — (erp(he) — er(hg))] < U@(Qj,é; 0, Zn).
hi,ha€C(29)

This lemma essentially follows from details of the proof afit€hinskii’'s Theorem 1, Lemma
2, and Theorem 3 [Koltchinskii, 200%] We do not provide a proof of Lemnia 2116 here. The

reader is referred to Koltchinskii’'s paper for the details.

2.7.1 Definition ofr

If 6 is bounded by a finite constant, the definition-gfis not too important. However, in some
cases, setting, = 0 results in a suboptimal, or even infinite, valuedpfwhich is undesirable.
In these cases, we would like to sgtas large as possible while maintaining the validity of
the bounds, and if we do this carefully we should be able tabd#ish bounds that, even in the
worst case whefi = 1/r,, are never worse than the bounds for some analogous pasaining

our min‘ modification to Koltchinskii’s version of¢(m, §) is not a problem, sincéc(m, €) and% are

m<|Q

nonincreasing functions of..
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method; however, to do this requiresto depend on the parameters of the learning problem:
namely,n, d, C, andDxy .

Generally, depending on the bound we wish to prove, diffevatues ofr, may be appro-
priate. For the tightest bound in termsébproven below (namely, Lemnia 2]18), the following
definition ofr, gives a good bound. Defining

mc(n,d, Dxy) = min {m € N:n <log, % + Qemz_ P(DIS(C(2E¢(¢, 5))))} , (2.7

/=0
we can letry = r¢(n, 0, Dxy ), Where

1 ﬁ’Lc(n,(s,DXY)*l

re(n,d, Dxy) = = > diam(C2Ec(me (1, n, 6),0))). (2.8)

m(C<n> 57 DXY) =0

We use this definition in all of the proofs below. In partiaulaith this definition, Lemma2.18 is
never significantly worse than the analogous known resupéssive learning (though it can be
significantly better whefl << 1/r,). For the looser bounds (namely, Theoréms2.11and 2.12),
a larger value of, would be more appropriate; however, note that this samergketeehnique
can be employed to define a good valuerfpin these looser bounds as well, simply using upper

bounds on[(2]8) analogous to how the theorems themselvee@ved from Lemm&aZ.18 below.

2.7.2 Proofs Relating to Sectioh 213

For/ € NU {0}, let £Y and@Q® denote the set§ and(, respectively, in step 4 of Algorithm

2, whenm — 1 = ¢; if this never happens during execution, then defiffe = (), Q19 = Z,.

Lemma 2.17.0n eventtc 5, V¢ € N U {0},
Ec(QV U LY, 6:LY) = Ec(t,0)

and

Ve > Ec(0,0), i e Cole; £O) C Cyle; 0).

Proof of Lemmal[2.17 Throughout this proof, we assume the evEqt; occurs. We proceed by

induction on?, with the base case éf= 0 (which clearly holds). Suppose the statements are true
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forall ¢/ < ¢. The caseC¥) = () is trivial, so assum&”) #£ (). For the inductive step, suppose
he Co(Ec(l,6);0).

Then for all¢’ < ¢, we have

ero(h) — er(hy) < Ec(L',6).
In particular, by Lemm&2.16, this implies
er(h) — v < max {2(erg(h) —ero(h2)), Ec(t, 5)} < 28c(,9),

and thus for any)’ € C,

< gmax {er(h> —v&e(l, 5)} < 3&c(l,0) = 3Ec(Q),5; L)),

Thus, we must haver« (h) = 0, and thereforé, € C,(Ec(¢,6); £©). Since this is the case

for all suchh, we must have that
ColEc(t,8); L) 2 Co(Ecl(¢,6);0). (2.9)
In particular, this implies that
(€l ), £0,Q) > UelEc(£,6),5:0, 20) > —-&c(L.9),

where the last inequality follows from the definition & (¢, J), (which is a power oR). Thus,
we must haveéc(QW U L0 §: £LO) > (4, 5).
The relation in[(2.9) also implies that
hi € Cu(Ec(t,0);£9),
and therefore
Ve > Ec(0,8), Cile; £Y) C Cyle: 0),
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which implies

Ve > Ec(0,0), Uc(e,8; £9,QW) < Uc(e, 80, Z,).

But this mean<¢(Q®) U LY, §; £O) < &(¢, ). Therefore, we must have equality. Thus, the

lemma follows by the principle of induction. O

Lemma 2.18. Suppose for any € N, h,, is the classifier returned by Algorithm 2 with
threshold as in2.6), when allowed: label requests and given confidence paraméter0, and
suppose further that., is the value ofQ| + | £| when Algorithm 2 returns. Then there is an

eventHc s such thatP(Hc s N Ecs) > 1 — 6, such that o¢ s N Ecs, Vn € N,
er(ﬁn) —rv< éc(mmé),
and

£=0

2 mp—1 _
n < min {mn, log, 4% + 4ef) Z diam(C(2E¢ (4, 5)))} .

Proof of Lemmal[Z.18. Once again, assume evdrt ; occurs. By LemmaZ.16/m > 0,

~

er(hy) — v < max {Q(ermn(ﬁn) —erm, (hy, )+ 7), Ec(my, (5)} .

~

Letting 7 — 0, and noting thatr (%, ) = 0 (LemmalZ1V) impliesr,,, (hn) = erm, (A%, ),
we have

er(hn) — v < Ec(mp,8) < Ec(mn,d),

where the last inequality is also due to Lemma P2.16. Note tthiaté@(mn,é) represents an
interesting data-dependent bound.

To get the bound on the number of label requests, we procefdl@ass. For anym € N,
and nonnegative integér< m, let I, be the indicator for the event that Algorithm 2 requests
the labelY,,, and letN,, = 2":51 I,. Additionally, let I; be independent Bernoulli random
variables with

P[[,=1] =P {D[S((C(Qé(c(& 5)))} .
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Let N/, = 37" I). We have that
P[{l,=1}N Ecs) <P [{XHl € DIS(Cy(Ec(QV U L®, 8, £9); O N Ew]
<P [{XHl € DIS(Cy(Ec(¢,8);0))} N EC,J} <P [DIS((C(ZEC(E, 5)))] — P[I, = 1].

The second inequality is due to Lemmas 2.17 and]2.16, whéethiid inequality is due to
Lemmd2.16. Note that

E[N' ]| = Z_ Pl =1] = Z_ P {DfS(@(zéc(z, 5)))}}

Let us name this last quantity,. Thus, by union and Chernoff bounds,
4m?
P (< dm e N: N, >max< 2eqy, ¢ + log, = N Ecs
<) P|{N, >max12e +1lo dm” NE
>~ m qm; 9m 25 S C,0
4m? ) )
< Z P {{Nvln > max{?eqm,qm + log, T}}] < EN4—mQ < 5

For anyn, we known < m,, < 2". Therefore, we have that on an event (which inclutes)

occuring with probability> 1 — 4, for everyn € N,

4m?
n < max{N,, ,log, m,} < max{ 2eq¢n,, Gm, + 10g, 5

2 mp—1

< log, 4”? +2¢ Y P{DIS(C(2Ec(t, 6))}-

=0

In particular, this impliesn,, = mc¢(n, 9, Dxy) < m, (Wheremc(n,d, Dxy ) is defined in[(2.17)).

We now use the definition @f with ther, in (2.8).

A2 My —1 ~

n < log, ?“ +2¢ Y P{DIS(C(2Ec(t,5)))}
/=0
47?2 ESY ;
<log, —" +2¢0 Y max{diam(C(2E¢(¢,6))),re(n, 5, Dxy )}
/=0
42 Y ; 4m? ey :

<log, —" +4ef Y diam(C(2Ec((,0))) < log, —= +4ef Y diam(C(2Ec(¢,0))).

=0 /=0
O

41



Lemma 2.19.0n eventH¢ s N Ec s (WhereHc s is from Lemm&2.18), under

Tsybakov(C, k, 1), ¥n > 2,

~ l-exp{— Lgd}, ifr=1
Eclma,6) <’ V cdrlos’s

c (—d910g2(nd/5)>2:—2 , if K >1

n

Y

for some finite constant(depending om: and ), and under

Entropy;(C, o, p) N Tsybakov(C, k, 1), Vn € N,

K

. . (910g2(n/5))2"+”7

<
Ec(mn,d) < n

for some finite constant(depending om, u, p, anda).

Proof of Lemmal[2.19. We begin with the first cas&¢ybakov(C, k, 11) only).

We know that
edlog %

m.

we(m,e) < K\

for some constanf [see e.g., Massart arflodie Necelec, 2006]. Noting thabc(m, e) <

we(m, diam(C(e))), we have that

%Wﬁ®<K(KwMMQMMMEﬁﬁJ+¢%@Mm@&»+%@)

m m m

1/5d1 1 1/k
< K'max { € 0g ¢ | [$m(0)e ’ Sm(0) } |
\/ m m m

Taking anye > K" (%) >~ for some constark” > 0, suffices to make this latter quantity

< {5- So for some appropriate constdtit(depending om andx), we must have that

- dlog ™\ 2=-1
Ec(m, ) < K ( %8 ) . (2.10)
m
Plugging this into the query bound, we have that
2 mp—1 L dl x ﬁ
n < log, 47?” +2eh (2 +/ n(2K')x ( °8 5) ) . (2.11)
1 xz
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2k—2

If x> 1, (2.11) is at most"fmz" " dlog %=, for some constank™ (depending on: and

2k—1

n 2k—2
)

- Odlog %

(). This implies
m, > K® (
for some constank ®). Plugging this into[{2.10) and using Lemima 2.18 completesptiof for

this case.
On the other hand, if = 1, (Z.11) is at mosk ™ 6d log* e, for some constant’” (depending

onx andy). This implies
my > 5exp{K(3)1/6—T;} ,

for some constank . Plugging this into[(Z.10), using Lemria 2118, and simptiythe ex-

pression with a bit of algebra completes this case.

For the bound in terms of, [Koltchinskil [2006] proves that
log % 7T < K log %
- m

K 2&#271
m~ 2o, < > , (2.12)
m

Ec(m,d) < K'max
for some constank” (depending on:, «, andx). Plugging this into the query bound, we have

2k+p—2

e —7 m
2rtp—1 n
nn . log 5 )

that

1
logg) 2K+p_1> < K"6m

4 2 mn—1 1
n§log2%+269 <2+/ M(QK’)K< ;
1

2k+p—1
2k+p—2

for some constank™” (depending om, 1, v, andp). This implies

for some constank ®). Plugging this into[(2.12) and using Lemina 2.18 completegptioof of
(]

this case.
Proofs of Theorem[211land Theorem[2.12. These theorems now follow directly from Lem-
O

mag 2.1B and 2.19.
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2.7.3 Proofs Relating to Sectioh 214

Lemma 2.20.Fori € N, letd; = 6/(2i) andmy,, = |Lin| + |Qin| (for i > y/n/2, define
Lin = Qi = 0). For eachn, let i,, denote the smallest indexsatisfying the condition oh;,, in
step 3 of Algorithm 3. Let, = 27" and define
in =min{i € N: Vi’ >i,Vj > ,Vh € Cy(7), ery,, (h) = 0},
and
Ji = arg IjréiI{} vj + écj(mjn, 9;)-

Then on the everft) Eg, s,,
=1

Vn € N, max {z;,%n} < jr.

Proof of Lemmal[2.20. Continuing the notation from the proof of Lemina2.17,fer NU {0},
let £{” andQ!” denote the set§ and(Q, respectively, in step 4 of Algorithm 2, when — 1 =
¢, when run with clas<;, label budget{n/(2i?)], confidence parametéf, and threshold as
in (Z8); if m — 1 is never¢ during execution, then defing”) = ¢ andQ!") = z,.

Assume the everﬁ1 E¢, 5, occurs. Suppose, for the sake of contradiction, jhatj < i

for somen € N. Then there is someé > % — 1 such that, for somé < m;,,, we have some

n e Ci;—l(Tn) N {h eC;: ET (0) (h) = O} but

erg(h’)—iréi& ere(h) > ery(h') —heCizergli(g 0 ere(h) > SQCi(ngL)UQE?, i Egﬁ)) = 38¢,(4,6)),

in

where the last equality is due to Lemma 2.17. Lenimal2.16 esghis will not happen for

i =i* — 1, so we can assume> i*. We therefore have (by Lemrha2]16) that

~ , ) 3 ~
3E¢,(4,0;) < ere(h') — hme%cn ere(h) < ) max {Tn + v 1 — v, Eg, (¢, (51)} .

In particular, this implies that

DO | o

38@i(mm, (SZ) S Sé(jz(g, 51) < (Tn + Vi;‘L—l — 1/7;) S (Tn + I/j — 1/7;) .

DO | o

Therefore,
A Tn

Ec, (Myn,05) +v; < Ec, (Min, ;) + 13 < 5 (T +vj — i) + 15 < 35 +v;.

44



This would imply thatécj (Myjn,0;) < 1,/2 < m%n (due to the second return condition in Al-
gorithm 2), which by definition is not possible, so we have atdiction. Therefore, we must
have that every; > . In particular, we have thatn € N, h;.,, # @.

Now pick an arbitrary € N withi > j = j*, and leth’ € C;(,). Then

< €lm;, (hjn) - ggcn ermm<h)
< ;max {er(hjn) - v, éci (M, 51)} (Lemmd2.16)

3 R
= EmaX{BT’(h]n) _Vj+yj _Vzag(cz(ml’rhé’b)}

(
2(6rmjn(hjn> - ermjn(h/) + Tn) + Vj — Vi

3 R

<

5 max 8(;]. (mjn, 53) + Vi — U

A

&Ci (mm, 52‘)
\
)

3 é(cj (mjn, 5j) + I/j — U )
= 5 max (sincej > iy,)

éci (mm, 5i)

\

3

= §éci(mm, 5i) (by definition of )
= ;éc(.cm U Qin, 65; Lin) (by Lemmd Z.117)

Lemma 2.21.0n the even{) Eg,s,, Vn € N,
i=1

1=

er(h; ) — Voo < 3miRI]1 (1/1- — VUso + éci(mm, 52)) )
1€

inm

Proof of Lemmal(2.21. Let k!, € C;«(r,) for 7,, € (0,27"), n € N.
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er(hn) — Veo = er(h; ) — Voo

= Vjp — Voo + er(h%nn) — Uj»
4

2(erm ., (B, ) — €rm. (hy) + 7o)

Inm

IN

Vjx — Voo F 1NAX

| Ec; (Myjzn, jz)
)

2(erﬁj;nUQj;;n(h%nn) L UQ (hjiin)) + Tn)

IN

Vjx — Voo 1 Max

\ Ec,. (Myjzn, 53
The first inequality follows from Lemn{aZ.116. The second inady is due to LemmBa2Z.20 (i.e.,

ji > i%). In this last line, we can let, — 0, and using the definition af, show that it is at most

3. .
Vjs — Voo + max {2 (58% (Ljzn U Qjzns b ﬁj;n)) , Ec; (Myjsn, 5]‘:;)}

= Vjx — Voo + 38@],;; (mj:ln, 6];;) (LemdeV)
< 3min (yi — Vo + &, (i, 5@-)) (by definition of;*)
< 3min (v — v+ Ec,(min, ) (Lemma(Z.Ip).

We are now ready for the proof of Theoreims 2.13[and]|2.14.

Proofs of Theorem[2.18 and Theorerh 2.14These theorems now follow directly from Lem-
mas 2.2l and2.19. Thatis, Lemma2.21 gives a bound in terife &f quantities, holding on

event() Ec,s,, and Lemm&2.19 bounds theSguantities as desired, on eveft He, 5, N Ec, 5,
=1 1=1
Noting that, by the union bound, {ﬂ He, s, N Eci,(;i} >1—>"7 6 >1— ¢ completes the
=1
proof. n

Defineé = ¢+ 1, D(e) = lim diam(C;(e)), and
J—00
Sm(6:) D (é¢) . S (67)

Te. 5;) = K | we (m, D(é
U(CZ(m767 ) W(Cz(mv <C€>)+ m m
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and

éci(M,(gi) = inf {6 >0:Vj € Z, (oj(ci(m’ 27.8;) < 2j—4} '

Lemma 2.22.For anym, i € N,

Ec;(m, 0;) < max {é@i(m, 0i), Vi — z/oo} .

Proof of Lemmal2.22. Fore > v; — v,

m m

<K (wci (m, diam(C,(ze))) + \/ sm(0:)diam(Ci(ce)) sm(éi)> |

m m

Ue,(m,e,8;) = K (cbci(m,ée) n \/Sm(éi)diam(ci(ée)) L Sm 50)

But diam(C;(ce)) < D(ée + (v; — 1)) < D(ée), so the above line is at most

K (wcl(m,b(ée)) + 5m(9:) D(é€) + Sm(éi)) = Ug,(m,€,6;).

m m

In particular, this implies that

éci(m,&) = nf{6>0 Vj EZE,UC (m,27,6;) <2j_4}
< inf {6 > (1 — Vo) 1 V) € Ze, U(ci(m, 27.6;) < 2j_4}
< inf {6 > (V — Vo) 1 V) € Ze, lo](ci(m, 27.8;) < 2j_4}
< max 1nf{e>0 i GZE,U(C (m, 27, 6;) <2j’4},(yi—yoo)}

{
—

Ec,(m yoo} )

Proof of Theorem2.I5. By the same argument that lead[to (2.10), we have that



for some constank’, (depending omn).
Now assume the evef.”, Hc, s, N Ec, s, occurs. In particular, Lemnia 2]21 implies that

Vi,n € N,

er(hy,) — v* < min {1, 3 min (2(14 — Vo) + &, (min, (51)> }

ieN
< K3min ((V, — v") 4+ min {1, A}) :
1€N Min

Now take: € N. The label request bound of Lemina 2.18, along with Lerhma, 2n2alies

for some constank’s.

that

8 2 ;2 min—1 dll zi
1

< K50, max {(VZ — V)M, d; logz(mm) log %}

Let %(n) = /m. Then

d; log ™t
@208 75 < K ((Vi )

Min

T dilog - (14 ~(n)) exp {—cm(n)}) |

1+ 7i(n)
: )

Yi(n)?

Thus,

d; log ™ '
min {1; &} < min {1, K7 ((Vz —v') +d; log% (1 + (1)) €$p{—02%‘(n)}) } :

Min

The result follows from this by some simple algebra. [

2.8 Time Complexity of Algorithm 2

It is worth making a few remarks about the time complexity af@ithm 2 when used with
the [2.6) threshold. Clearly theHARN: subroutine could be at least as computationally hard
as empirical risk minimization (ERM) ovet. For most interesting hypothesis classes, this

is known to be NP-Hard — though interestingly, there are seiffieient special cases [e.g.,
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Kalai, Klivans, Mansour, and Servedio, 2005]. Additiogalhere is the matter of calculating
&.(6;C, L). The challenge here is due to the localizatiof; £) in the empirical Rademacher
process calculation and the empirical diameter calcuiatio

However, using a trick similar to that in Bartlett, Bousquetd &endelsan [2005], we can
calculate or bound these quantities via an efficient redodt minimization of aveightedem-
pirical error. That is, the only possibly difficult step inlealating ¢, (¢; C, £) requires only
that we identifyh; = argmin er,,(h,&) andhy = argmin er,,(h, —§), whereer,,(h,§) =

heCm(e;L) heCm(e;L) R

L3 LX) # &) andery,(h, =€) is the same but with-¢;.  Similarly, letting h, =
LEARNC(ﬁ Q) for £ U @ generated from the first. unlabeled examples, we can bound

D,(e; C, £) within a factor of2 by 2er,,,(i', h,;) whereh/ = argmin ~ er,,(h, —h,) and
erm(f,9) = =30 1[f(X;) # 9(X;)]. All that remains is tgicp;yé::ﬁ‘;/ how this optimization for
hi,hs,andh’ can be performed. Taking titg case for example, we can solve the optimization as
follows. We find

— arg mmz D A&+ Y ALh(z) Ayl + Y 2max{1, \pml[h(z) # ],

(z,y)€Q (zy)eL

where )\ is a Lagrange multiplier; we can calcula?ﬁ@\) for O(m?) values of\ in a discrete
grid, and from these choose the one with smaklze,s,l(ﬁ(A), ¢) among those Witlaer(ﬁ(A)) —
eer(lAzﬁ) < e. The third term guarantees the solution satiséiqs{fz(x)) = 0, while the value
of \ specifies the trade-off betweeﬁqu(iAz()\)) anderm(ﬁw, €). The calculation foh, andh’

is analogous. Additionally, we can clearly formulate thearN subroutine as such a weighted
ERM problem as well.

For each of these weighted ERM problems, a further polynora@iiction to (unweighted)
empirical risk minimization is possible. In particular, wan replicate the examples a number
of times proportional to the weights, generating an ERM mobbnO(m?) examples. Thus,
for processing any finite number of unlabeled exampleghe time complexity of Algorithm
2 (substituting the abov&-approximation forD,, (¢; C, £), which only changes constant factors

in the results of Sectidn 2.3.4) should be no more than a potyal factor worse than the time
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complexity of empirical risk minimization witlC, for the worst case over all samples of size

O(m?).

2.9 A Refined Analysis of PAC Learning Via the Disagree-
ment Coefficient

Throughout this section, we will work iRealizable(C) and denoté® = Dy [X]. In particular,
there is always a target functighe C with er(f) = 0.

Note that the known general upper bound for this problemas ththe VC dimension ofC
is d, then with probabilityl — 9, every classifier ifC consistent wittn random samples has error

rate at most
4d1n(2en/d) +1n(4/0)

n

_ (2.13)

This is due to Vapnik [1982]. There is a slightly differentmal (for a different learning strategy)

of
. dlog(1/4)

n

(2.14)

proven by Haussler, Littlestone, and Warmuth [1994]. ItI®&nown that one cannot get a
distribution-free bound smaller than

log(1
. d+ 05( /9)

for any concept space [Vapnik, 1982]. The question we areerored with here is deriving upper
bounds that are closer to this lower bound than either (24 8.14) in some cases.

dt1osll/9) i the definition of the

For our purposes, throughout this section we will take-
disagreement coefficient. In particular, recall that< % always, and this will imply a fallback
guarantee no worse than those above for our analysis belawever, it is sometimes much
smaller, or even constant, in which case our analysis heyebmdetter than those mentioned

above.
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2.9.1 Error Rates for Any Consistent Classifier

For simplicity and to focus on the nontrivial cases, the ltesu this section will be stated for
the case wher®(DI1S(C)) > 0. TheP(DIS(C)) = 0 case is trivial, since every € C has

er(h) = 0 there.

Theorem 2.23.Letd be the VC dimension of concept spéteand let
Vo ={h € C:Vi<n,h(z;) = f(z;)}, wheref € C is the target function (i.e¢r(f) = 0),
and(xy, zo,...,z,) ~ D" is a sequence of i.i.d. training examples. Then for &my(0, 1),

with probability> 1 — 6, Vh € V,,,

er(h) < %4 (dln(ssoef) +In 15—2) . (2.15)

Proof. SinceP(D1S(C)) > 0 by assumptiond; > 0 (andd > 0 also follows). As above, let
Vin = {h € C: Vi < m,h(z;) = f(x;)}, and defineradius(V;,) = supjey,, er(h). We will
prove the result by induction an As a base case, note that the result clearly holds férd, as
we always haver(h) < 1.

Now suppose: > d + 1 > 2, and suppose the result holds for any< n; in particular,

considem = |n/2]. Thus, for any € (0, 1), with probability> 1 — §/3,

24
radius(Vy,) < — (dln(8809f) +In 3T;6> :

m

Note thatr, < r,, So we can take this inequality to hold for the defined withr,, as well.
If radius(V,,) < r,, then we clearly have (2.15) (and_(2.16) below) simedius(V,) <

radius(V,,), so supposeadius(V,,) > r,. Likewise, ifP(DIS(V,,)) < % ln% < 2n—4 In %, then
(2.15) is valid (as i9(2.16) below) sincedius(V;,,) < radius(V,,) < P(DIS(V,,)). Otherwise,
by a Chernoff bound, with probability 1 — §/3, we have

{ &t Ty - - o 20} O DIS(Vin)| > P(DIS(Vin))[n/2]/2 =: N.

When this is the case, the firdt samples iz, .1, T2, . ..,z } N DIS(V,,) represent an iid

sample from the conditional giveR15(V,,), so that[(2.1B) tells us that given this event, with
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probability> 1 — 6/3,

radius(V,) = P(DIS(V,,))radius(V,|DIS(V,,))
1

4 2eN 12 2eP(DIS(V,, 12
< B(DIS(Vn))+- (dln ed +1n 7) < FG <dln e 4§(V L, F)
16 Jln efsradius(Vy,)n 1n2 .
n 2d )

Applying the inductive hypothesis fotudius(V,,), combined with a union bound over these

failure events (each of probability/ 3), we have that with probabilityy 1 — 0,

1 12
radius(V,) < 16 (dln (4869f (111 (8806f) + pi —In 3?;6)) +1In T) . (2.16)
n

If d > 11In12, then the right side of (Z.16) is at most

12
16 (dln (0748e1n (880 - 3 - €fy)) + In 7)
n

5
16 3/ 12\ _ 24 2
< — (dln (260990f ) +In 7) (d In (8806;) + In 7) .

1 12
16 (d In (0¢48¢In (400086)) + In —)
n
n
Otherwised < 1 1In 2, so that the right side of (2.116) is at most

16
n

1. 12 12
(dln <9f4861n(880 39f)d1n?> +ln7)

<16 (dln (670593/2> +dln (

i
< (a2 (1))

The theorem now follows by the principle of induction. O

7))

24 2
— | dl 0 In— |.
n< n880f)+n5)

With this result in hand, we can immediately get some intergsesults, such as the follow-

ing corollary.
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>

Corollary 2.24. Suppos& is the space of linear separators dhdimensions that pass throug
the origin, and suppose the distribution is uniform on theeae of the origin-centered unit
sphere. Then with probability 1 — 4, anyh € C consistent with the i.i.d. training examples

has (for some finite universa)

dlogd + log%
c—°.

h) <

er(h) < -

Proof. [Hanneke, 2007b] proves thatp 6, < 7/ d for this problem. O
fec

This improves over the best previously known bound for cgirsit classifiers for this problem

in its dependence om, which wassc S0/ DH0e0/0) 1) i and | ong, 2007] (though we picked

n

up an extrdog d factor in the process).

2.9.2 Specializing to Particular Algorithms

The above analysis is for arbitrary algorithms that seleztaissifier consistent with the training
data. However, we can modify the disagreement coefficiebetmore interesting for more spe-
cific algorithms. Specifically, suppose there are €gtsuch that with high probability algorithm
A will output a classifier ifC; when f is the target function. Then we only need to worry about
the regions of disagreement within thé&Sesets, which may be significantly smaller than within
the full spaceC.

To give a concrete example, consider the Closure algorithutpud theh € C with smallest
P(h(X) = +1) that is consistent with the data. For intersection-cloSedhe sets ar€; =
{h € C: h(z) = +1 = f(x) = +1}. So effectively, this becomes our concept space, and the
disagreement coefficient gfwith respect taC; andD can be significantly smaller than it is with
respect to the full spac€. For instance, ifC is axis-aligned rectangles, then the disagreement
coefficient of anyf € C with respect taC,; andD is at mostd. This implies a bound

o~ dlogd + log(1/6)
- :
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We already have better bounds than this for using Closure thithconcept space. How-
ever, if thed upper bound on disagreement coefficient with resped tas true for general

intersection-closed spac€s this would match the best known bounds for general intésec

closed spaces [Auer and Ortner, 2004].
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Chapter 3

Significance of the Verifiable/Unverifiable

Distinction in Realizable Active Learning

This chapter describes and explores a new perspective daltblecomplexity of active learning
in the fixed-distribution realizable case. In many situagiovhere it was generally thought that
active learning does not help, we show that active learnmesdelp in the limit, often with
exponential improvements in label complexity. This cosiisawith the traditional analysis of
active learning problems such as non-homogeneous linparaers or depth-limited decision
trees, in whichQ2(1/¢) lower bounds are common. Such lower bounds should be ieteqbr
carefully; indeed, we prove that it is always possible tarieane-good classifier with a number
of labels asymptotically smaller than this. These new imsigrise from a subtle variation on
the traditional definition of label complexity, not previly recognized in the active learning

literature.

Remark 3.1. The results in this chapter are taken from [Balcan, Hanneakel Wortman, 2008],

joint work with Maria-Florina Balcan and Jennifer Wortman.
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3.1 Introduction

A number of active learning analyses have recently beergsexpin a PAC-style setting, both for
the realizable and for the agnostic cases, resulting in @aese® of important positive and nega-
tive results/[Balcan et al., 2006, 2007, Cohn et al., 1994, Daisg 2004, 2005, Dasgupta et al.,
2005, 2007, Hanneke, 2007a,b]. In particular, the most re@d@aoteworthy positive result for
when active learning helps is that of learning homogeneaas through the origin) linear
separators, when the data is linearly separable and disgdluniformly over the unit sphere,
and this example has been extensively analyzed [Balcan éGil6,/ 2007, Dasgupta, 2005,
Dasgupta et al., 2005, 2007]. However, few other positigelte are known, and there are sim-
ple (almost trivial) examples, such as learning intervalaan-homogeneous linear separators
under the uniform distribution, where previous analysdale¢l complexities have indicated that

perhaps active learning does not help at all [Dasgupta,]2005

In this work, we approach the analysis of active learningadlgms from a different angle.
Specifically, we point out that traditional analyses hawaigtd the number of label requests
required before an algorithm can both produce-giwod classifieand prove that the classifier’s
error is no more tham. These studies have turned up simple examples where thibarus
no smaller than the number of random labeled examples extjfor passive learning. This is
the case for learning certain nonhomogeneous linear depar@nd intervals on the real line,
and generally seems to be a common problem for many learngmpsios. As such, it has led
some to conclude that active learnidges not helfior most learning problems. One of the goals
of our present analysis is to dispel this misconception. cHipally, we study the number of
labels an algorithm needs to request before it can produeegand classifier, even if there is
no accessible confidence bound available to verify the yuafithe classifier. With this type
of analysis, we prove that active learning can essentidligys achieve asymptotically superior
label complexity compared to passive learning when the f@edision is finite. Furthermore,

we find that for most natural learning problems, including tiegative examples given in the
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Best accessible confiden
bound on the error

/ True error rate of

the learnés hypothesis

labels

Y polyllog(l/e) 1}6

Figure 3.1: Active learning can often achieve exponentigdriovements, though in many cases
the amount of improvement cannot be detected from infoonadvailable to the learning algo-

rithm. Herey may be a target-dependent constant.

previous literature, active learning can achieve expdagr'nmprovements over passive learning
with respect to dependence arThis situation is characterized in Figlre]3.1.

To our knowledge, this is the first work to address this subtimt in the context of active
learning. Though several previous papers have studieddsoom this latter type of label com-
plexity [Castro and Nowak, 2007, Dasgupta etlal., 2005, 20tiir results werao stronger
than the results one could prove in the traditional analy#is such, it seems this large gap

between the two types of label complexities has gone ureabtinitil now.

3.1.1 A Simple Example: Intervals

To get some intuition about when these types of label conitglexe different, consider the
following example. Suppose thét is the class of all intervals oved, 1] andD is a uniform
distribution over{0, 1]. If the target function is the empty interval, then for anyfisiently small
¢, In order toverify with high confidence that this (or any) interval has erork, we need to
request labels in at least a constant fraction of(¥i&/¢) intervals|0, 2¢], [2¢, 4¢], . . ., requiring
2(1/e) total label requests.

lwe slightly abuse the term “exponential” throughout theptaa In particular, we refer to anylylog(1/¢) as

being an exponential improvement ougf.
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However, no matter what the target function is, we @iad an e-good classifier with only
a logarithmic label complexity via the following extremedymple 2-phase learning algorithm.
The algorithm will be allowed to makelabel requests, and then we will find a valuet dfiat is
sufficiently large to guarantee learning. We start with géaf2(2')) set of unlabeled examples.
In the first phase, on each round we choose a poimiformly at random from the unlabeled
sample and query its label. We repeat this until we eitheedasa+1 label, at which point we
enter the second phase, or we usé &bel requests. In the second phase, we alternate between
running one binary search on the examples betvesnd thatr and a second on the examples
between that: and 1 to approximate the end-points of the interval. Once we uke label

requests, we output a smallest interval consistent witlobserved labels.

If the targeth* labels every point as-1 (the so-calledall-negativefunction), the algorithm
described above would output a hypothesis witltrror even afte) label requests, so arty> 0
suffices in this case. On the other hand, if the target is amiat[a, b] C [0, 1], whereb — a =
w > 0, then after roughly)(1/w) queries (a constant number that depends only on the taaget),
positive example will be found. Since only(log(1/¢)) additional queries are required to run the
binary search to reach error ratét suffices to have > O(1/w+log(1/¢)) = O(log(1/¢)). Soin
general, the label complexity is at woiStlog(1/¢)). Thus, we see a sharp distinction between
the label complexity required tnd a good classifier (logarithmic) and the label complexity

needed to both find a good classiféerd verifythat it is good.

This example is particularly simple, since there is efiedi only one“hard” target function
(the all-negative target). However, most of the spaces udystre significantly more complex
than this, and there are generally many targets for whighditfficult to achieve good verifiable

complexity.
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3.1.2 Our Results

We show that in many situations where it was previously beliethat active learning cannot

help, active learning does help in the limit. Our main spea@ntributions are as follows:

¢ We distinguish between two different variations on the dedin of label complexity. The
traditional definition, which we refer to agrifiable label complexityfocuses on the num-
ber of label requests needed to obtain a confidence boundaihty an algorithm has
achieved at mosterror. The newer definition, which we refer to simplylalsel complex-
ity, focuses on the number of label requests before an algodtioally achieves at most
e error. We point out that the latter is often significantly dievathan the former, in con-
trast to passive learning where they are often equivaletd apnstants for most nontrivial

learning problems.

e We prove thatnydistribution and finite VC dimension concept class has adgarning
label complexity asymptotically smaller than the label pbewity of passive learning for
nontrivial targets. A simple corollary of this is that fink&C dimension implies(1/¢)

active learning label complexity.

e We show it is possible to actively learn with arponential rate variety of concept classes
and distributions, many of which are known to require a Image in the traditional anal-
ysis of active learning: for example, intervals n1] and non-homogeneous linear sepa-

rators under the uniform distribution.

e \We show that even in this new perspective, there do existritwoands; it is possible to
exhibit somewhat contrived distributions where exporamtites are not achievable even
for some simple concept spaces (see Thedrem 3.11). Therlggrroblems for which
these lower bounds hold are much more intricate than therloawgnds from the traditional
analysis, and intuitively seem to represent the core of wiates a hard active learning

problem.
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3.2 Background and Notation

In various places throughout this chapter, we will need tmtefor acountable dense subseft

a hypothesis clasg. For any set of classifiefi§, we will denote byl a countable (or possibly

finite) subset o s.t. Ya > 0, Vh € V, 30/ € V with Pp,,(4(h(X) # H(X)) < a. Such

a set is guaranteed to exist under mild conditions; in paerg finite VC dimension suffices to

guarantee its existence. We introduce this notion to aveithon degenerate behaviors, such as

whenDIS(B(h,0)) = X. For instance, the hypothesis class of classifiers off0thg interval

that label exactly one point positive has this property wraay nonatomic density function.
Since all of the results in this chapter are for the fixedritigtion realizable case, it will be

convenient to introduce the following short-hand notation

Definition 3.1. A functionA(e, 4, h*) is alabel complexityfor a pair (C, D) if there exists an
active learning algorithmA achieving label complexity(e, §, Dxy) = A(e, 6, h*p,.,.) for all
Dxy € Realizable(C, D), whereD is a distribution ovetX’ andh*p ., is the target function

underDxy-.

Definition 3.2. A functionA(e, 6, h*) is averifiable label complexityor a pair (C, D) if there
exists an active learning algorithpd achieving verifiable label complexity

A(e,6,Dxy) = Ale, 0, h*p,, ) for all Dxy € Realizable(C, D), whereD is a distribution over

X andh*p,, is the target function undePyy .

Let us take a moment to reflect on the difference between tbal@finitions of label com-
plexity: namely, verifiable and unverifiable. The distioctimay appear quite subtle. Both
definitions allow the label complexity to depend both on #rgét function and on the input dis-
tribution. The only distinction is whether or not there isagtessible guarantear confidence
boundon the error of the chosen hypothesis that is also at mo$his confidence bound can
only depend on quantities accessible to the learning dlgorisuch as therequested labels. As
an illustration of this distinction, consider again thelgeon of learning intervals. As described

above, if the target* is an interval of widthw, then after seein@(1/w +log(1/¢)) labels, with
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high probability it is possible for an algorithm guaranteethat it can output a function with
error less than. In this case, for sufficiently smadl the verifiable label complexity (e, d, h*)
is proportional tdog(1/¢). However, ifh* is the all-negative function, then the verifiable label
complexity is at least proportional 10/'¢ for all values ofe becausea high-confidence guarantee
can never be madeithout observind2(1/¢) labels; for completeness, a formal proof of this fact
is included in Section 3l7. In contrast, as we have seenatied tomplexity i< (log(1/¢)) for
anytarget in the class of intervals when no such guarantee isrest

A common alternative formulation of verifiable label comyte is to let A takee as an
argument and allow it to choose online how many label reguésieeds in order to guarantee
error at most [Dasgupta, 2005]. This alternative definition is almostiegent (an algorithm
for either definition can be modified to fit the other definitiaithout significant loss in the
verifiable label complexity values), as the algorithm muesable to produce a confidence bound

of size at most on the error of its hypothesis in order to decide when to séopiesting labels

anywa

3.2.1 The Verifiable Label Complexity

To date, there has been a significant amount of work studyiagr/érifiable label complexity
(though typically under the aforementioned alternativenialation). It is clear from standard re-
sults in passive learning that verifiable label complegit€O ((d/e€) log(1/€) + (1/€)log(1/9))
are easy to obtain for any learning problem, by requestiedahels of random examples. As

such, there has been much interest in determining when tgsilple to achieve verifiable la-

2There is some question as to what the “right” formal modelativa learning is in general. For instance, we
could instead letA generate an infinite sequence /of hypotheses (ofth,, é;) in the verifiable case), wherk;
can depend only on the firstlabel requests made by the algorithm along with some irsggiment of unlabeled
examples (as in_[Castro and Nowak, 2007]), representingdbe where we are not sure a-priori of when we will
stop the algorithm. However, for our present purposes, sitehnative models are equivalent in label complexity

up to constants.
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bel complexitysmaller than this, and in particular, when the verifiable label caxriy is a
polylogarithmic function ofl /e (representing exponential improvements over passiveilegy.

As discussed in previous chapters, there have been a fewitipgaproposed to measure
the verifiable label complexity of active learning on anyegivconcept class and distribution.
Dasgupta’splitting index][Dasguptal, 2005], which is dependent on the concept clasa,dis-
tribution, target function, and a parameterquantifies how easy it is to make progress toward
reducing the diameter of the version space by choosing am@rao query. Another quantity
to which we will frequently refer is thdisagreement coefficiefilanneke| 2007b], defined in
ChaptefR.

The disagreement coefficient is often a useful quantity hatyzing the verifiable label com-
plexity of active learning algorithms. For example, as we saChaptef 2, Algorithm 0 achieves
a verifiable label complexity at mog&t-d - polylog(1/(ed)) when run with hypothesis clagsfor
target functiom* € C. We will use it in several of the results below. In all of théexeant results
of this chapter, we will simply take, = 0 in the definition of the disagreement coefficient.

We will see that both the disagreement coefficient and sgithdex are also useful quantities

for analyzing unverifiable label complexities, though these in that case is less direct.

3.2.2 The True Label Complexity

This chapter focuses on situations where true label cont@s»are significantly smaller than
verifiable label complexities. In particular, we show thaanp common pair§C, D) have
label complexity that is polylogarithmic iboth 1/e and1/§ and linear only in some finite
target-dependent constant . This contrasts sharply with the infamoué lower bounds men-
tioned above, which have been identified for verifiable lao@hplexity [Dasgupta, 2004, 2005,
Freund et all, 1997, Hanneke, 2007a]. The implication i§ thaany fixed target*, such lower
bounds vanish as approache$. This also contrasts with passive learning, whefe lower

bounds are typically unavoidable [Antos and Lugosi, 1998].

62



Definition 3.3. We say thaf{C, D) is actively learnable at an exponential rétthere exists an

active learning algorithm achieving label complexity

A<€7 0, h*> =~ - polylog (1/(€6>>

for all h* € C, wherey,- is a finite constant that may depend whand D but is independent of

eandd.

3.3 Strict Improvements of Active Over Passive

In this section, we describe conditions under which acteering can achieve a label complexity
asymptotically superior to passive learning. The resubssarprisingly general, indicating that
whenever the VC dimension is finite, essentialhy passive learning algorithm is asymptotically

dominatedoy an active learning algorithm aall targets.

Definition 3.4. A functionA(e, 5, h*) is apassive learnintabel complexity for a pai{C, D) if
there exists an algorithm (((xy, h*(x1)), (z2, h*(22)), .. ., (z, h*(x))), 0) that outputs a
classifierh, s, such that for any target functiol* € C, e € (0,1/2),6 € (0, 1), for any

t > A(e, 0, h*),

Pp(er(his) <e€) >1-—24.
Thus, a passive learning label complexity corresponds &stiction of an active learning

label complexity to algorithms that specifically reques first ¢ labels in the sequence and
ignore the rest. In particular, it is known that for any fifk€ dimension class, there is always
anO (1/e) passive learning label complexity [Haussler etal., 19%4]rthermore, this is often
(though not always) tight, in the sense that for any passgaighm, there exist targets for which
the corresponding passive learning label complexit§ {3 /¢) [Antos and Lugosi, 1998]. The
following theorem states that for any passive learningllebmplexity, there exists an achievable
active learning label complexity with a strictly slower agytotic rate of growth. Its proof is
included in Sectiof 3.11.

Remark 3.2. This result is superceded by a stronger result in Chalpter 4yéncer, the result in
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Chapter4 is proven for a different algorithm, so that Theof&& is not entirely redundant. |
have therefore chosen to include the result, since the nmigin of the algorithm may be of

independent interest, even if the stated theorem is itselk@rehan later results.

Theorem 3.5. Supposé& has finite VC dimension, and It be any distribution ot’. For any
passive learning label complexity, (¢, 6, h) for (C, D), there exists an active learning
algorithm achieving a label complexity, (¢, d, ) such that, for alh € (0,1/4) and targets

h* € Cfor whichA, (e, 6, h*) = w(1),

Au(e,0,h") = 0(Ay(e/4,6,h7)).

In particular, this implies the following simple corollary

Corollary 3.6. For anyC with finite VC dimension, and any distributi@hover X', there is an

active learning algorithm that achieves a label complexity, J, 2*) such that ford € (0,1/4),

Ae, 0, h*) =o(1/e)

for all targetsh € C.

Proof. Let d be the VC dimension of. The passive learning algorithm of Haussler, Little-
stone & Warmuth [[Haussler etlal., 1994] is known to achievabel complexity no more than
(kd/e)log(1/4), for some universal constaht< 200. Applying Theoreni_3J5 now implies the

result. ]

Note the interesting contrast, not only to passive learrbngalso to the known results on the
verifiablelabel complexity of active learning. This theorem defirgtivstates that the (1/¢)
lower bounds common in the literature on verifiable label paxity canneverarise in the

analysis of the true label complexity of finite VC dimensidasses.
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3.4 Decomposing Hypothesis Classes

Let us return once more to the simple example of learning léesof intervals ovel), 1] under
the uniform distribution. As discussed above, it is wellwmahat the verifiable label complexity
of the all-negative classifier in this class(¥1/¢). However, consider the more limited class
C’ ¢ C containing only the intervalg of width wy, strictly greater than 0. Using the simple
algorithm described in Sectign 3.1.1, this restricted<tn be learned with a (verifiable) label
complexity of onlyO(1/wjy, + log(1/¢)). Furthermore, the remaining set of classifi€rs =

C\ C’ consists of only a single function (the all-negative clfisgiand thus can be learned with
verifiable label complexity). Here we have thaf can be decomposed into two subclasBés
andC”, where both(C’, D) and (C”, D) are learnable at an exponential rate. It is natural to
wonder if the existence of such a decomposition is enougmpdyi thatC itself is learnable at

an exponential rate.

More generally, suppose that we are given a distribufioand a hypothesis clags such
that we can construct a sequence of subcla&sesgith label complexityA; (e, d, h), with C =
U, C;. Thus, if we knewa priori that the targeb* was a member of subclags, it would be
straightforward to achiev&; (e, d, h*) label complexity. It turns out that it is possible to leamy
targeth* in anyclassC; with label complexity onlyO(A;(e/2, /2, h*)), even without knowing
which subclass the target belongs to in advance. This cardmrglished by using a simple
aggregation algorithm, such as the one given below. Here afs&tive learning algorithms
(for example, multiple instances of Dasgupta’s splittifggpaithm [Dasgupte, 2005] or CAL) are
run on individual subclassés; in parallel. The output of one of these algorithms is sebkcte

according to a sequence of comparisons.

Using this algorithm, we can show the following label comrxtiebound. The proof appears

in Sectiorl 3.B.
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Algorithm 1 Algorithm 4 : The Aggregation Procedure. Here it is assunmed@ = U, C,,
and that for each, A; is an algorithm achieving label complexity at madste, o, ) for the pair

(C;, D). Both the main aggregation procedure and each algorthtake a number of labels

and a confidence parameteas parameters.
Let k be the largest integer si? [72In(4k/6)] < t/2

fori=1,...,kdo

Let i; be the output of running\;(|¢/(44%)], d/2) on the sequencgra, 1}°°,
end for
fori,j € {1,2,...,k} do

if Pp(hi(z) # h;(z)) > 0then

Let R,; be the first{ 72 1n(4k /)] elements: in the sequencérsy, }2°, s.t. hi(z) # hj(x)

Request the labels of all exampleshy),
Let m,; be the number of elements i&; on whichh; makes a mistake
else
Letm;; =0
end if
end for

Returnh; = h; wherei = argmin _max _m;
ie{1,2,....k}y J€{1,2,...k}

Theorem 3.7. For any distributionD, let C,, C,, . . . be a sequence of classes such that for each
i, the pair(C;, D) has label complexity at moat;(¢, 6, k) for all h € C,. LetC = U2, C;. Then

(C, D) has a label complexity at most

min max {4@'2 [As(e/2,6/2,h)], 23 {72 In ﬂ } :

i:heC; )

for anyh € C. In particular, Algorithm 4 achieves this when given as ingng algorithmsA;

that each achieve label complexity(e, d, k) on class(C;, D).
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A patrticularly interesting implication of Theordm B.7 isattthe ability to decomposg into
a sequence of class&s with each pair(C;, D) learnable at an exponential rate is enough to
imply that(C, D) is also learnable at an exponential rate. Sincevdréiablelabel complexity
of active learning has received more attention and is thegdfetter understood, it is often be
useful to apply this result when there exist known bounddherverifiable label complexity; the
approach loses nothing in generality, as suggested by Hosviog theorem. The proof of this
theorem. is included in Sectign 8.9.

Theorem 3.8.For any (C, D) learnable at an exponential rate, there exists a sequence
Cy, Cy, ... withC = U3, C,;, and a sequence of active learning algorithrs A,, . . . such that
the algorithmA; achieveserifiablelabel complexity at mosy;polylog; (1/(ed)) for the pair

(C;, D), wherey; is a constant independent o&ndé. In particular, the aggregation algorithm

(Algorithm 4 ') achieves exponential rates when used with talggeithms.

Note that decomposing a givéhinto a sequence df; subsets that have good verifiable label
complexities is not always a simple task. One might be techfehink a simple decomposi-
tion based on increasing values of verifiable label complexith respect ta/C, D) would be
sufficient. However, this is not always the case, and gelyena need to use information more
detailed than verifiable complexity with respect(td, D) to construct a good decomposition.
We have included in Sectidn 3]10 a simple heuristic apprtizahcan be quite effective, and in
particular yields good label complexities for evéfy, D) described in Sectidn 3.5.

Since it is more abstract and allows us to use known activaileg algorithms as a black
box, we frequently rely on the decompositional view introeld here throughout the remainder

of the chapter.

3.5 Exponential Rates

The results in Sectidn 3.3 tell us that the label complexitgative learning can be made strictly

superior to any passive learning label complexity when tledémension is finite. We now ask
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how much better that label complexity can be. In particulg,describe a number of concept
classes and distributions that are learnable ax@onentiakate, many of which are known to

requireQ)(1/e) verifiablelabel complexity.

3.5.1 Exponential rates for simple classes

We begin with a few simple observations, to point out situadiin which exponential rates
are trivially achievable; in fact, in each of the cases nwem@d in this subsection, the label
complexity is actuallyO(1).

Clearly if |[X'| < oo 0r|C| < oo, we can always achieve exponential rates. In the former, case
we may simply request the label of everyn the support ofD, and thereby perfectly identify
the target. The corresponding= |X|. In the latter case, Algorithm O can achieve exponential
learning with~y = |C| since each queried label will reduce the size of the versiaee by at
least one.

Less obvious is the fact that a similar argument can be appiieany countably infinite
hypothesis clas€. In this case we can impose an orderinghs, - - - over the classifiers i,
and setC; = {h;} for all i. By Theoremi 3.7, applying the aggregation procedure to &gsasnce
yields an algorithm with label complexity(e, 6, h;) = 2i* [721In(4i/6)] = O(1).

3.5.2 Geometric Concepts, Uniform Distribution

Many interesting geometric conceptsRft are learnable at an exponential rate if the underlying
distribution is uniform on some subset Bf'. Here we provide some examples; interestingly,
every example in this subsection has some targets for whighdrifiable label complexity is

2 (1/e). As we see in Sectidn_3.5.3, all of the results in this sect@mm be extended to many

other types of distributions as well.

Unions of k intervals under arbitrary distributions: Let X’ be the interval0, 1) and letC*®)
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denote the class of unions of at mdsintervals. In other wordsC*) contains functions de-
scribed by a sequencey, aq, - - - , a;), whereay = 0, a, = 1, ¢ < 2k + 1, anday, - - - , a, is the
(nondecreasing) sequence of transition points betweeatimegand positive segments (sds
labeled+1 iff « € [a;,a,41) for someodd ). For any distribution, this class is learnable at an
exponential rate by the following decomposition argumeéist, defineC; to be the set contain-
ing the all-negative function along with any functions tha¢ equivalent given the distribution
D. Formally,

C,={heCP . PhX)=+1)=0}.

ClearlyC, has verifiable label complexity. Fori = 2,3, ...,k + 1, letC; be the set containing
all functions that can be represented as unions-efl intervals but cannot be represented as

unions of fewer intervals. More formally, we can inductivekfine eacltC; as
Ci={heC® .3 e CYst.P(h(X)#H(X)) =0} \UjwC; .

Fori > 1, within each subclas€;, for eachh € C; the disagreement coefficient Wt is
bounded by something proportional o+ 1/w(h), wherew(h) is the weight of the smallest
positive or negative interval with nonzero weight. Thusnimg Algorithm 0 withC; achieves
polylogarithmic (verifiable) label complexity for arly € C;. SinceC*®) = U*!C;, by Theo-

rem[3.7,C¥ is learnable at an exponential rate.

Ordinary Binary Classification Trees: Let X be the cube0, 1|, D be the uniform distribution
on X, andC be the class of binary decision trees using a finite numbexisfarallel splits
(see e.g., Devroye et al. [Devroye et al., 1996], Chapter RO}his case, in the same spirit as
the previous example, we |€1; be the set of decision trees @distance zero from a tree with
i leaf nodes, not contained in afy; for j < i. For any:, the disagreement coefficient for any
h € C; (with respect to(C;, D)) is a finite constant, and we can choddgeto have finite VC
dimension, so eactC;, D) is learnable at an exponential rate (by running AlgorithmithZ;).

By Theoreni 3J7(C, D) is learnable at an exponential rate.
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Linear Separators

Theorem 3.9. LetC be the concept class of linear separators:idimensions, and l&b be the

uniform distribution over the surface of the unit spheree Plir (C, D) is learnable at an

exponential rate.

Proof. There are multiple ways to achieve this. We describe hermplsiproof that uses a de-
composition as follows. Let(h) be the probability mass of the minority class under hypashes
h. Let C, be the set containing only the separatomsith A\(h) = 0, letCy, = {h € C: A\(h) =
1/2},and letC; = C\ (C; U C,). As before, we can use a black box active learning algorithm
such as CAL to learn within the clag. To prove that we indeed get the desired exponential
rate of active learning, we show that the disagreement cositi of any separatar € C5 with
respect to/Cs, D) is finite. The results concerning Algorithm 0 from Chapter rthmmedi-
ately imply thatC; is learnable at an exponential rate. Sifcetrivially has label complexity
1, and(C,, D) is known to be learnable at an exponential rate [e.g., BaBeoder, and Zhang,
2007, Dasgupta, 2005, Dasgupta, Kalai, and MonteleonE A88nneke, 2007b] combined with
Theoren 3.7, this would imply the result.

Below, we will restrict the discussion to hypothese£in which will be implicit in notation
such asB(h, r), etc. First note that, to shotly, < oo, it suffices to show that

lim DPISBR)) (3.1)

r—0 r

so we will focus on this.

For anyh, there exists;, > 0 s.t. Vi’ € B(h,r),P(h(X) = +1) < 1/2 & P(h(X) =
+1) < 1/2, or in other words the minority class is the same amongakk B(h,r). Now
consider any’ € B(h,r) for 0 < r < min{r,, A(h)/2}. ClearlyP(h(X) # h'(X)) > |A(h) —
A(R)|. Supposéi(x) = sign(w - x + b) andh’(x) = sign(w’ - = + V') (where, without loss,
we assuméjw|| = 1), anda(h,h’) € [0,7] is the angle betweew andw’. If a(h,h') =
0 or if the minority regions ofh and /' do not intersect, then clearj(h(X) # (X)) >

%’h') min{\(h), A\(h')}. Otherwise, consider the classifiérs) = sign(w-x+b) andh/(x) =
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Figure 3.2: Projection of and/’ into the plane defined by andw’.

sign(w’ - x + b'), whereb and b’ are chosen s.tP(h(X) = +1) = P(W(X) = +1) and
A(R) = min{A(h), \(W)}. That is,h andh’ are identical toh andh’ except that we adjust the
bias term of the one with larger minority class probabildyéduce its minority class probability
to be equal to the other’s. if # h, then most of the probability mass 6f : h(x) # h(z)} is
contained in the majority class region f(or vice versa ifh’ # h'), and in fact every point in
{x: h(z) # h(z)} is labeled by according to the majority class label (and similarly férand
h"). Therefore, we must haw®(h(X) # h'(X)) > P(h(X) # h'(X)).

We also have thab(h(X) # K/(X)) > 2" \(R). To see this, consider the projection
onto the2-dimensional plane defined hy andw’, as in Figuré_3.5]2. Because the two decision
boundaries must intersect inside the acute angle, the pititpanass contained in each of the
two wedges (both with(h, ') angle) making up the projected region of disagreement leative
andh’ must be at least am(h, ') /7 fraction of the total minority class probability for the pes-
tive classifier, implying the union of these two wedges habability mass at Iea@)\(fz).
Thus, we hav(h(X) # I/(X)) > max {!A(h) —AR)], 2280 ymin {A(h), /\(h’)}}. In par-
ticular,

h,h')

B(h,r) C {h’  max {|)\(h) — (W), % min{\(h), /\(h’)}} < r} .

The region of disagreement of this set is at most
DIS ({h 2000 ) By ) < A AR) — A < r})
s

C DIS({I : w' = wANK)—A(R)| < rHUDISH{R : alh, 1) < wr ) AR)ANR)=AR)| = r}),
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where this last line follows from the following reasoningaK€y,,.; to be the majority class of
h (arbitrary if \(h) = 1/2). For anyh’ with |\(h) — A(R")| < r, theh” with a(h, ") = a(h, h')
havingP(h(X) = yma;) — P(R"(X) = yma;) = r disagrees withh on a set of points containing
{x: W (z) # h(x) = yma, }; likewise, the one havinB(h(X) = Yma;) —P(R"(X) = Ymaj) = —7
disagrees witth on a set of points containinge : 1'(z) # h(xz) = —Ymq;}. SO any point in
disagreement betweénand somé&’ with |A\(h) — A(A')| < r anda(h,h’) < wr/A(h) is also
disagreed upon by sont& with |A(k) — A(R")| = r anda(h, h") < 7r/A(h).

Some simple trigonometry shows thaf S({»’ : a(h,h’) < wr/A(h) A|A(h) = A(R)| = r})
is contained in the set of points within distange(7wr/A(h)) < 7r/X of the two hyperplanes
representing; () = sign(w - x + by) andhsy(x) = sign(w - = + by) defined by the property that

A(h1) — A(h) = A(h) — A(h2) = 7, so that the total region of disagreement is contained withi
{z:hi(z) # he(z)} U{x : min{|w - x + by, |w - & + ba|} < 7r/A(h)}.

Clearly,P({z : hi(x) # ho(x)}) = 2r. Using previous results [Balcan et al., 2006, Hanneke,
2007b], we know thaP({z : min{|w -  + by|,|w - & + bs|} < 7wr/A(h)}) < 2my/nr/A(h)
(since the probability mass contained within this distasfc@hyperplane is maximized when the
hyperplane passes through the origin). Thus, the probabflthe entire region of disagreement
is at most(2 + 2m/n/A(Rh))r, so that[(3.11) holds, and therefore the disagreement cieeffiis

finite. O

3.5.3 Composition results

We can also extend the results from the previous subsediother types of distributions and

concept classes in a variety of ways. Here we include a fewtset® this end.

Close distributions: If (C, D) is learnable at an exponential rate, then for any distraouE’
such that for all measurablé C X', A\Pp(A) < Pp(A4) < (1/N)Pp(A) for someX € (0, 1],

(C,D’) is also learnable at an exponential rate. In particular, aresimply use the algorithm
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Figure 3.3:lllustration of the proof of Theorem 3.110. The dark gray regions remeBp, (hq, 2r) and
Bp,(ha,2r). The functionh that gets returned is in the intersection of these. The light gray regions
representBp, (h1,€/3) and Bp,(ha,€/3). The target functiorh* is in the intersection of these. We

therefore must have < ¢/3, and by the triangle inequaliy(h) < e.

for (C, D), filter the examples fror®’ so that they appear like examples fr@mand then any
t large enough to find ae\-good classifier with respect 1 is large enough to find asftgood

classifier with respect t®'.

Mixtures of distributions: Suppose there exist algorithms and. A, for learning a clas§ at
an exponential rate under distributiols and D, respectively. It turns out we can also learn
under anymixture of D; and D, at an exponential rate, by usind; and A, as black boxes.
In particular, the following theorem relates the label ctewpty under a mixture to the label

complexities under the mixing components.

Theorem 3.10.LetC be an arbitrary hypothesis class. Assume that the pdir$, ) and

(C, Dy) have label complexitie&; (¢, 9, h*) and A (e, d, h*) respectively, wher®, andD, have
density function®rp, andPrp, respectively. Then for any € [0, 1], the pair

(C,aD; + (1 — a)Dy) has label complexity at most

2 [max{A(€e/3,6/2,h*), Aa(€/3,/2,h*)}].

Proof. If & = 0 or 1 then the theorem statement holds trivially. Assume insteathx € (0, 1).
We describe an algorithm in terms®@fD;, andD,, which achieves this label complexity bound.

Suppose algorithmgl; and. A, achieve the stated label complexities un@igrand D, re-
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spectively. At a high level, the algorithm we define works Ifftéring” the distribution over
input so that it appears to come from two streams, one digé&ibaccording t@;, and one dis-
tributed according t@,, and feeding these filtered streams4pand.A, respectively. To do so,
we define a random sequeneg u,, - - - of independent uniform random variablegin1]. We

then runA; on the sequence of examplesfrom the unlabeled data sequence satisfying

aPrp, (z;)

Ui < aPrp, (x;) + (1 — @)Prp,(z;)’

and run4, on the remaining examples, allowing each to make an equabeuai label requests.
Let h, andhy be the classifiers output by; and.A,. Because of the filtering, the examples
that. 4, sees are distributed accordingZy, so aftert/2 queries, the current error @f with
respect toD; is, with probabilityl — ¢/2, at mostinf{e’ : A;(¢/,6/2,h*) < t/2}. A similar
argument applies to the error bf with respect tdD;.
Finally, let
r =inf{r : Bp,(h1,7) N Bp,(ha, 1) # 0},

where

Bp,(hi,r) ={h € C: Prp,(h(x) # h;y(x)) <r}.

Define the output of the algorithm to be ahyc Bp, (h1,2r) N Bp,(hs, 2r). If a total oft >
2 [max{A(e/3,6/2,h*), Ay(e/3,9/2, h*)}| queries have been madg® by .4, andt/2 by As,),
then by a union bound, with probability at ledst §, 4* is in the intersection of the/3-balls,
and soh is in the intersection of thee/3-balls. By the triangle inequality; is within e of h*
under both distributions, and thus also under the mixtugee(Figuré_ 313 for an illustration of

these ideas.) ]

3.5.4 Lower Bounds

Given the previous discussion, one might suspectahgtpair (C, D) is learnable at an expo-

nential rate, under some mild condition such as finite VC disien. However, we show in the
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Figure 3.4: A learning problem where exponential rates ateanhievable. The instance space
is an infinite-depth tree. The target labels nodes alongdesinfinite path as-1, and labels all
other nodes-1. For any¢(e) = o(1/¢), when the number of children and probability mass of
each node at each subsequent level are set in a certain Wwalyctanplexities ob(¢(¢)) are not

achievable for all targets.

following that this isnot the case, even for some simple geometric concept classes tivbe

distribution is especially nasty.

Theorem 3.11.For any positive functiom(¢) = o(1/¢), there exists a paifC, D), with the VC
dimension ofC equall, such that for any achievable label complexiti¢, §, ») for (C, D), for
anyd € (0,1/4),

dh € Cs.t. A(e, 0, h) # o(d(e€)).

In particular, takingg(e) = 1/+/€ (for example), this implies that there exist§@& D) that is

not learnable at an exponential rate (in the sense of Defini8.3).

Proof. If we can prove this for any such(e) # O(1), then clearly this would imply the result
holds forg(e) = O(1) as well, so we will focus o(e) # O(1) case. Lefl" be a fixed infinite
tree in which each node at deptthasc; children; ¢; is defined shortly below. We consider
learning the hypothesis clagswhere eachh € C corresponds to a path down the tree starting
at the root; every node along this path is labeleghile the remaining nodes are labeled.
Clearly for eachh, € C there is precisely one node on each level of the tree laldebsdh (i.e.
one node at each deptlf).has VC dimension 1 since knowing the identity of the nodeltbe

on leveli is enough to determine the labels of all nodes on levels. ;i perfectly. This learning

problem is depicted in Figufe 3.4.
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Now we defineD, a “bad” distribution forC. Let{/;}:°, be any sequence of positive numbers
s.t. Yoo, ¢ = 1. ¢ will bound the total probability of all nodes on levelaccording toD.
Assume all nodes on levéhave the same probability accordingl®pand call thisp;. We define
the values op; andc; recursively as follows. For eagh> 1, we definep; as any positive number
st pi[o(p)1I1 =5 ¢; < 6 andg(p;) > 4, and define;_, = [¢(p;)]. We are guaranteed that
such a value op; exists by the assumptions thac) = o(1/¢), meaninglim,_, e¢(e) = 0, and

thato(e) # O(1). Lettingpo = 1 — 3., p; [;— ¢; completes the definition dp.

With this definition of the parameters above, sifcep, < 1, we know that for any, > 0,
there exists some < ¢, such that for some level, p, = € and thusc;_; > ¢(p;) = ¢(e).
We will use this fact to show thak ¢(¢) labels are needed to learn with error less thdor
these values of. To complete the proof, we must prove the existence of a tdiffi target
function, customized to challenge the particular learratgprithm being used. To accomplish
this, we will use the probabilistic method to prove the estiste of a point in each levelsuch
that any target function labeling that point positive wohkle a label complexity ¢(p;)/4.

The difficult target function simply strings these pointgéether.

To begin, we define;, = the root node. Then for each> 1, recursively definer; as
follows. Suppose, for ank, the set?,, and the classifieli, are, respectively, the random variable
representing the set of examples the learning algorithmldveegquest, and the classifier the
learning algorithm would output, whenis the target and its label request budget is seét+o
|o(p;)/2]. For any node:, we will let Childrer(x) denote the set of children of and Subtrefr)

denote the set of along with all descendants af Additionally, leth, denote any classifier in
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C s.t. h,(x) = +1. Now note that

xEChﬁIdll’%?({xi,l) he(C:lizI(lzf):Jrl P{PD(]I(X) ?é ]Alh(X)) > pz}
= 1 Z inf  P{Pp(h(X) # hn(X)) > pi}

Ci heC:h(z)=+1
=1 Lcchildrer(zi_1) (@)

1 .
> - > P{VheC:h(x)=+1,Subtreér) N Ry, = ) APp(h(X) # hn(X)) > pi}
=1 sechildren(z;_1)

—F 1 Z I[[Vhe@:h(a;):ﬂ,]% (h(X);éiLh(X)) >pi]

C;_
=1 Lechildrer(z;_1):Subtre¢z)NRy,, =0

1
2 E min I[2' # ]
_JC'ECh"drer(“*l) Ci-1 xGChildrer(xi1§btreéx)ﬂha —p
1 1 1
o (cii—t—1)= [6(r0)] (Lo(pi)| — Lo(pi)/2] — 1) > 600)]

The expectations above are over the unlabeled examplesgmuaternal random bits used by the

>

([opi)]/2 1) = 1/4.

algorithm. The above inequalities imply there exists same Childrenz; ;) such that every
h € C that hash(z) = +1 hasA(p;,0,h) > |o(pi)/2] > o(pi)/4; we will take z; to be this
value ofz. We now simply take the target functian to be the classifier that labeis positive for
all 7, and labels every other point negative. By construction, axeeki, A(p;, 0, h*) > ¢(p;)/4,
and therefore

Veo > 0,3e < €y : A€, 0,h™) > ¢(e) /4,

so thatA(e, 6, h*) # o(¢(e)). O

Note that this implies that the(1/¢) guarantee of Corollafy 3.6 is in some sense the tightest
guarantee we can make at that level of generality, withoimigus more detailed description of
the structure of the problem beyond the finite VC dimensi@uagption.

This type of example can be realized by certain nasty digiohs, even for a variety of
simple hypothesis classes: for example, linear separat@$ or axis-aligned rectangles R?.

We remark that this example can also be modified to show thatamaot expect intersections

of classifiers to preserve exponential rates. That is, tbeffman be extended to show that there
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exist classe€; andC,, such that botiC,, D) and(C,, D) are learnable at an exponential rate,

but (C, D) is not, whereC = {hy N hy : hy € Cy, hy € Cy}.

3.6 Discussion and Open Questions

The implication of our analysis is that in many interestiages where it was previously believed
that active learning could not help, it turns out that acte@ningdoes help asymptotically
We have formalized this idea and illustrated it with a numiifezxamples and general theorems
throughout the chapter. This realization dramaticallytstour understanding of the usefulness
of active learning: while previously it was thought thatiaetiearning coulchot provably help

in any but a few contrived and unrealistic learning problemghis alternative perspective we
now see that active learning essentialyayshelps, and does so significantly in alit a few
contrived and unrealistic problems.

The use of decompositions @f in our analysis generates another interpretation of these
results. Specifically, Dasgupta [2005] posed the questiamhether it would be useful to de-
velop active learning techniques for looking at unlabeledadand “placing bets” on certain
hypotheses. One might interpret this work as an answer sogiestion; that is, some of the
decompositions used in this chapter can be interpretedlastieg a preference partial-ordering
of the hypotheses, similar to ideas explored in the paseaming literature [Balcan and Blum,
Shawe-Taylor et all, 1998, Vapnik, 1998]. However, the tmesion of a good decomposition
in active learning seems more subtle and quite differemhfpwevious work in the context of
supervised or semi-supervised learning.

It is interesting to examine the role of target- and distitmrdependent constants in this
analysis. As defined, both the verifiable and true label cerifi¢s may depend heavily on the
particular target function and distribution. Thus, in bo#ses, we have interpreted these quan-
tities as fixed when studying the asymptotic growth of thedell complexities as approaches

0. It has been known for some time that, with only a few unusxaéptions, any target- and
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distribution-independent bound on the verifiable label plaxity could typically be no better
than the label complexity of passive learning; in particulais observation lead Dasgupta to for-
mulate his splitting index bounds as both target- and tistion-dependent [Dasgupta, 2005].
This fact also applies to bounds on the true label complestyvell. Indeed, the entire distinc-
tion between verifiable and true label complexities cokeaps we remove the dependence on

these unobservable quantities.

One might wonder what the practical implications of the talee| complexity of active learn-
ing might be since the theoretical improvements we provigefar an unverifiable complexity
measure and therefore they do not actually inform the useal¢mrithm) of how many labels
to allow the algorithm to request. However, there might b implications for the design of
practical algorithms. In some sense, this is the same issezlfin the analysis of universally
consistent learning rules in passive learning [Devroyd.e1896]. There is typically no way to
verify how close to the Bayes error rate a classifier is (véri@aomplexity is infinite), yet we
still want learning rules whose error rates provably cogedp the Bayes error in the limit (true
complexity is a finite function of epsilon and the distrilautiof (X, Y')), and we often find such
methods quite effective in practice (e.g-nearest neighbor methods). So this is one instance
where an unverifiable label complexity seems to be a usefdkegun algorithm design. In active
learning with finite-complexity hypothesis classes we ararfortunate, since the verifiable
complexity is finite — and we certainly want algorithms withall verifiable label complexity;
however, an analysis of unverifiable complexities stillmeeelevant, particularly when the veri-
fiable complexity is large. In general, it seems desirabetign algorithms for any given active
learning problem that achieve both a verifiable label comfyi¢hat is near optimal and a true

label complexity that is asymptotically better than passgarning.

Open Questions: There are many interesting open problems within this fraarkwPerhaps
the most interesting of these would be formulating geneeakssary and sufficient conditions

for learnability at an exponential rate, and determiningabat types of algorithms Theorém B.5
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can be extended to the agnostic case or to infinite capadigthgsis classes. We will discuss

some progress on this latter problem in the next chapter.

3.7 The Verifiable Label Complexity of the Empty Interval

Let h_ denote the all-negative interval. In this section, we loweund the verifiable labels
complexities achievable for this classifier, with respedhie hypothesis clags of interval clas-
sifiers under a uniform distribution df, 1]. Specifically, suppose there exists an algorithm
that achieves a verifiable label complexitye, 6, h) such that for some € (0, 1/4) and some
5 €(0,1/4),
Ae,d,h) < {LJ |
24e

We prove that this would imply the existence of some intek¢&br which the value of\ (¢, 5, 1)

is not valid under Definitiori.3.2. We proceed by the probabilistic method

Consider the subset of intervals

o = {[3ie,3(i+1)e] = {0,1,...7 V;EJ}} .

Lets = [A(e,8,h_)]. Foranyf € C, let Ry, hy, andé; denote the random variables repre-

senting, respectively, the set of examplesy) for which A(s, d) requests labels (including their
y = f(x) labels), the classified(s, §) outputs, and the confidence bouAds, ) outputs, when
f is the target function. Lef be an indicator function that is 1 if its argument is true and O

otherwise. Then
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All expectations are over the draw of the unlabeled examatesany additional random bits
used by the algorithm. Line_3.2 follows from the fact thatiatervals f € H,. are of width
3¢, so if fzf labels less than a fractionof the points as positive, it must make an error of at
least2e with respect tof, which is more thar; if €, < . Note that, for any fixed sequence of
unlabeled examples and additional random bits used by gjogitim, the set$:; are completely
determined, and any and f’ for which R; = Ry must haveh; = hy andé; = ép. In
particular, anyf for which R, = R;,_ will yield identical outputs from the algorithm, which
implies line[3.8. Furthermore, the only classifigis= H, for which Ry # R,  are those for
which some(z, —1) € R, hasf(z) = +1 (i.e.,z is in the f interval). But since there is zero
probability that any unlabeled example is in more than orth@intervals inH., with probability

1 there are at mostintervalsf € H. with R; # R, , which explains liné_3]4.

This proves the existence of some target functivre C such thatP(er(hss) > és5) > 0,
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which contradicts the conditions of Definitibn B.2.

3.8 Proof of Theorem 3.V

First note that the total number of label requests used bgghesgation procedure in Algorithm
4is at most. Initially running the algorithmsi,, . .., Ay, requiresy."_, |t/(4i%)] < t/2 labels,
and the second phase of the algorithm requiré§2 In(4%/§)] labels, which by definition of
is also less thary/2. Thus this procedure is a valid learning algorithm.

Now suppose that the true targetis a member ofC;. We must show that for any input
such that

t > max {4i2 [Ai(€/2,6/2,h7)] , 2i° [72 111(4@'/5)}} ]

the aggregation procedure outputs a hypothksgsich thater(i}t) < e with probability at least
1—96.

First notice that since > 2:? [721n(44/§)], k > i. Furthermore, sincg/(4:%) >
[A;(€/2,8/2, h*)], with probability at least —§ /2, runningA; ([ t/(4:?) |, §/2) returns a function
h; with er(h;) < ¢€/2.

Let j* = argmin, er(h;). Sinceer(h;.) < er(h) for any/, we would expech;- to make no
more errors thak, on points where the two functions disagree. It then folloest Hoeffding’s

inequality, with probability at least — 4 /4, for all ¢,
7

and thus

min max m;, < T [721n(4k/0)] .
i 4 12

Similarly, by Hoeffding’s inequality and a union bound, vjtrobability at least — § /4, for any
¢ such that

S 1—72 172 In(4k/8)]
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the probability that:, mislabels a point: given thath,(x) # hj-(x) is less thar2/3, and thus
er(hy) < 2er(h;-). By a union bound over these three events, we find that, asedesiith

probability at least — 9,

~

er(hy) < 2er(hj) < 2er(h;) <e.

3.9 Proof of Theorem 3.8

Assume thafC, D) is learnable at an exponential rate. This means that théstsen algorithm
A such that for any targét" in C, there exist constantg,- andk- such that for any andJ, for
anyt > - (log(1/(ed)))**, with probability at least — ¢, aftert label requests(t, §) outputs

ane-good classifier.

For eachi, let

(CZ:{hGC’)/hSZ,khSZ}

Define an algorithmi; that achieves the required polylog verifiable label comipfeon (C;, D)
as follows. First, run the algorithr to obtain a functiom 4. Then, output the classifier i@;
that isclosest tdh 4, i.e., the classifier that minimizes the probability of djisgement withh 4. If
t > i(log (2/(€d)))*, then after label requests, with probability at ledst- 4, A(t, §) outputs an
¢/2-good classifier, so by the triangle inequality, with probigbat leastl — §, A;(t, ) outputs

ane-good classifier.

It can be guaranteed that with probability at lehst ¢, the function output by; has error
no more tharg, = (2/8) exp {—(t/i)'/*}, which is no more than, implying that the expression

above is averifiablelabel complexity.
Combining this with Theoren 3.7 yields the desired result.
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3.10 Heuristic Approaches to Decomposition

As mentioned, decomposing purely based on verifiable cottpleith respect to(C, D) typ-
ically cannot yield a good decomposition even for very sinptoblems, such as unions of
intervals. The reason is that the set of classifiers with kiggifiable label complexity may itself

have high verifiable complexity.

Although we have not yet found a general method that can pipwaways find a good
decomposition when one exists (other than the trivial mg¢ihahe proof of Theorer_3.8), we
find that a heuristic recursive technique is frequentlyctife. To begin, defin€, = C. Then
for i > 1, recursively defineC; as the set of alh € C;_; such thaty, = oo with respect to
(C;_1,D). (Hered, is the disagreement coefficient bf) Suppose that for som¥, Cy 1 = 0.
Then for the decompositio@d;, C,, ..., Cy, everyh € C hasf;,, < oo with respect to at least one
of the sets in which it is contained, which implies that thefieble label complexity of. with
respect to that set i®(polylog(1/€d)), and the aggregation algorithm can be used to achieve

polylog label complexity.

We could alternatively perform a similar decompositiomgsa suitable definition of splitting

index [Dasgupta, 2005], or more generally using

. A(Cz’fl (67 57 h)
lim sup Tt
0 (log (5))

for some fixed constarit > 0.

This procedure does not always generate a good decompogitavever, if N < oo exists,
then it creates a decomposition for which the aggregatigorghm, combined with an appropri-
ate sequence of algorithrdsl; }, could achieve exponential rates. In particular, this éesdase
for all of the (C, D) described in Sectidn_3.5. In fact, evenNf = oo, as long as every € C

does end up isomesetC,; for finite 4, this decomposition would still provide exponential rates

84



3.11 Proof of Theoren' 3.5

We now finally prove Theorem 3.5. This section is mostly selfitained, though we do make
use of Theorern 317 from Sectibn B.4 in the final step of thefproo

The proof proceeds according to the following outline. Wegiben Lemmal3.1IR by de-
scribing special conditions under which a CAL-like algomitthas the property that the more
unlabeled examples it considers, the smaller the fractictheam it asks to be labeled. Since
CAL is able to identify the target’s true label on any exampleansiders (either the label of
the example is requested or the example is not in the regiaisafreement and therefore the
label is already known), we end up with a set of labeled examgtowing strictly faster than the
number of label requests used to obtain it. This set of labetamples can be used as a training
set in any passive learning algorithm. However, the speoiatlitions under which this happens
are rather limiting. In Lemma_3.13, we exploit a subtle rielatbetween overlapping boundary
regions and shatterable sets to show that we can decompp8risnVVC dimension class into a
countable number of subsets satisfying these special womsli This, combined with the aggre-
gation algorithm, and a simple procedure that boosts th&dmnce level, extends Lemrha 3112
to the general conditions of Theorém]|3.5.

Before jumping into Lemma_3.12, it is useful to define some toltkl notation. For any

V C Candh € C, define theboundaryof h with respect taD andV, denotedy h, as

Lemma 3.12. SupposéC, D) is such thatC has finite VC dimensiod, and

Vh € C,IP(0zh) = 0. Then for any passive learning label complexitye, ¢, i) for (C, D)
which is nondecreasing as— 0, there exists an active learning algorithm achieving a labe
complexityA, (e, d, h) such that, for any > 0 and any target function* € C with

Ay(e,0,h*) = w(l) andVe > 0,A, (e, 0, h*) < oo,

Au(€,20,h*) = o(Ay(€,9,h7)) .
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Proof. Recall that is the “budget” of the active learning algorithm, and ourlgoahis proof is
to define an active learning algoriths), and a functiom\, (¢, 0, 4*) such that, ift > A, (e, o, h*)
andh* € C is the target function, thed, (¢, ) will, with probability 1 — §, output ane-good
classifier; furthermore, we require thaf(e, 26, h*) = o(A,(e, §, h*)) under the conditions oh"*
in the lemma statement.

To construct this algorithm, we perform the learning in tweapes. The first is a passive
phase, where we focus on reducing a version space, to slmeniegion of disagreement; the
second is a phase where we construct a labeled traininglsiet) 8 much larger than the number
of label requests used to construct it since all classifiethe version space agree on many of
the examples’ labels.

To begin the first phase, we simply request the labels of,, .. ., z|;/2), and let
V={heC:V¥i<|[t/2],h(z;) = h*(z;)} .

In other words)V is the set of all hypotheses if that correctly label the firstt /2| examples.
By standard consistency results [Blumer etlal., 1989, Devebwd. | 1996, Vapnik, 1982], there

is a universal constaat> 0 such that, with probability at lea$t— §/2,

dlnt +In 1
super(h) <c (&) :
hev t

dlnt +1In t
V C Be (h*,c(%)),

and thudP(DIS(V)) < A, where

e oo (1))

Clearly, A, goes ta0 ast grows, by the assumption d@{dzh*).

This implies that

Next, in the second phase of the algorithm, we will activepstruct a set of labeled exam-
ples to use with the passive learning algorithm. If ever weel®{DIS(V')) = 0 for some finite

t, then clearly we can return aye V, so this case is easy.
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Otherwise, lety, = [t/(24P(DIS(V))1n(4/9))], and suppose > 2. By a Chernoff bound,
with probability at least — ¢/2, in the sequence of exampleg |11, T |1/2)+2, - - - » T|t/2]4n,» L
mostt/2 of the examples are iDIS(V'). If this is not the case, we fail and output an arbitrary
otherwise, we request the labels of every one of thesxamples that are iDIS(V).

Now construct a sequena®= {(z}, ), (z5,¥5), - .-, (@), y,,)} of labeled examples such
that z; = x|4/2)44, andy; is either the label agreed upon by all the elementd/ofor it is
the h*(z|4/2)4:) label value we explicitly requested. Note that becaius$g- er(h) = 0 with
probability 1, we also have that with probability everyy, = h*(x}). We may therefore use
thesen, examples as iid training examples for the passive learriongyighm.

Supposel is the passive learning algorithm that guarantegs, ¢, 1) passive label complex-
ities. Then leth; be the classifier returned b¥(L, §). This is the classifier the active learning
algorithm outputs.

Note that ifn, > A, (e, §, h*), then with probability at least— 6 over the draw oL, er(h;) <

e. Define

Au(€6,20,h") =1+ 1nf {s: s> 1441In(4/5)A,(e, 0, A*) A} .

This is well-defined when (¢, §, h*) < oo because\, is nonincreasing iR, so some value of

will satisfy the inequality. Note that if > A, (e, 20, h*), then (with probability at least — §/2)

¢
A N K .
ol 0,17) < 1441n(4/5)A, =

So, by a union bound over the possible failure events lisbede (/2 for P(DIS(V)) > A4, 6/2
for more than' /2 examples ofZ in DIS(V'), andd for er(h;) > € when the previous failures do
not occur), ift > A, (e, 24, h*), then with probability at least — 24, er(h;) < €. SOA, (e, d, h*)

is a valid label complexity function, achieved by the ddsed algorithm. Furthermore,
Ao(€,20,h") <1+ 1441n(4/5)Ap(€, 6, h*) Ap, (e,26,h%)—2-

If Au(e, 26, h*) = O(1), thensince\, (¢, 0, h*) = w(1), the result is established. Otherwise, since

Aq(€,6,h*) is nondecreasing as— 0, A,(€,26, h*) = w(1), so we know that\ (¢ 25h+)—2 =
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o(1). Thus,A,(€, 26, h*) = o (A, (€, 6, hY)). O

As an interesting aside, it is also true (by essentially #@es argument) that under the
conditions of Lemm@a_3.12, theerifiablelabel complexity of active learning is strictly smaller
than theverifiable label complexity of passive learning in this same sense. amiqular, this
implies a verifiable label complexity that is(1/¢) under these conditions. For instance, with
some effort one can show that these conditions are satished whe VC dimension of is 1,
or when the support oD is at most countably infinite. However, for more complex ihdag
problems, this condition will typically not be satisfied,daas such we require some additional
work in order to use this lemma toward a proof of the genemalltén Theoren 3]5. Toward this
end, we again turn to the idea of a decompositioiCpthis time decomposing it into subsets

satisfying the condition in Lemma3]12.

Lemma 3.13. For any (C, D) whereC has finite VC dimensiod, there exists a countably
infinite sequenc€;, Cs, . .. such thatC = U2, C; andVi, Vh € C;, P(0¢,h) = 0.

Proof. The case ofl = 0 is clear, so assumé> 0. A decomposition procedure is given below.

We will show that, if we lefH = DecomposgC), then the maximum recursion depth is at most
d (counting the initial call as depth). Note that if this is true, then the lemma is proved, since
it implies thatH can be uniquely indexed by &tuple of integers, of which there are at most

countably many.

Algorithm 2 DecomposgH)
LetHo = {h € H : P(Ozh) = 0}

if Hoo, = H then
Return{H}
else

Fori € {1,2,...}, letH;, = {heH : P(Ozh) e ((1 + 27 @)= (1 4 27 (@+3))1=i]}
Return |J DecomposeH;) U {H.}

i€{1,2,...}
end if
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For the sake of contradiction, suppose that the maximunrsenudepth of Decompo$E)
is more thani (or is infinite). Thus, based on the fikst- 1 recursive calls in one of those deepest

paths in the recursion tree, there is a sequence of sets
C=HODHO DHE > ... 4@t £y

and a corresponding sequence of finite positive integels, . . ., i4.1 such that for each €

{1,2,...,d+ 1}, everyh € HU) has
P(05-nh) € ((1+27W@H3))= (1 4 27(@H3)1=i]
Take anyhy,, € H¥Y. There must exist some> 0 such that/j € {1,2,...,d + 1},
P(DIS(Bjg-1 (hat1,7))) € (14 27FF) 70 (1 4 27@H2)) (1 4 27 (@8 =i (3.5)
In particular, by[(3.6), each € B;;;)(hat1,7/2) has
P(Ogu-nh) > (1+ 279370 > (1 4+ 272 IP(DIS(Bg 1) (has1, 7)),
though by definition ob; ., and the triangle inequality,
P(0z-vh \ DIS(Bg-1(hay1,7))) = 0.

Recall that in general, for se@gandRy, R, ..., Ry, if P(R; \ Q) = 0 for all i, thenP(", R;) >
P(Q)— 1 (P(Q)—P(R;)). Thus, for anyj, any set of 2%+ classifiersl” c By (haya,7/2)

must have
P(Mherdgo-vh) > (1 =27 (1 = (14272 ") P(DIS(By v (has1,7))) > 0.

That is, any set o2¢+! classifiers irf{%) within distancer/2 of h,,, will have boundaries with
respect taH~1) which have a nonzero probability overlap. The remaindeihefroof will
hinge on this fact that these boundaries overlap.

We now construct a shattered set of points of size 1. Consider constructing a binary

tree with2¢*! leaves as follows. The root node contains, (call this leveld + 1). Leth, €
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Byi(a)(hgy1,7/4) be some classifier with(hq(X) # hq1(X)) > 0. Let the left child of the root
be hy.1 and the right child bé,; (call this leveld). Define A; = {z : hq(z) # hqi1(z)}, and
let Ay = 27 @*2P(A,). Now for eachV € {d — 1,d — 2,...,0} in decreasing order, we define
the/ level of the tree as follows. Léf,,; denote the nodes at tife+ 1 level in the tree, and let
Ay = Niery,, 9w h. We iterate over the elementsf, , in left-to-right order, and for each one

h, we findh' € By (h, Ayq) with
Pp(h(z) # K (z) Nz € A) > 0.

We then define the left child df to beh and the right child to bé’, and we update
A, A,z h(z) #1W(2)}.

After iterating through all the elements @f, ; in this manner, definél, to be the final value of
A, andA, = 27@F2P(A,). The key is that, because everyn the tree is within-/2 of hy, 1, the
setA) always has nonzero measure, and is containég inh for anyh € T4, so there always
exists am’ arbitrarily close toh with Pp(h(z) # b (x) Az € A)) > 0.

Note that for¢ € {0,1,2,...,d}, every node in the left subtree of anhyat level? + 1 is
strictly within distanceA, of h, and every node in the right subtree of anwt level/ + 1 is
strictly within distanceA, of the right child ofh. Thus,

P(3h' € Ty, " € Subtree(h') : W' (x) # h"(x)) < 277124,
Since
2N, =P(A)) =P(z € [ Ogwh’ andV siblingshy, hy € Ty, hi(x) # ha(z)),

h €Ty

there must be some set
A; = {z € () Opwh’ st.Vsiblingshi, hy € Ty, hy(x) # ha(z)
h/ETu_l

andvh € Ty, h' € Subtree(h), h(x)=h(z)} C A,
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with P(A;) > 0. That is, for every: at level? + 1, every node in its left subtree agrees witbn
everyz € Aj and every node in its right subtree disagrees withn everyz € Aj. Therefore,
taking any{xo, z1, zo, ..., x4} Such that each, € A; creates a shatterable set (shattered by the
set of leaf nodes in the tree). This contradicts VC dimensioso we must have the desired

claim that the maximum recursion depth is at mast [

Before completing the proof of Theordm 1B.5, we have two aoldéti minor concerns to
address. The first is that the confidence level in Lernma 3.&Rgtly smaller than needed for
the theorem. The second is that Lenima B.12 only applies whénd, h*) < oo for all € > 0.

We can address both of these concerns with the following lamm

Lemma 3.14. SupposéC, D) is such thatC has finite VC dimensios, and suppose
Al (e, 6, h*) is a label complexity fo(C, D). Then there is a label complexity, (e, , h*) for
(C,D) s.t. for anys € (0,1/4) ande € (0,1/2),

min {Afl(e/z 46, h*), 16d 1og(26/€)+8log(4/4) }

€

Au(e,0,h™) < (k+ 2) max :
(k4 1)2721og(4(k + 1)?/9)

wherek = [log(d/2)/log(40)].

Proof. Supposed’, is the algorithm achieving/, (e, §, h*). Then we can define a new algorithm
A, as follows. Supposeis the budget of label requests allowedAf andd is its confidence
argument. We partition the indices of the unlabeled sequeno i + 2 infinite subsequences.
Fori € {1,2,... Kk}, leth, = Al (t/(k+2),40), each time running!/, on a different one of these
subsequence, rather than on the full sequence. From one drtiaining two subsequences, we
request the labels of the first(k +2) unlabeled examples and let,, denote any classifier i@
consistent with these labels. From the remaining subseguér eachi, j € {1,2,...,k+1} s.t.
P(hi(X) # h;j(X)) > 0, we find the first| ¢ /((k + 2)(k + 1)k) | examplest s.t. h;(x) # h;(z),
request their labels and let;; denote the number of mistakes made/yon these labels (if

P(hi(X) # h;(X)) = 0, we letm;; = 0). Now take as the return value df, the classifier;
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wherei = arg min; max; m;;.

Suppose > A,(e,6,h*). First note that, by a Hoeffding bound argument (similarhe t
proof of Theoreni 317} is large enough to guarantee with probabilityl — ¢/2 thater(h;) <
2min; er(h;). So all that remains is to show that, with probability1 — §/2, at least one of
theseh; haser(h;) < €/2.

If A/ (e/2,46,h*) > 164os26/9181os(4/9) then the classic results for consistent classifiers

(e.g., [Blumer et all, 1989, Devroye et al., 1996, Vapnik,Zlpguarantee that, with probability
>1—-19/2, er(hgs1) < €/2. Otherwise, we have > (k + 2)A/(¢/2,46,h*). In this case, each
of hy, ..., hy has an independent 1 — 49 probability of havinger(h;) < €/2. The probability

at least one of them achieves this is therefore at least46)* > 1 — /2. O
We are now ready to combine these lemmas to prove Theorem 3.5.

Theoreni 35.Theorem[ 3.6 now follows by a simple combination of Lemrmas23ahd[3.1B,
along with Theorend 317 and Lemrha 3.14. That is, the passamileg algorithm achieving
passive learning label complexity,(e, J, k) on (C, D) also achieves passive label complexity
A,(e,6,h) = ming<.[A,(¢,0,h)] on any(C;, D), whereC,, C,, ... is the decomposition from
Lemma3.1B. So Lemma 3]12 guarantees the existence of &direng algorithmsi,, A, . ..
such that4; achieves a label complexity; (e, 25, k) = o(A,(e,d,h)) on (C;, D) forall § > 0
andh € C; s.t. A, (e, 6, h) is finite andw(1). Then Theorem 317 tells us that this implies the exis-
tence of an active learning algorithm based on théseombined with Algorithm 4 , achieving
label complexityA! (e, 49, h) = o(A,(¢/2,8,h)) on(C, D), for anys > 0 andh s.t. A,(e/2, 6, h)

is always finite and isv(1). Lemmal3.14 then implies the existence of an algorithm aehie
ing label complexityA,(e,d,h) € O(min{A,(e/2,46, h),log(1/€)/e}) C o(A,(e/4,8,h)) C

o(A,(e/4,8,h)) forall § € (0,1/4) and allh € C. O

Note there is nothing special abouin Theoreni 3.5. Using a similar argument, it can be made

arbitrarily close tal.
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Chapter 4

Activized Learning: Transforming Passive

to Active With Improved Label Complexity

In this chapter, we prove that, in the realizable case, alilany passive learning algorithm can
be transformed into an active learning algorithm with astotigally strictly superior label com-
plexity, in many cases without significant loss in compuatadi efficiency. We further explore
the problem of learning with label noise, and find that evedeurarbitrary noise distributions,
we can still guarantee strict improvements over the knowultg for passive learning. These are
the most general results proven to date regarding the aatyasof active learning over passive

learning.

4.1 Definitions and Notation

As in previous chapters, all of our asymptotics notationhis thapter will be interpretted as
e \, 0, when stated for a function ef the desired excess error, orias— oo when stated for

a function ofrn, the allowed number of label requests. In particular, tebat for two functions

$1 ande,, we sayg, (¢) = o(¢(e)) iff li\r{% iig — 0. Throughout the chapter, thenotation, as

well as “O,” “ Q)" "w,” * «,” and “>,” where used, should be interpreted purely in terms of the
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asymptotic dependence err n, with all other quantities held constant, includifyy-, 4, and

C, where appropriate.

Definition 4.1. Define the set of functions polynomial in the logarithm 6f as follows.

Polylog(1/€) = {¢ : [0,1] — [0,00]|3k € [0, 00) S.t. ¢(€) = O(log*(1/e))}.

Definition 4.2. We say an active meta-algorithr), activizesa passive algorithmi,, for C
underD if, for any label complexity\, achieved by, A,(4,,-) achieves label complexity,
such that for allD € D,

A,(e +v(C,D),D) € Polylog(1/e) = A.(e + v(C, D), D) € Polylog(1/e), and if

A, (e +v(C,D),D) < oo andA, (e + v(C, D), D) ¢ Polylog(1/e), then there exists a finite

constantc such that

Au(ce +v(C,D), D) = o(Ay(e + v(C, D), D)).

Note that, in keeping with the reductions spirit, we onlyuieg the meta-algorithm to suc-
cessfully improve over the passive algorithm under coadgifor which the passive algorithm
is itself a reasonable learning algorithrh,(< o). Given a meta-algorithm satisfying this con-
dition, it is a trivial matter to strengthen it to succesbfuimprove over the passive algorithm
even when the passive algorithm is not itself a reasonabtkadesimply by replacing the pas-
sive algorithm with an aggregate of the passive algorithchssome reasonable general-purpose
method, such as empiricial error minimization. For simpficwe do not discuss this matter
further.

We will generally refer to any meta-algorithr, that activizeseverypassive algorithmi,,
for C underD as ageneral activizeffor C underD. As we will see, such general activizers do

exist underRealizable(C), under mild conditions of£. However, we will also see that this is

typically nottrue for the noisy settings.
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4.2 A Basic Activizer

In the following, we adopt the convention that any set ofsiféersV shatters{ } iff V' # {} (and
otherwise, shattering is defined aslin [Vapnik, 1998], aal)suwurthermore, for convenience,

we will definex? = {{}}.

Let us begin by motivating the approach we will take belovmitrly to Chaptel B, define the
boundaryasdcDyy = ll{‘r(l] DIS(C(r)). If P(OcDxy) = 0, then methods based on sampling in
the region of disagreement and inferring the labels of exesmot in the region of disagreement
should be effective for activizing (in the realizable cageh the other hand, iP(0cDxy) > 0,
then such methods will fail to focus the sampling region Imeya constant fraction ot’, so
alternative methods are needed. To cope with such sitisatvee might exploit the fact that the
region of disagreement of the set of classifiers with reddyismall empirical error rates on a
labeled sample (call this séﬁt(r)) converges t@cDyy (up to measure-zero differences). So,
for a large enough labeled sample, a random peirté DIS(C(7)) will probably be in the
boundary region. We can exploit this fact by usingo split C(r) into two subsetsV, =
{h € C(r) : h(z) = +1} andV_ = {h € C(7) : h(z) = —1}. Now, if z € dcDxy,
thenhien‘f+ er(h) = h,ienxf, er(h) = v(C,Dxy). So, for almost every point’ € X \ DIS(V,),
we can infer a label for this point, which will agree with somiassifier whose error rate is
arbitrarily close tov(C, Dyy), and similarly forV_. In particular, in the realizable case, this
inferred label is the target function’s label, and in theigamoise case, it is the Bayes optimal
classifier’s label (when(z’) # 1/2). We can therefore infer the label of points not in the region
DIS(Vy)n DIS(V_), thus effectively reducing the region we must request RlvelSimilarly,
this region converges to a regidk, Dxy N dv_Dxy. If this region has zero probability, then
sampling fromDIS(V,) N DIS(V_) effectively focuses the sampling distribution, as needed.
Otherwise, we can repeat this argument; for large enouglplsasizes, a random point from

DIS(Vy) N DIS(V_) will likely be in 0y, Dxy N dy_Dxy, and therefore split@(T) into four

sets withv(C, Dyy) optimal error rates, and we can further focus the samplig@grein this
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way. We can repeat this process as needed until we get a'(pauft(fj(r) with a shrinking
intersection of regions of disagreement. Note that thisi@ent can be written more concisely
in terms of shattering. That is, a point in/S(C(7)) is simply a point thatC(7) can shatter.
Similarly, a pointz’ € DIS(V,) N DIS(V_) is simply a point s.tC(7) shatters{x, '}, etc.

The above simple argument leads to a natural algorithm, wftectively improves label
complexity for confidence-bounded error in the realizalslsec However, to achieve improve-
ments in the label complexity for expected error, it is ndtisient to merely have the probability
of a random point irD[S(@(T)) being in the boundary converging tpas this could happen at
a slow rate. To resolve this, we can replace the single samyiéh multiple samples, and then
take a majority vote over whether to infer the label, and Whabel to infer if we do.

The following meta-algorithm, based on these observatimnsentral to the results of this
chapter. It depends on several parameters, and two typesimiggors:A®) (. .) and'®) (.. -, .);

one possible definition for these is given immediately after meta-algorithm, along with a

discussion of the roles of these various parameters andadstis.

Meta-Algorithm 5 : Activizer(A,, n)
Input: passive algorithml,,, label budget:
Output: classifieh

0. Request the firdtn /3| labels and lety denote thesén /3| labeled examples
1. LetV ={h e C:erg(h) — ﬁni% erg(h) <7}
‘e
2. LetU, be the nexin,, unlabeled examples, aif) the nextm,, examples after that
3.Fork=1,2,....d+1 R
4. LetL, denote the nextn/(6 - 28A®) (U, Us)) | unlabeled examples,
5. For qacm € Ly,
6. If A®)(z,Uy) > 1 — ~, and we've requested |[n/(3 - 2%)| labels inZ;, so far,
7 Request the label af and replace it inC,. by the labeled one
8
9

Else, label: with argmax I'®)(xz,y,4,) and replace it irC;, by the labeled one
ye{—1,+1}

. ReturnActiveSelect({A,(L1), A,(L2), ..., Ay(Las1)}, [n/3])

Subroutine:ActiveSelect({hy, ha, ..., hy}, m)

0. Foreachj, k € {1,2,...,N}:j <k,

1. Takethe nextm/(7)] examples: s.t. h;(z) # hy(z) (if such examples exist)

2. Letm;, andmy; respectively denote the number of mistakgsndh, make on these
3. Returniy, wherek = arg ming max; my;
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The meta-algorithm has several parameters to be specified.be

As with Algorithm 0 and the agnostic generalizations th&rdee setl” can be represented
implicitly by simply performing each step on the full spaesubject to the constraint given in
the definition ofl/, so that we can more easily adapt algorithms that are designmanipulate
C. Note that, since this is the realizable case, the choiee-6f0 is sufficient, and furthermore
enables the possibility of an efficient reduction to the pasalgorithm for many interesting
concept spaces. The choice-pfs fairly arbitrary; generally, the proof requires only thac
(0,1).

The design of the estimators® (4, 1), A® (2,U,), andT'®)(z,y,U,) can be done in
a variety of ways. Generally, the only important featurense¢o be that they be converging
estimators of an appropriate limiting values. For our psgs given anyn € N and sequences
Uy ={z1,...,2m} € X" andUs = {zpmi1, Zma2, - - - 2om} € X™, the following definitions for

A® Uy, Uy), AP (z,Uy), andD'®) (z, y, Us) will suffice. Generally, we define

o 1 1 A
A® Uy, Uy) = —5 T > 1AW (z,Up) = 1) (4.1)

z€Uy

For the others, there are two cases to considér=f1, the definitions are quite simple:
[ (a,y.Uy) = 1[vh € V. h(z) = y],

AW (z,Up) = 1]z € DIS(V)].

For the other case, namely > 2, we first partitionl/, into subsets of sizé — 1, and record

how many of those subsets are shattered’byor i € {1,2,...,|m/(k — 1)]}, defineSZ.(k) =

[m/(k-1)]
{Zmt14G-1)k=1)s - - Zmite—1) }» @nd letM, = maxq1, > 1 [V shattersS’i(k)} } Then
=1

defineV,,y = {h € V : h(z) = y}, and
) [m/ (k1))
PO,y )= D 1 [V shatterss" andV/, _, does not shatteﬁi(k)} : (4.2)
i=1

A®) (. U,) simply estimates the probability thétU {~} is shatterable by given S shatterable
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by V/, as follows.

[m/(k—1)]
>~ 1[V shatterss{ U {z})]. (4.3)

=1

1 1

—+_
M,i/?) M;,

A(k) (Zv Z/[Q) =

The following theorem is the main result on activized leagiin the realizable case for this

chapter.

Theorem 4.3. Supposé& is a VC class) < 7 = o(1), m, > n, and~v € (0,1) is constant. Let
A® and'*®) be defined as if@.1), @.3), and (@.2).

For any passive algorithm,,, Meta-Algorithm 5 activizes!, for C underRealizable(C).
More concisely, Theorein 4.3 states that Meta-Algorithm &general activizeffor C. We

can also prove the following result on the fixed-confidenasiva of label complexity.

Theorem 4.4. Suppose the conditions of Theorlenmi 4.3 hold, and.thadchieves a label

complexityA,,. ThenActivizer(A,,-) achieves a label complexity, such that, for any
d € (0,1) andD € Realizable(C), there is a finite constantsuch that
Ay(e,¢6,D) = O(1) = Ay(ce,¢6,D) = O(1) and

Ap(€,0,D) = w(l) = Ay(ce, cd, D) = o(Ay(€,9,D)).
The proof of Theorenis 4.3 and 4.4 are deferred to Secfion 4.4.

For a more concrete implication, we immediately get theofeihg simple corollary.

Corollary 4.5. For any VC clas<, there exist active learning algorithms that achieve label

complexities\, and A, respectively, such that for @b yy € Realizable(C),

Au(6, Dxy) =0(1/€), and Vo € (0,1),A,(e,0,Dxy) = o(1/e).

Proof. For d = 0, the result is trivial. Foxd > 1, |[Haussler, Littlestone, and Warmuth [1994]
propose passive learning algorithms achieving respetaivel complexities\, (¢, Dxy) = %
andA,(e,6,Dxy) < 1In2. Plugging this into Theorenis 4.3 ahdl4.4 implies that apglyi
Meta-Algorithm 5 to these passive algorithms yield comdbiaetive learning algorithms with

the stated behaviors fdr, andA,. O
1In fact, this result even holds for a much simpler variantef algorithm, wher&*) and A can be replaced

by an estimator that uses a single rands$ra X'*~! shattered by, rather than repeated samples.
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For practical reasons, it is interesting to note that alheflabel requests in Meta-Algorithm
5 can be performed in three batches: the inttiéd, the requests during thkt-1 iterations (which
can all be requested in a single batch), and the requestsfdrtive Select procedure. However,
because of this, we should not expect Meta-Algorithm 5 taehastimal label complexities. In
particular, to get exponential rates, we should expect éal&n) batches. That said, it should
be possible to construct the sétssequentially, updatinyy” after each example added4g, and
requesting labels as needed while constructing the sdhgmas to Algorithm 0. Some care in
the choice of stopping criterion on each round is needed te@rsare the sef,, still represents an
i.i.d. sample. Such a modification should significantly ioye the label complexities compared
to Meta-Algorithm 5, while still maintaining the validityféhe results proven here.

Note: The restriction to VC classes is not necessary fottipesiesults in activized learning.
For instance, even if the concept spdctdas infinite VC dimension, but can be decomposed
into a countable sequence of VC class subsets, we can stdtremt an activizer fo€ using an

aggregation technique similar to that introduced in ChdRter

4.3 Toward Agnostic Activized Learning

We might wonder whether it is possible to state a result asmgdas Theoremn 4.3, even for the
most general setting gnostic. However, one can construct VC clas§gsnd passive algorithms
A, that cannot be activized fdz, even under bounded noise distributiofisybakov(C, 1, it)),

let aloneAgnostic. These algorithms tend to have a peculiar dependence oroitbe distribu-
tion, so that if the noise distribution arid align in just the right way, the algorithm becomes
very good, and is otherwise not very good; the effect is thaicannot lose much information
about the noise distribution if we hope to get these extrgrfasit rates for these particular dis-
tributions, so that the problem becomes more like regrassian classification. However, as
mentioned, these passive algorithms are not very intageftr most distributions, which leads

to an informal conjecture that amgasonablepassive algorithm can be activized f6runder
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Agnostic. More formally, | have the following specific conjecture.
Recall that we say. is a minimizer of the empirical error rate for a labeled sampliff

h i n).
€ al”gglelgeTg( )

Conjecture 4.6. For any VC clas<C, there exists a passive algorithdy, that outputs a

minimizer of the empirical error rate on its training samech that some active

meta-algorithmA,, activizesA, for C underAgnostic.

Although, at this writing, this conjecture remains oper tbst of this section may serve as

evidence in its favor.

4.3.1 Positive Results

First, we have the following simple lemma, which allows ugéstrict the discussion to the

BenignNoise(C) case.

Lemma 4.7. For anyC, if there exists an active algorithd, achieving label complexities,
andA,, then there exists an active algorithdj, achieving label complexities, and A’ such
that, VD € Agnostic and§ € (0, 1), for some functiona(e, D), A(e, §, D) € Polylog(1/e),

If D € BenignNoise(C), then

AN (e +v(C,D),D) < max{2[A,(¢/2 +v(C,D),D)], M, D)},

N (e +v(C,D),6,D) < max{2[A,(e + v(C,D),5/2,D)], \(¢, 0, D)},
and if D ¢ BenignNoise(C), then

AN (e +v(C,D),D) < Me, D),

A (e + v(C,D),5,D) < A, 5,D).

Proof. Consider a universally consistent passive learning alyorit,,. Then A, achieves label
complexitiesA,, and A,, such that for any distributio® on X x {—1,+1}, Ve, § € (0,1),
Au(e/2+B(D), D) andA,(e/2+B3(D), /2, D) are both finite. In particular, i#(D) < v(C, D),
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thenA,(e/2 + v(C, D), D) = O(1) andA,(¢/2 + v(C,D),5/2,D) = O(1).

Now we simply runA,([n/2]), to get a classifieh,, and runA, (2,3 ) (after requesting
those first|n/3| labels), to get a classifiet,. Take the next. — [n/2] — [n/3] unlabeled
examples and request their labels; call this&elf er.(h,) — erg(hy,) > n~'/3, returnh = hy;
otherwise, returh = h,. | claim that this method achieves the stated resuilt, fofaHewing
reasons.

First, let us examine the final step of this algorithm. By Hdefg's inequality, the probability
thater(h) # min{er(h,), er(h,)} is at mosRexp{—n'/3/24}.

Consider the case whef@ € BenignNoise(C). For anyn > 2[A,(¢/2 + v(C, D), D)],
Eler(h,)] < v(C,D) + ¢/2, soE[er(h)] < v(C, D) + €/2 + 2exp{—n'/?/24}, which is at most
v(C,D) +eif n > 243In* 2. Also, for anyn > 2[A,(e + v(C, D), §/2, D)], with probability at
leastl — 6/2, er(h,) < v(C,D) + e. If additionally,n > 24%In® 2, then a union bound implies
that with probability> 1 — 4, er(h) < er(h,) < v(C,D) + .

On the other hand, iD ¢ BenignNoise(C), then for anyn > 3[A,(v(C, D) + ¢/2,D)],
Eler(h)] < Elmin{er(ha), er(hy)}] + 2eap{—n'/3/24} < Eler(h,)] + 2exp{—nt/3/24} <
v(C, D) +¢/2+ 2exp{—n'/?/24}. Again, this is at most(C, D) + e if n > 24*In® 2. Similarly,
foranyn > 3[A,(v(C,D)+e¢,0/2,D)] = O(1), with probability> 1—-6/2, er(h,) < v(C, D)+
e. If additionally, n > 2431n® % then a union bound implies that with probability 1 — 9,
er(h) < er(hy) < v(C,D) +e.

Thus, we can také\(e, D) = max{24%In* 2, 3[A,(v(C,D) + ¢/2,D)]} € Polylog(1/e).
andA(e, 8, D) = max{243In* %, 3[A,(v(C, D) + €,6/2, D)} € Polylog(1/e). O

Because of Lemmla_4.7, it suffices to focus our discussion ypareithe BenignNoise(C)
case, since any label complexity resultsBamign N oise(C) immediately imply almost equally
strong label complexity results fatgnostic, losing only an additive polylogarithmic term. With
this in mind, we state the following active learning alglonit, designed for th&enign N oise(C)

setting.
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Meta-Algorithm 6:BenignActivize{A,, n)
Input: passive algorithmd,, label budget.
Output: classifief,

0. Request the firgtn /3| labels and lef) denote thesén /3| labeled examples
1. LetV ={h e C:erg(h) — 21/161% erg(h') <t}
2. Letl, be the nexin,, unlabeled examples
3.Fork=1,2,....d

4. Qr<{}

5. Fort=1,2,...,[2n/(3-2%)]
6 Letz’ be the next unlabeled example for whictn,; <, A9 (z,1h) > 1 — v
7 Request the label of ' and letQ, < Qr U {(z/,y')}

8. Construct the classifiér,, for k € {1,2,...,d + 1} (see description below)
9

. Returnfz,%, for & = max {k : MaX;jcg eer(ka) — eer(ij) < Tkj}.

The definition off;, in Step 8 of Meta-Algorithm 6 is as follows.
Let iy, = A, (Qy), K'(z) = min{k" : A®)(z,U) < 1 —~}, and

arg max LWz y 1), ifk(x) <k
k(fU) — ye{-1,+1}

hi(z), otherwise

For the threshold,; in Step 9 of Meta-Algorithm 6, for our purposes, we can take th

following definition.

2048d In(1024d) + In(32(d + 1)/5)
T =9 N

It is interesting to note that this algorithm requires omptbatches of label requests, which
is clearly the minimum number for any algorithm that takegaadage of the sequential aspects

of active learning. However, even with this, we have theoiwlhg general results.

In(4n)+dIn 2n

Theorem 4.8.LetT = 15 7\/ <, € (0,1), and letA® andT'®) be defined as

in (4.1), (4.3), and(4.2). For any VC clas£, by applying Meta-Algorithm 6 withi,, being any
algorithm outputting a minimizer of the empirical error esfromC, the combined active

algorithm achieves a label complexity, such thatvD € BenignNoise(C),

Au(e + v(CT,D),5,D) = o(1/2).
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The proof of Theorem 418 is included in Section 4.4.1. Thexde8, combined with Lemmia 4.7,

immediately implies the following quite general corollary

Corollary 4.9. For any VC clas<, andd € (0, 1), there exists an active learning algorithm

achieving a label complexity, such thatyD € Agnostic,

Ao(e +v(C,D),5,D) = o(1/%).
Note that this result shows strict improvements over thenkneorst-case (minimax) label

complexities for passive learning.

4.4 Proofs

4.4.1 Proof of Theorem$4J3, 414, and 4.8

Throughout this subsection, we will assufiés a VC class) < 7 = o(1), m,, > n,v € (0, 1),
and A®) andI'™® are defined as if(4.1)(4.3) arld (4.2), as stated in the tionsliof the
theorems. Furthermore, we will define = {h € C : er|,3(h) — ?é{cleTLn/gj(h/) < 7}, and
unless otherwise specifie®yy € Agnostic and we will simply discuss the behavior for this
fixed, but arbitrary, distribution.

Also, recall that we are using the convention th&t= {{}} and we say a set of classifiers

V shatterd } iff V' # {}.

Lemma 4.10.For any N € N, and N classifiers{hy, ha,...,hy},
ActiveSelect({hy, ho, ..., hy}, m) makes at most: label requests, and fi;, is the classifier

output byActiveSelect({hy, ha, ..., hn}, m), then with probability

> 1—2(N — Dexp{—(m/(}))/72}, er(h;) < 2miny, er(hy,).

Proof. This proof is essentially identical to the proof of Theofem fsom Chaptel 3.
First note that the total number of label requests useddyveSelect is at mostm, since

each pair of classifiers uses at mmst(];’ ) requests.
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Let £** = argmin, er(hy). Now for anyj € {1,2,..., N} with P(h;(X) # hp(X)) > 0,
the law of large numbers implies that with probabilitywe will find at leastm/ (JQV) exam-

{z :
hi(z) # hy(2)}) < 1/2, Hoeffding's inequality implies thalP(my--; > (7/12)m/ (%)) <

ples remaining in the sequence for whicf{z) # hy«(z), and furthermore sincer(hy«

exp{—(m/(%))/72}. A union bound implies

e (s, = iz (V) 00 e (s (3)) 12}

Now supposé € {1,2,..., N} haser(hy) > 2er(hg). In particular, this implie®(h(X) #
hi (X)) > 0 ander(hg|{z : hg(x) # hi(z)}) > 2/3. By Hoeffding’s inequality, we
have thatP(m < (7/12)m/ (%)) < exp{—(m/(%))/72}. By a union bound, we have that
P(3k : er(hy) > 2er(hy--) and max; my; < (7/12)m/(3)) < (N — Dexp{—(m/(}))/72}.

So, by a union bound, with probability 1 —2(N —1)exp{—(m/(%))/72}, for thek chosen

by ActiveSelect,
N
o< i < (T7/12 < i ’
m]aX mk] B mJaX by ( / )m/ < 2 > k:er(hk])jl>1121’elr(hk**) mjax "
and thuser(h;) < 2er(hy-+) as claimed. O

Lemma 4.11. There is an event,,, holding with probability> 1 — exp{—+/n}, such that for

someC-dependent function(n) = o(1), V C C(¢(n); Dxy ).

Proof. By the uniform convergence bounds proven by Vapnik [1982] af@-dependent finite
constante, with probability > 1 — exp{—n'/?}, V. C C (ecn '/* + 7;Dxy). Thus, the result
holds forg(n) = cn™/* 4+ 7 = o(1). O

In(4n)+dIn 22

Lemma4.12.1f 7 > £ + 7\/ < then there is a strictly positive functiati(n) = o(1)

n

such that, with probability> 1 — 1/n, C(¢'(n); Dxy) C V.

Proof. By the uniform convergence bounds prover by Vapnik [1982fh wrobabilityl — 1/n,
everyh € C hasler(h) — er|,,3,(h)| < 7/3. Therefore, on this everl; O C(7/3; Dxy). Thus,

we can lety’(n) = 7/3, which satisfies the desired conditions. O
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Lemma 4.13. For anyn € N, there is an eventl;, for the data sequencg,, /3 with

1, if Dxy € Realizable(C)

1—1/n, if Dxy ¢ Realizable(C) but > 12 4 74/ M

s.t.onH/, foranyk € {1,2,...,d + 1} withP(S € X*!: li{r(l) 1[C(r) shattersS] = 1) > 0,

P(H,) >

P(S € X*! . V shattersS)| li{% 1[C(r) shattersS] = 1)

=P(S € X* ' : lim 1[V(r) shattersS] = 1| h{% 1[C(r) shattersS] = 1) = 1.

r\0

Proof. For the case 0Dxy ¢ Realizable(C) andr > £ 4 74/ M the result imme-
diately follows from Lemma 4.12, which implies that on anmvef probability> 1 — 1/n, for
any setS, 1|V shattersS| > 1{% 1[V(r) shattersS| = 11{% 1[C(r) shattersS].

Next we examine the case whePgy € Realizable(C). We will show this is true for any
fixed k, and the existence dfi’ then holds by the union bound. Fix any sete %! s.t.
11{1(1) 1[C(r) shattersS|] = 1. Supposé/(r) does not shatte$ for somer > 0. Then there is an
infinite sequence of sefgAl”, Ay, ... A} }}, with Vj < 251, P(x : b\ (2) # h*(2)) \, O,
such that eacl{hﬁi), . .,hgk)_l} C C(r) and shattersy. SinceV (r) does not shattef, 1 =

inf 1[3; ; WY ¢ Vi(r) = inf 1[3; ; W (Z10s3)) # h*(Z10/3))]- But

E[Hzlfﬂ[a] . hgi)(ztn/;ﬂ) 7& h*(ZLn/?)J)H S lIlle[ﬂE] . hg.i)(ZLn/gJ) 7& h*(ZLn/Z%J)H

<lim 7 (n/3)P(x b (x) # hY(2)) = 0,

where the second inequality follows from the union bounder€fore Vr > 0,
P(Z./3 € X3 . V(r) does not shatte§) = 0 by Markov’s inequality. Furthermore, since

1[V(r) does not shatte$] is monotonic in-, Markov’s inequality and the monotone convergence
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theorem give us that
P(Z3 € X3 lim 1[V (r) does not shattef] = 1)

< E[li{% 1[V(r) does not shatte$]] = li\r‘l(l) P(Z,/3 € X" : V(r) does not shatte$) = 0.

This implies that

P23 €X' P(Se Xk, li{% 1[V (r) shattersS] = 0| li{% 1[C(r) shattersS] = 1) > 0)
= lmP(Z,/3 € X3 :P(S€ X" :lim 1]V (r) shattersS] = 0| lim 1[C(r) shattersS]=1) >¢)
ENO \0 \0
< ?\r‘% P(Z3 € X3 P(Se x*! :li\r‘% 1[C(r) shattersS]=1 #li\r‘% 1[V (r) shattersS]) > ¢)

< %1{‘1(1) %E[IP’(S cxk! }1{% L[C(r) shattersS]=1 #11{% L[V (r) shattersS])] (by Markov’s ineq)

.1 : . -
= %1{]% EEW}I{% 1[C(r) shattersS| =1]P(Z|,,3) : }ql\_‘r% 1[V (r) shattersS] =0)] (by Fubini’s thm)

=1lim0 = 0.
ENO

]

Lemma 4.14. Supposé € N satisfiedP(S € X+ ! : 1% 1[C(r) shattersS] = 1) > 0. There is

a functiong(n) = o(1) such that, for any: € N, on eventd,, N H, (defined above),

P(S € X1 li{% 1[C(r) shattersS] = 0|V shattersS) < ¢(n).

Proof. By Lemmag 4.111 and 4.113, we know that on evAptn H,,

P(S € xF 1. li\r“% 1[C(r) shattersS] = 0|V shattersS)

P(S € X% : lim, o 1[C(r) shattersS] = 0 andV shattersS)
P(S € Xk=1:V shattersS)
- P(S € X% : lim,~ o 1[C(r) shattersS] = 0 andV shattersS)
- P(S € Xk=1: lim, o 1[C(r) shattersS] = 1)
P(S € X% : lim,~ o 1[C(r) shattersS] = 0 andC(¢(n)) shattersS)
P(S € X+ :lim, o 1[C(r) shattersS] = 1) '

<
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Defineq(n) as this latter quantity. Since

P(S € X+ 1. li{% 1[C(r) shattersS] = 0 andC(r’) shattersS) is monotonic in-,
, . P(S € X1 lim, o 1[C(r) shattersS] = 0 andC(r’) shattersS)
lim ¢(n) = lim .
n—00 7 \0 P(S € X*=1: lim,\ o 1[C(r) shattersS] = 1)
_ E[1[lim, o 1[C(r) shattersS] = 0] lim, o 1[C(r’) shattersS]]
B P(S € X*1: lim, o 1[C(r) shattersS] = 1)

bl

where the second equality holds by the monotone converghaoeem. This proves

q(n) = o(1), as claimed.

Lemma 4.15. Letk* € N be the smallest indexfor which

P(S € X*!:1lim 1|C(r) shattersS] = 1) > 0 and

\0

P(S € X*' . P(x : lim 1[C(r) shattersS U {z}] = 1) = 0| 11\1‘% 1[C(r) shattersS] = 1) > .

r\0

Such ak* < d + 1 exists, and/¢ € (0, 1), In¢ S.t.Vn > n¢, if Dxy € Realizable(C) or

2n .
T> 1n—5 +7 % andDxy € BenignNoise(C), on eventd,, N H/, (defined above),

Vk < k¥,

P(z : n(x)#1/2 andP(S € X* 'V, 1)) does not shattef|V shattersS) > () =
P(z : n(z) #1/2 andP(S € X* ' : V[, j+(»)) does not shattes]| 11{% L[V (r) shattersS]|=1) > ()

=0.

Proof. First we prove that such & is guaranteed to exist. As mentioned, by convention any

set of classifiers shattefg, and{} € X, so there exist values d@f for which P(S € X*! :
h{% 1[C(r) shattersS] = 1) > 0. Furthermore, we will see that for arlye {1,...,d + 1}, if

this condition is satisfied fak, but

P(S € X* 1 P(x : lim 1[C(r) shattersS U {z}] = 1) = 0| li\r‘% 1[C(r) shattersS] = 1) < v,

™\ 0

thenP(S € X* : lim 1|C(r) shattersS] = 1) > 0. We prove this by contradiction. Suppose the

\0

implication is not true for somg. Then
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0<

IN

IN

L=~

P(S € X! Px: h\I% L[C(r) shattersS U {z}] = 1) > 0 li{% 1[C(r) shattersS] = 1)
P(S € X1 P(x: li{% 1[C(r) shattersS U {z}] = 1) > §)

?{% P(S € Xk lim, o 1[C(r) shattersS] = 1)
E[P(z : h{% 1[C(r) shattersS U {z}] = 1)]

MY (S € A1 - Timy— 1[C(r) Shatterss] = 1) (by Markov's inequality)

P(S € x*: li{]% 1[C(r) shattersS] = 1)

I — lim 0 = 0.
0 EP(S € X*=1: lim,n o 1[C(r) shattersS] = 1) 51{%0 !

This is a contradiction, so it must be true that the implmatiolds for allkt. This establishes the

existence ok*, since we definitely have

P(S € x%: h{(r[l)]P)(l' : C(r) shattersS U {z}) = 0| li{% 1[C(r) shattersS] = 1) =1 > v,

so thatsomek satisfies both conditions.

Next we prove the second claim. Take< £*. Letn, be s.t.sup,., ¢(n) < ¢; it must exist

sinceq(n) = o(1). By Lemmd 4.14, fon > n¢, onH, N H),

IN

IN

<

<

P(z : n(x)#1/2 andP(S € X* 'V, 1)) does not shatte |V shattersS) > ()
P(x : n(x)#1/2 and

P(S € X* 1 Vi ne()) does not shattes| li{% 1[C(r) shattersS] = 1) + ¢(n) > ¢)

e ElLIn(z) #1/2]P(S € X*1: Vix ne(x)) does not shattes| ll\I(I(l) 1[C(r) shattersS]=1)]

(by Markov’s inequality)
E[ﬂ[li\% 1[C(r) shattersS]=1]P(z:n(z )£l /2 andV(, ,* () does not shattes)]
(C=a(m))P(SEXF~T: Tim T[C(r) shattersS]=1)

(by Fubini’s theorem)

E[l[li{% 1{V (r) shattersS]=1]P(z:n(z)}£1/2 andV(, ,* (,)) does not shattes)]
C—a(m)P(SEX™T: Tim T[C(7) shafterss|=1) (by Lemmg 4.1B) (4.4)

For any setS € X*~1 for which li\r“% 1[V(r) shattersS| = 1, there is an infinite sequence of sets

({n7 n, . S with W < 281 P(a: () #£1/2 andh” (x) # B*(2)) \, 0, such that
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each{hgi), . hé@,l} C V and shatters. If V|, »-(,)) does not shattes, then
L =inf1[3j: ) & Vg weay] = inf 1(3; - W (x) # h*(@)).

In particular, by Markov’s inequality,

P(z : n(x)#1/2 and Vi, j+(»)) does not shattey)

< P(x : n(x)#1/2 and inf 1[3; : W (x) # h*(x)] = 1)
< E[1[n(X)#1/2 inf L[F; : b} (X) # h*(X)]]
< inf P(x : (z) #1/2 andJj s.t. W () # h*(x))
< > lim P(e:n(z) #1/2 andh!’ (z) # h*(z)) = 0.
This means{414) equalls - O

Lemma 4.16. Supposé € {1,2,...,d + 1} satisfies
P(S € Xkt lig% 1[C(r) shattersS] = 1) > 0 and
ap =P(S e X1 li\r% P(x : C(r) shattersS U {z}) = 0| li{% 1[C(r) shattersS] = 1) > 7.

Then there is a function”) = o(1) such that, on everft,, N H', (defined above),

P(z : P(S € X1 : V shattersS U {z}|V shattersS) > 1 — (y + ax)/2) < AP,

Proof. Let

A={Secxkt, 11{% 1[C(r) shattersS] = 1 and 11{‘1(1] P(x : C(r) shattersS U {z}) = 0}.
Then, lettingp(n) be as in LemmBa4.11, on eveht, N H,,

P(z : P(S € X*~' . V shattersS U {«}|V shattersS) > 1 — (v + ay)/2)

<P(x:P(S € X1 C(¢(n)) shattersS U {x}| 11{% 1[C(r) shattersS] = 1)
+P(S e X+t ll\r}(l) 1[C(r) shattersS] = 0|V shattersS) > 1 — (y 4+ az)/2) (4.5)
By Lemmd 4.1B, we know there is some finites.t. anyn > n; has (on eventi,, N H))
P(S € xF 1. 71}\2% 1[C(r) shattersS] = 0|V shattersS) < (a; — 7)/3.
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We therefore have that, for > 7;, on eventd,, N H!, (4.8) is at most
P(z:P(S€X*1:C(4(n)) shattersS{z}| 11{% 1[C(r) shattersS] =1 ax—y)/3 > 1~(+aw)/2)
< P(z:P(S€X*1:C(¢(n)) shattersSu{z}|S € A)ay+(1—ayp)+(ar—7)/3>1—(v+ar)/2)
=P(z: P(S € X*1:C(¢p(n)) shattersS U {z}|S € A) > (ax —7)/(6c1,))

< S BIP(S € x5! C(¢(n)) shattersS U { X }|S € A)] (by Markov’s inequality)

ap—7%

< b% RIP(z : C(¢(n)) shattersS U {z})|S € A] (by Fubini's theorem).

ap—7%y

We will define A% equal to this last quantity for any > 7, (we can takeAl®) = 1 for
n < 7). It remains only to show this quantity ig1). Since%E[P(:ﬁ : C(r) shattersS U

{z})|S € A] is monotonic inr,

60ék

lim A® = lim

e A o — 7IE[IP’(x : C(r) shatterss U {z})|S € AJ.

Since for anyS € X*~!, P(x : C(r) shattersS U {x}) is monotonic inr, the monotone conver-

gence theorem implies

. boy '
11{% o 7IEﬂ[IED(x : C(r) shattersS U {z})|S € A]
6y, .
= E[lim P(z : C(r) shattersS U SeAl=0.
pp— [Tl\f_‘% (z:C(r) {z})] ]
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Lemma 4.17.Vn € N, there is an eventl,, C H,, N H! on Z that, if
Dxy € BenignNoise(C), has
P(H,) > 1 — en*? . exp{—cn'/?} — 1[Dxy ¢ Realizable(C)]n"!, for Dxy- and

C-dependent constantsc’ € (0, oo), such that
Vn €N, onH,, [{z € L : A (2, Up) > 1 -7} < |n/(3-2")], (4.6)
AAF) = o(1) and A = o(1) s.t.Vn € N, on H,,,
A Uy) < A% and AR Uy, Uy) < ALK, (4.7)

whereVk, A®) (Uy) = P(z : A®) (z,Uy) > 1 —v); alsoIn* € Ns.t.¥n > n*, if
Dxy € Realizable(C), on H, Nz € L,

A(k*)(xJ/{Z) <1l- Y = f(k*)($7 _h*(x)az/{Z) < f‘(k*)(aja h*<$>,u2), (48)

whereL,- is as in Meta-Algorithm 5; alsoin > n*, if Dxy € BenignNoise(C) and

In(4n)+dIn 27"
n

T>8 47 , then onH,,,

Pz : n(z)#£1/2and3k < k* s.t. AP (z,14) < 1 —~ and

11,1/3

0 (2, h*(x),Us) < TW (2, —h*(x),Us)) < (d+1)e™ ™", (4.9)

for a C- andDyy-dependent finite constadt > 0.

Proof. Since most of this lemma discusses ohly= £*, in the proof | will simplify the notation
by dropping(k*) superscripts, so thak (24, U,) abbreviates\*") (14, U,), T'(x,y,Us) abbrevi-
atesI'*)(z,y,U), and so on. | do this only fok*, and will include the superscripts for any
other value oft so that there is no ambiguity.

We begin with [4.5). Recall thaf- is initially an independent sample of size/(6 -
2" A(Uy,U,)) | sampled fromD [ X] (i.€., before we add labels to the examples). Aéi,) =

~

Pz : Az, Us) > 1 — 7).
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By Hoeffding's inequality, on an evertt\” (i4,) on 4 with P(U; : HY (1)) > 1 —2-

exp{—2ma/*} > 1— 2. exp{—2n1/3},

_ 1 ~ 1
Alh) = — > 1A(zUe) > 1 =1]| £ —7.
n z€Uy M,

and therefore

AU) < AU, Us).

By a Chernoff bound, there is an evdiit? (Us) on Ly« andl; with
P(Ly, Uy : HD (Un)) 2 1—eap{—[n/(6-2" Alh)) | A(Ua) /3} > 1—exp{—(n—62"")/(18:2")}
such that, on an eveit\” (1) N HY (),
{z € L s A, Us) 2 1 =7} < 2|n/(6- 2V AUh)) JAUs) < n/(3-2").

Since the left side of (416) is an integér, (4.6) is establish

Next we provel[(4]7). I&* = 1, the result clearly holds. In particular, we ha%é€") (1) =
P(DI1S(V)), and Hoeffding’s inequality implies that on an event witlolpability
1 — exp{—2m)*}, AD Uy, Uy) < P(DIS(V)) + 2my,"*. Combined with Lemm&aZ.16, we
have bounds oA + 2m,"/* = o(1).

Otherwise, we havé* > 2. In this case, by Hoeffding’s inequality and a union bounege(o
k values), for an eventl” overl,, with P(H") > 1 — (d + 1)exp{—2|m,,/(k* — 1)]'/3}, on
H'NH!, forallk € {2,... k*} (by Lemmd4.IB)

M, >P(S e X! h{% 1[C(r) shattersS] = 1)|my,/(k — 1)] — [mn/(k —1)]*3.
Let us name the right side of this inequality(n). Recall that fork < k*,
P(S € x* 1. hg(l) 1[C(r) shattersS] = 1) > 0

by definition ofk*, som(n) diverges. On everit[,ﬁl)(uz),

Ath,Uy) < Al) +

(4.10)



Thus, it suffices to bound(i4,) by ao(1) function. In fact, since we hav&/,.- lower bounded

by a diverging function ot/ N H,, so for sufficiently large:, on H, N H/,
Alh) <Pz : Alz,Us) — ML > 1— (29 +2)/3).

Thus, it suffices to bounB(z : A(z, ) — M.""* > 1 — (2v + «)/3) by ao(1) function. On
eventd, N H, N H/, we have that

Pz A, Uy) — M > 1= (2v+ ) /3)

<P(z:P(S € X1V shattersS U {x}|V shattersS) > 1 — (v + a)/2)+
P(x:|P(Sex* 1. Vshatter§u{m}|Vshatter§)—MLim/g_l;lJ[Vshatter&U{x}]| > (a—y)/6)

By Lemmd 4.16, on eventl,, N H],
P(z: P(S € X¥ =1 : V shattersS U {z}|V shattersS) > 1 — (v + «)/2) < A¥) = o(1).

Thus, it suffices to prove the existence af(a) bound on
Lm/(k*—1)]
P(x:|P(S€ X" ~!:VshatterSU{xz}|V shatters) — y;— Z 1[V shatters;u{x}]| > (a—y)/6)
For this, we proceed as follows. Defipe = - >/ =i 1[V shattersS; U {z}], a random

variable depending ai1,, andp, = P(S € X* ~1 : V shattersS U {z}|V shattersS).

P(Uy : My > m(n) andP(z : |p, — pa| > (o —7)/6) > M)

<P (uz : My > m(n) andaé Ellpx — px|] > M,;”B) (by Markov’s inequality)

[mn/(k*—1)]
= ]P)(UQ . Mk* = m)IP’ (Z/{Q . Epr —ﬁx” > m_l/S(oz — ’}/)/6|Mk* = m)

m=m(n)

< sup P (Us:exp{t,mE[px — px|]} > exp{tam®*(a —7)/6}| My = m),

m>m(n)

for any values,, > 0. We now proceed as in Chernoff’'s bounding technique. By Maskov
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inequality, this last quantity is at most
sup ElefmmElex=pxll| v = mlexp{—t,,m**(a — ~)/6}
m>m(n)

< sup E[E[e™Px=PxI]| M. = m)exp{—t,,m**(a —~)/6} (by Jensen and Fubini)

m>m(n)

S sup ( sup E[ethm,p—tmmP] + sup E[etmmp—thmm])exp{—tmm2/3(04 - 7)/6}
m>m(n) p€l0,1] p€(0,1]

whereB,,,, ~ Binomial(m, p), and the expectation is now ov#;, ,. By symmetry, ifp is
the maximizer of the first expectation, thén- p maximizes the second expectation, and the
maximizing values are identical, so this is at most
2 sup sup Elexp{t,Bm, — tmmp}lexp{—t,m?>(a —~)/6)}.
m2>m(n) p€[0,1]
Following the usual proof for Hoeffding’s inequality [seeyg/Devroye et all, 1996], this is at

most

2 sup exp{t’m/8}exp{—t,m*3(a —~)/6)}.

m>m(n)

Takingt,, = m~32(a — v)/3, this is
2 sup exp{m'3(a—7)*/18 — m'/32(a — 7)?/18}
m>m(n)

=2 sup exp{—m'P(a —7)?/18} = 2exp{—m(n)*(a — v)?/18}.

m>m(n)

Therefore, there is an evehAt” onif, with

P(H") > 1 — 2exp{—m(n)"3(a — v)?/18} > 1—

2exp{—(P(Sc X" ~':lim 1[C(r)shatters]=1)|n/(k*—1)|—|n/(k*—1)| 2/3)1/3(04—7)2/18},

N0
such thator!" N H!! N H),
P(z:|P(SeXx* 1. Vshatter§u{x}|Vshatter§)—MLkEm/i:*l_I}lJ[VshattersSiu{x}]] > (a—y)/6)
< M < m(n)™V/3 = o(1).
Finally, we turn to[(4.B) and(4.9). K = 1, then forDxy € Realizable(C), we clearly have

2n
h* € V; otherwise, ifDxy € BenignNoise(C)andr > 2474/ % then Lemma4.12
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implies that, on an event oved|,, 3 of probabilityl — 1/n, with probability1 overz such that
n(z) # 1/2,if T (z,y,Uy) > TW(z, —y,Uy), theny = h*(z). This implies [Z3B) fork* = 1

and it covers thé = 1 case for[(4.D).

Let us now focus ot > 2 for (4.9), and in particulak* > 2 for both (4.9) and[(418). By
Lemmd4.1b, for any: in a set of probabilityl, Hoeffding’s inequality and a union bound (over
k values) implies there is an eveHt’ (z) with P(Uy : H(x)) > 1 — (d + 1)exp{—2m(n)'/3}
such that, fom > n,/, on the additional event/?’(x) N H, N H,, N H), if n(z) # 1/2,

Vk e {2,...,k*},

1 Lmn/(k=1)]

M Z 1{V(z,1+(2)) dO€S NOt shattes") andV shatterss"]
koo

< P(S € X% Vi, 4-(a)) dOes not shattef|V shatterss) + M, '/

< /a4 M < y/a+mn) R

For sufficiently larger, m(n)=Y/3 < ~/4. If k € {2,..., k*} andA® (2, U,) < 1 — ~, then

1 Lmn/(k—1)]

A Z 1[V does not shattes”) U {z} andV shatterss*)] > ~,
k

i=1

and thus, if this happens for sufficiently largen the even# ™ (z) N H,, N H! N H!, we must

have
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MLkF(k) (ZE, _h*(x)aUQ) =
Lmn/(k=1)]
> L[Viupe (o)) does not shattes" andV shatterss;"]

=1

1
<_
ST

<Y/2=-7/2+7

I.mn/(k_l)J
>~ 1[V does not shattef” U {x} andV shatterss "
=1

Lmn/(k=1)]
Z 1{Via h+(2)) do€S not shatte$’( andV’ shattersS )]

=1

< —~/2
v/2+ — L
1
M,

[mn/(k—1)]
1 k
M, 1[Vis () Shatterss;" andV,, - (.)) does no
+Mk ; Vieh (@) i (z,—h*(z)) g
[mn/(k—1)]
<— Y 1[Vie—n () does not shattes'*) andV shatterss*]

i=1

=—7v/24+ —

By a union bound over the elements®f-,

() HEW) > 1= i+ Deop{— (),

$E,Ck*

which suffices to prové (4.8).

Also, we have the following.

P(Uy - P(z : H"(z) does not occyr> exp{—m(n)/?})
< exp{m(n)*}E[P(z : H"(z) does not occuf (by Markov’s inequality)
= exp{m(n)*}E[P(U, : H(X) does not occyt (by Fubini's theorem)

< exp{m(n)*}YE[(d + 1)exp{—2m(n)*}] = (d + 1)exp{—m(n)/?}.
This suffices to prove (41.9). O

Proof of Theoreri 413The result now follows directly from Lemmas 4117 dnd 4.10.7)(4m-

plies|Ly<| > L(n) for some functionZ(n) = w(n), while (4.6)implies we will infer the labels
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for all but at most[n/(3 - 2*")] of them, and[(4]8) implies that, for sufficiently largethe in-
ferred labels are correct. Lemrha4.10 implies that) is at most twice the error of any of
thed + 1 classifiers. These things happen on an event that only fatitspwobability at most
exp{—c - n'/x} for someDxy-dependent constant> 0, and a universal constagt> 0.

Defining L='(m) = min{n : L(n) > m}, we get that, for some distribution ovérec
{L(n), L(n) +1,...} (independent of the data),

Eler(h)] < Ez[E2er(Ay(Z0))]] +exp{—c-n'/X} < ;lLJF)Ez [2er(Ay(20))] +eap{—c-n'/X}.

Therefore,

_ - 1
Aa<3€,ny) S Lil(Ap(QD)(y)) -+ CiX IHX —.

€
If Ap(e,ny) > 1, L_l(Ap(E,DXy)) = 0<Ap(€,ny)), SO]\p(e,ny) ¢ Polylog(1/e) im-

plies the improvements claim, and otherwisge, Dxy) € Polylog(1/e). O

Proof of Theorerh 414This follows identical reasoning to the proof of Theorem, €&ept that
instead of adding:zp{—c - n'/x} to the expected error, we simply take (2¢,26, Dxy) =
max{ L *(A,(e, 8, Dxy)), ¢ *In*(1/5)} to ensure the failure probability for the aforementioned
events is at most. ForA, (e, 9, Dxy) > 1 this is effectively not a restriction at all for small

and otherwise we still hav&, (e, 26, Dxy) = O(1). O

Lemma 4.18. Let/ be the classifier returned by Meta-Algorithm 6, when

In(4n)+dIn 2n

T > 1n—5 +7 < andDyxy € BenignNoise(C). Then for anyn € N, there is some

&, = o(n~/?) such that, on an evedi’ C H, withP(H’) > P(H,) — §/2,

er(h) —v < &,.

Proof. For brevity, we introduce the notatidd, = {z : ¥'(z) > k}, where as beforé’(z) =
min{k" : A®) (2, Uy) <1 —~}.

First note that, by Alexander’s results on uniform convegge[Alexander, 1984, Devroye et al.,
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1996], combined with a union bound, on an evé‘rj[tof probability 1 — 6/2, everyh € C has

20484 1n(1024d) + In(32(d + 1)/6)
|Ql

Vk, ler(h|Qi) — erq,(h)] < \/

Define !, = H, N H", and for the remainder of the proof we assume this event hdids

particular, this implies every,, has

20484 0 (1024d) + In(32(d + 1)/9)
| Qx|

er(ﬁk|Qk) < ]1lr€1£ er(h|Qg) + 2\/
Consider any: < k*. We have (by Lemma4.17)

er(hi) = P(Qu)er(he|Qu)
+P((w,y) : = ¢ Qy andy(x) = 1/2 andhy(v) # y)
+P((z,y) : v ¢ Q and(x) # 1/2 andhg(z) = h* () # y)
+P((z,y) : v ¢ Q and(x) # 1/2 andhg(z) # h*(z) = y)

* 2048d1n(1024d)+In(32(d+1) /0
Q) (er(]Qu) + 2/ EERE S

+ (1/2)P(z : = ¢ Q andn(z) = 1/2)+

IN

1n1/3

P((z,y) : © ¢ Qp andn(z) # 1/2andh*(z) #y) + (d+ 1)e "

* 2048d1n(1024d)+1In(32(d+1)/6
Q) (er(]Qu) + 2/ ZERE S

1,,1/3

+er(h*|X\ Qu)P(X\ Q) + (d+ 1)e ™

V+P(Qk)2\/2048dln(1024d) +In(32(d +1)/6) o

IN

IN

/B 2] +(d+1)em

Now there are two cases to consider. In the first case; k. In this case, we have
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er(iz,;) —er(hg)

= P(Qw) (er(glQe) - el Q)

N 2048d In(1024d) + In(32(d + 1) /5)
P(Qy) (eer*( i)~ erQ (hue) + 2\/ Q- | )

IA
>

20484 In(1024d) + n(32(d + 1)/5)
1Qj]

IN

P(Qx-)7

Therefore,

2048dIn(1024d) + In(32(d + 1) /6)
[2n/(3 - 2V)]

er(hy)) —v < er(hy) —v+ P(@k*)7\/

< PO \/204&11n(1ot221711d/)(;1;§i2(d+ /o), (4 1)
o) 20484 In(1024d) + In(32(d + 1)/5) R
< Al (ug)g\/ o320 +(d+1)
< e [2048d1n(1024d) + In(32(d + 1)/9) i/
< Ak >9\/ /G ] +(d+ e,

SinceAY") = o(1) (by definition in Lemm&Z.17), this last quantitydg.~/2).

On the other hand, suppoke< k*. If P(Q;,) = 0, then the aforementioned bound on excess

error implies the result. Otherwise, fbr= k + 1, 3j < k such that
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- \/ 2048d In(1024d) + In(32(d + 1)/5)

IA

IN

IN

IN

[2n/(3-2%))

eer(ka) - eer(izj)

20484 In(1024d) + In(32(d + 1)/5)
oA

P((z,y) : ilk(x) # yandn(r) # 1/2|Q)P(Q.|Q;)
+P((x,y) : hi(z) # y andn(z) # 1/2 andz ¢ Qi |z € Q;)

er(hi|Qy) — er(hy|Q;) + 2\/

—P((x,y) : ﬁ(x) #yandn(x) # 1/2|z € Q;) + 2\/2048d1n(1024d) +1n(32(d + 1)/6)
o ] Q)

P(Qu|Q))P((w,y) : hu(w) # y andn(z) # 1/2|Qx)

+P((x,y) : hi(x) # y andn(z) # 1/2 andx ¢ Qxlz € Q;)

2048d In(1024d) + In(32(d + 1) /6)

—P((z,y) : h*(x) # y andn(z) # 1/2|z € Q;) + 2\/ Q]

P(Qx|Q;) (er(hi,|Qx) — er(h*|Qx))
+P((z,y) : hi(z) # y andn(z) # 1/2 andz ¢ Qilz € Q;)
—P((z,y) : h™(z) # y andn(z) # 1/2 andx ¢ Qilr € Q)

Ly \/ 20484 In(1024d) + In(32(d + 1)/5)
[2n/(3-27)]

. [2048d1n(1024d) + In(32(d + 1)/9)
M@’“'@J)Q\/ 20/ (3 2V)]

+ Pz : hp(z) # h*(z) andn(z) # 1/2 andz ¢ Q)/P(Q;)
) \/ 2048d In(1024d) + In(32(d + 1) /)

2n/(3-2)]

. \/ 2048d In(1024d) + In(32(d + 1) /)
[2n/(3 - 2%))

+ (d+1De " JP(Qy)
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In particular, this implies

/3 [2n/(3 - 2+1)]
P(Q;) < (d+1)e \/2048d In(1024d) + n(32(d + 1)/3)
Therefore,
S . [2048d1n(1024d) + In(32(d + 1)/5) v
er(hy,) < P(Qk)Z\/ 2/ (3-20)] +(d+1)
<(1+ \/5)(6[ + 1)6_0””1/3 = 0(n‘1/2).
O

Proof of Theorerh 418This result now follows directly from Lemma 4118. That isy fuffi-
ciently largen (sayn > s, for somes € N), P(ﬁ[n) < 4/2, so with probabilityl — 4,
er(h) —v < &,. We can definé’, = 1forn < s, and&, for n > s. Then we have for

all n, with probability1 — 8, er(h) — v < & = o(n~/2). Thus, the algorithm obtains a label

complexity
Ay(e+ 1,0, Dxy) <1+supnl[€] > €.
neN
Now define€” = & + 27" = o(n"1/2). Then
lim €*Aq(€ + v, 9, Dxy) < lim €*(1 + supnl[E” > ¢
g e el w)S me(l+supnife] > )
= lim € sup nl[E) > ¢
Y neN,n>|logy(1/€)|
e 2
< lim €2 sup n( n)

N0 peNn>|logy(1/e)] €

= lim sup n(&)’
50 neN,n>|log,(1/¢)]

2
= lim sup n(€”)? = (lim sup \/58;;) = 0.

n—o0 n—o0

Therefore A, (e + v, 8, Dxy) = o(1/€?), as claimed. O
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Chapter 5

Beyond Label Requests: A General
Framework for Interactive Statistical

Learning

In this chapter, | describe a general framework in which enlieg algorithm is tasked with learn-
ing some concept from a known class by interacting with alteacia questions. Each question
has an arbitrary known cost associated with it, which thenkais required to pay in order to
have the question answered. Exploring the informatiottec limits of this framework, | de-
fine a notion called theost complexityf learning, analogous to traditional notions of sample
complexity. | discuss this topic for the Exact Learning isgttas well as PAC Learning with a
pool of unlabeled examples. In the former case, the leasradwed to aslknyquestion, while

in the latter case, all questions must concern the targeteqiis behavior on a set of unlabeled
examples. In both settings, | derive upper and lower bounds@® cost complexity of learning,

based on a combinatorial quantity | call tBeneral Identification Cost
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5.1 Introduction

The ability to ask questions to a knowledgeable teacher akerearning easier. This fact is no
secret to any elementary school student. But how much e&S@r2 questions are more difficult
for the teacher to answer than others. How much inconveaienst even the most conscientious
learner cause to a teacher in order to learn a concept? Tapahexplores these and related

guestions about the fundamental advantages and limitatiblearning by interaction.

In machine learning research, it is becoming increasingpagsent that well-designed inter-
active learning algorithms can provide valuable improvetsen learning performance while
reducing the amount of effort required of a human annotatbis research has mainly focused
on two formal settings of learning: Exact Learning by quegad pool-based Active PAC Learn-
ing. Informally, the objective in the setting of Exact Leg by queries is to perfectly identify
a target concept (classifier) by asking questions. In cefttiae pool-based Active PAC setting
is concerned only with approximating the concept with higblability with respect to an un-
known distribution on the set of possible instances. Inldti®r setting, the learning algorithm
is restricted to asking only questions that relate to theceptis behavior on a particular set of

unannotated instances drawn independently from the unkmiastribution.

In this chapter, | study both of these active learning sg¢tinder a broad definition. Specif-
ically, I consider a learning protocol in which the learnan@skany question, but each possible
guestion has an associateukt For example, a query of the form “what is the label of example
x” might cost $1, while a query of the form “show me a positivaeple” might cost $10. The
objective is to learn the concept while minimizing the tatas$tof queries made. One would like
to know how much cost even the most clever learner might beinedjto pay to learn a concept
from a particular concept space in the worst case. This caridveed as a generalization of
notions ofsample complexitgr query complexityound in the learning theory literature. | refer
to this best worst case cost as ttest complexityf learning. This quantity is defined without

reference to computational feasibility, focusing insteadhe information-theoretic boundaries
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of this setting (in the limit of unbounded computation). Beldderive bounds on the cost com-
plexity of learning, as a function of the concept space arstl ftmction, for both Exact Learning
from queries and pool-based Active PAC Learning.

Sectior 5.2 formally introduces the setting of Exact Lemgrfrom queries, describes some
related work, and defines cost complexity for that settibhgldo serves to introduce the notation
and fundamental definitions used throughout this chaptes.sEction closely parallels the work
of Balcazar et al.|[Balazar et al., 2001]. The primary contribution of Secfiod 5.2 derivation
of upper and lower bounds on the cost complexity of Exact hiegr from queries. This is
followed, in Sectio 5.3, by a formal definition of pool-basetive PAC Learning and extension
of the notion of cost complexity to that setting. The primaoyntributions of Section 5.3 include
a derivation of upper and lower bounds on the cost compl@tityarning in that general setting,
as well as an interesting corollary for intersection-ctbeencept spaces. | know of no previous

work giving general results of this type.

5.2 Active Exact Learning

In this setting, there is amstance spac&” andconcept spac&€ on X such that any, € C is

a distinct functionh : X — {0,1}H Additionally, defineC* = {h : X — {0,1}}. That s,

C* is themost generatoncept space, containing all possible labelingg’ofin particular, any
concept spac€ is a subset of*. For a particular learning problem, there is an unknéarget
conceptf € C, and the task is to identify using a teacher’s answers to queries made by the
learning algorithm. Formally, aactual queryis any function inQ = {G : C* — 24"\ {2}}

for someanswer seid*. By a learning algorithm “making an actual query”, | mean thaglects

LAll of the main results easily generalize to multiclass ad.we
2The restriction thafi(f) # {} is a bit like an assumption that every valid question hasaattlene answer for

any target concept. However, we can always define some plartianswer to mean “there is no answer,” so this

restriction is really more of a notational convenience thamssumption.
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a functiong € (), passes it to the teacher, and the teacher returns a singleera < q(f)
where f is the target concept. A concepte C* is consistenwith an answeg to an actual
queryq if a € q(h). Thus, | assume the teacher always returns an answer that¢jee concept
is consistent with; however, when there are multiple sudwans, the teacher may arbitrarily

select from amongst them.

Traditionally, the subject of active learning has beenistitvith respect to specific restricted
guery types, such as membership queries, and the learrgogtam’s objective has been to
minimize thenumberof queries used to learn. However, it is often the case tlzahieg with
these simple types of queries is difficult, but if the leagiahgorithm is allowed just a fespecial
gueries, learning becomes significantly easier. The reagsoare initially reluctant to allow the
learner to ask certain types of queries is that these quamgegifficult, expensive, or sometimes
impossible to answer. However, we can incorporate thiscdiffy level into the framework by
assigning each query type a speciast and then allowing the learning algorithm to explicitly
optimize thecostneeded to learn, rather than themberof queries. In addition to allowing the
algorithm to trade off between different types of queribg &lso gives us the added flexibility to
specify different costs within the same family (e.g., p@dhaome membership queries are more

expensive than others).

Formally, in this framework there is eost function Let o« > 0 be a constant. A cost
function is anyc : Q — (o, 0] In practice ¢ would typically be defined by the user responsible
for answering the queries, and could be based on the timeunass, or operating expenses
necessary to obtain the answer. Note that if a particulae tfpquery is unanswerable for a
particular application, or if the user wishes to work withealuced set of possible queries, one
can always define the costs of those undesirable query tgplesdo, so that any reasonable

learning algorithm ignores them if possible.

While the notion ofactual queryclosely corresponds to the actual mechanism of querying in

practice, it will be more convenient to work with the infortie-theoretic implications of these
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queries. Define the set effective querie® = {¢ : C* — 22% \{@}|Vf € C*a € q(f) =
[f € aAVh € a,a € q(h)]}. Each effective query corresponds to an equivalence cfesstual
gueries, defined by mapping any answer to the set of concepssstent with it. We can thus
define the mapping

E(q) = {dlg € Q.Vf € C*,[Ba € q(f) witha = {hlh € C*,a € G(h)}] & a € q(f)}.
By an algorithm “making an effective quegy’ | mean that it makes an actual query&(lq)H (a
good algorithm will pick a cheaper actual query). For thegoge of this best-worst-case
analysis, the following definition is appropriate. For atdasictionc, define a corresponding
effective cost functiofoverloading notation} : @ — [a, o], such that
Vg € Q,c(q) = infgeg(q) c(q). The following definitions illustrate how query types can be

defined using effective queries.

A positive example quelig anyq € £(gqs) for someS C X, such thays € Q is defined by
VieCrst[dreS: f(x)=1],q5(f) = {{h|h € C*,h(x) =1}|x € S: f(x) =1}, and
VfeC st Ve € S, f(z) =0],qs(f) = {{h|h € C* : VY € S, h(z) = 0}}.

A membership querng anyq € £(qq,;) for somex € X. This special case of a positive
example query can equivalently be definedfyc C*, i,y (f) = {{h|h € C*, h(z) = f(x)}}.
These effectively correspond to asking for any exampleléabg in S or an indication that there
are none (positive example query), and asking for the lalelparticular example i
(membership query). | will refer to these two query typesubsequent examples, but the
reader should keep in mind that the theorems below appyl types of queries.

Additionally, it will be useful to have a notion of affective oraclewhich is an unknown
function defining how the teacher will answer the variousrgpse Formally, an effective oracle
T is any function inT = {T: Q — 2% Vg € Q,T(q) € Ufec*q(f)}H For convenience, | also

31 assumeA* is sufficiently expressive so they € Q, £(q) # @; alternatively, we could defing(q) = o =
¢(q) = oo without sacrificing the main theorems. Additionally, | wélssume that it is possible to find an actual

query in&(q) with cost arbitrarily close ténf;c¢ (4 c(§) for anyq € Q using finite computation.
4An effective oracle corresponds to a deterministic stateteacher, which gives up as little information as
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overload this notation, defining for a set of queries. Q, T'(R) = NyerT (q).

Definition 5.1. A learning algorithmA for C using cost functiom is any algorithm which, for
any (unknown) target concejite C, by a finite number of finite cost actual queries, is
guaranteed to reduce the set of concept€iconsistent with the answers to preciséfy}. A
concept spac€ is learnablewith cost functiort using total cost if there exists a learning

algorithm forC usingc guaranteed to have the sum of costs of the queries it makessat.m

Definition 5.2. For any instance spac&’, concept spac€ on X', and cost functiom, define

the cost complexitydenoted CostComplexity, c), as the infimum > 0 such thatC is

_,earnable with cost function using total cost no greater than

ﬂEquivaIentIy, we can define cost complexity using the follggwecurrence. IfC| = 1,
CostComplexitC, ¢c) = 0. Otherwise,

CostComplexityC, ¢) = inf ¢(§) + max f CostComplexiti{ h|h € C,a € G(h)},c)
i€Q

feC,aeq(

Since
inf ¢(¢) + max CostComplexiti{h|h € C,a € g(h)},c)
GeqQ feC,acq(f)

= inf inf ¢(§) + max f CostComplexityC N {h|h € C*,a € §(h)},c)

q€Q Ge&(q) feC,aeq(

= inf ¢(q) + max CostComplexityC Na,c),
q€Q (@) feCagq(f) plexityC )

we can equivalently define cost complexity in term&ffiéctive querieandeffective costThat
is, CostComplexityC, c) is the infimumt¢ > 0 such that there is an algorithm guaranteed to

identify any f € C usingeffectivequeries with total okffectivecosts no greater than

possible. It is also possible to analyze a setting in whidtingstwo queries from the same equivalence class, or
asking the same question twice, can possibly lead to twerdifft answers. However, the worst case in both settings

is identical, so the worst case results obtained for thiingealso apply to the more general case.
5] have made the dependence/bn the teacher implicit. To be formally correet,should have the teacher’s

effective oraclel” as input, and is guaranteed to outgufor anyT € T s.t. Vg € O, T'(q) € ¢(f). Costis then a

book-keeping device recording hotvusesl” during execution.
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5.2.1 Related Work

There have been a relatively large number of contributiorntbe study of Exact Learning from
gueries. In particular, much interest has been given togstin which the learning algorithm is
restricted to a few specific types of queries (e.g. membegigpineries and equivalence queries).
However, these contributions focus entirely on thuenberof queries needed, rather themst

The most relevant work in this area is by Batar, Castro, and Guijarro [Bazar et al., 2001].
Prior to publication of/[Balazar et all, 2002], there were a variety of publications inciihe
learning algorithm could use some specific set of queriesydnch derived bounds on the
number of queries any algorithm might be required to makaentorst case in order to learn.
For example, [Hellerstein et al., 1996] analyzed the cowipam of membership and proper
equivalence queries, [Hegésl 1995] additionally analyzed learning from membershierggs
alone, while|[Bal@zar et al., 1999] considered learning from just propenedgimce queries.
Amidst these various special case analyses, somewhatssngty, Balcazar et al.

[Balcazar et all, 2002] discovered that the query complexity dewterived in these works were
all special cases of a single general theorem, applyingetbtbad class csample-based

queries They further generalized this result in [Bakar et al., 2001], giving results that apply
to any combination oAnyquery types. That work defines an abstract combinatoriattifya
which they call theGeneral Dimensiojwhich provides a lower bound on the query complexity,
and is within a log factor of it. Furthermore, the General Bimsion can actually be computed
for a variety of interesting combinations of query typestilitow there has not been any
analysis | know of that considers learning wit query types, but giving each query a cost, and
bounding the worst-casmstthat a learning algorithm might be required to incur. In jgaitar,

the analysis of the next subsection can be viewed as a geatiai of [Bal@zar et all, 2001] to
add this notion of cost, such that [Bakar et al., 2001] represents the special case of cost that is

uniformly 1 on a particular set of queries andon all other queries.
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5.2.2 Cost Complexity Bounds

I now turn to the subject of exploring the fundamental linutsnteractive learning in terms of
cost. This discussion closely parallels that of Balar, Castro, and Guijarro [Balezar et all.,

2001].

Definition 5.3. For any instance spac&’, concept spac€ on X', and cost functiom, define

the General Identification Costlenoted=/C(C, ¢), as follows.

GIC(C,c) = inf{t|t > 0,YT € T,3R C Q,S.t[} pclg) <t A[ICNT(R)| < 1]}

We can also express this @ C(C, ¢) = suprer infrcocnr(r) <1 D_ger ¢(q)- Note that
calculating this corresponds to a much simpler optimizatimblem than calculating the cost
complexity. The General Identification Cost is a direct gaheation of the General Dimension
of [Balcazar et all, 2001], which itself generalizes quantitiehsagExtended Teaching
Dimension [Hegeis, 1995], Strong Consistency Dimension [Eedar et al., 1999], and the
Certificate Sizes of [Hellerstein etlal., 1996]. It can beripteted as a sort of game. This game
is similar to the usual setting, except that the teachessvans are not restricted to be consistent
with a concept. Imagine there is a helpful spy who knows gedgihow the teacher will

respond to every query. The spy is able to suggest queribg ledrner, and wishes to cause the
learner to pay as little as possible. If the spy is sufficieakbver at suggesting queries, and the
learner follows every suggestion by the spy, then aftemgs&ome minimal cost set of queries
the learner can narrow the set of concept€iconsistent with the answers down to at most one.
The General Identification Cost is precisely the worst casgilig cost the learner might be

forced to pay during this process, no matter how clever tlyassat suggesting queries.

Lemma 5.4. For any instance spac&, concept spac€ on X, and cost functiom, if V' C C,

thenGIC(V,c) < GIC(C,¢).

Proof. It clearly holds ifGIC(C, ¢) = co. If GIC(C, ¢) < k,thenVT € T,3R C Q s.t.
> gerclq) <kandl > [CNT(R)| > [V NT(R)|, and therefor&s/C(V,c) < k. The limit as
k — GIC(C,c) gives the result. O

129



Lemma 5.5. For any~ > 0, instance spacé’, finite concept spac€ on X" with |C| > 1, and

cost functiorn such thatGI1C(C, ¢) < oo, d¢ € Q such thatvT € T,

IC[ -1
GIC(C, o)+~

IC\T(q)| > c(q)

That is, regardless of which answer the teacher picks, theveleast:(q) z75— concepts

in C inconsistent with the answer.

Proof. Supposé/q € Q,3T, € T such thaiC \ 7, (q)| < c(q)%. Then define an

effective oraclel” with the property thatq € Q,T'(q) = T,(q). We have thus defined an oracle

suchthaVR C Q,%" _pc(q) < GIC(C,c) +v =

ICNT(R)| = |C| = |C\T(R)| = |C| = Y |C\ T(q)]

qeER
Gl -1 ICl -1
C| - > |C| - (GI =
In particular, this contradicts the definition 67 C(C, ¢). O

This brings us to the main theorem of this section.

Theorem 5.6. For any instance spac&, concept spac€ on X, and cost functior,

GIC(C,c) < CostComplexityC, c) < GIC(C, ¢) log, |C|

Proof. | begin with the lower bound. Lét < GIC(C, ¢). By definition of GIC', 3T € T, such
thatvR C Q,>  rc(q) <k = |CNT(R)| > 1. In particular, this implies that an adversarial
teacher can answer any sequence of queries with cost n@gtieaink in a way that leaves at
least 2 concepts it consistent with the answers, either of which could be thgetaconcepy.
This impliesCostComplexityC, c¢) > k. The limit ask — GIC(C, ¢) gives the bound.

Next | prove the upper bound. #/C(C, ¢) = oo or |C| = oo, the bound holds vacuously, so

let us assume these are finite. Say the teacher’s answeespond to some effective oracle
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T € T. Consider a recursive algorithi, that makes effective queries fro@H If |C| =1,
thenA, halts and outputs the single remaining concept. Otherlése be an effective query
having the property guaranteed by Lemima 5.5. Thatis, 7'(¢)| > c(q)%. Defining

V =CnT(q) (ageneralized notion afersion spack this implies that

c(q) < (GIC(C,c) + 7)‘%’7“{' and|V| < |C|. SayA, makes effective query, and then
recurses ofY. In particular, we can immediately see that this algorithientifiesf using no
more thanC| — 1 queries.

I now prove by induction ofC| thatCostComplexit§yC, c¢) < (GIC(C, c) + v)H|c|-1, Where
H, =", +isthen' harmonic number. IfC| = 1, then the cost complexity i& For

IC| > 1,

CostComplexitfC, c)

<c(q) + CostComplexityy/, c)

Cl—-|V
<(GIC(C,) +2) L+ (GICW, ) + ) Hy

oo+ (S

S(G[C((C, C) + V)H\(C\—l

+ H|V|_1)

where the second inequality uses the inductive hypothésig avith the properties of
guaranteed by Lemnia .5, and the third inequality uses Ldthdrinally, noting that

Hic)-1 < log, |C| and taking the limit ag — 0 proves the theorem. [

One interesting implication of this proof is that the greadtyorithm that choosegto maximize

rTnig % has a cost complexity withinlag, |C| factor of optimal.
S

6] use the definition of cost complexity in terms of effectivest; so that we need not concern ourselves with
how A, chooses itactual queries However, we could defind , to make actual queries with cost withinof the

effective query cost, so that the result still holdsyas: 0.
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5.2.3 An Example: Discrete Intervals

As a simple example of cost complexity, considée= {1,2,..., N}, for N > 4,

C=A{hgp: X = {0,1}a,be X,a <bVre X, [a <z <b<s h,(zr)=1]}, and define an
effective cost functior that is1 for membership querieg,, for anyx € X, k for the positive
example queryy where3 < k < N — 1, andoo for any other queries. In this case,
GIC(C,c) = k+ 1. In the spy game, say the teacher answers effective queitieamweffective
oracleT. Let X, = {z|r € X, T(qzy) = {h|h € C*,h(x) = 1}}. If X # @, then let

a = min X, andb = max X,. The spy tells the learner to make queres, g}, ¢ro—1y (if

a > 1), andgg41y (if b < N). This narrows the version spacefth, ; }, at a worst-case effective
cost of 4. IfX, = &, then the spy suggests query. If T(¢gx) = {f_}, the “all 0" concept,
then no concepts i@ are consistent. Otherwis€(q~x) = {h|h € C*, h(x) = 1} for some

r € X, and the spy suggests membership queyy. In this case7 (q(,y) N T'(gx) = @, so the
worst-case cost i8 + 1 (without gy, it would costNV — 1). These are the only cases to consider,
S0GIC(C,c) =k + 1. By Theorem 5.6, this implies

k + 1 <CostComplexityC, c) <2(k + 1) log, V.

We can slightly improve this by noting that we only useonce. Specifically, if a learning
algorithm begins (in the regular setting) by asking revealing thaff () = 1 for somex € X,
then we can reduce to two disjoint learning problems, withcept spaces

Cl = {huplb € {z,...,N}}, andC,, = {h,.|la € {1,2,...,x}}, with cost functions

c1(q) = c(q) for g € {q(a}, 4zt1}, - - - » qrvy } @ndoo otherwise, and,(q) = c(q) for

q € {qy, 42y, - - -, 42y} @ndoo otherwise, and correspondidgy C(Cy, c) < 2,

GIC(C), c) < 2. So we can say that

CostComplexityC, ¢) < k + CostComplexityC’, ¢;) + CostComplexit§C, c2) < k +4log, N.
One algorithm that achieves this begins by making the pesgxample query, and then

performs binary search above and below the indicated pesiample to find the boundaries.
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5.3 Pool-Based Active PAC Learning

In many scenarios, a more realistic definition of learnintpé supplied by the Probably
Approximately Correct (PAC) model. In this case, unlike thevwus section, we are interested
only in discovering with high probability a function with bavior verysimilar to the target
concept on examples sampled from some distribution. Fdynaas above there is an instance
spaceX, and a concept spa¢eC C* on X’; unlike above, there is also a distributidhover X'.
As with Exact Learning, the learning algorithm interactshna teacher by making queries.
However, in this setting the learning algorithm is givenrgaut a finite sequen@f unlabeled
exampleg/, each drawn independently accordingpandall queriesmade by the algorithm
must concern only the behavior of the target concept on ekeampl/.Formally, a
data-dependent cost functigmany functionc : Q x 2% — (ar, 00]. For a given set of unlabeled
exampleg/, and data-dependent cost functigrlefinec,(-) = ¢(-,U). Thus,c, is a cost
function in the sense of the previous section. For a giygrthe corresponding effective cost

functionc, : Q — [a, oo] is defined as in the previous section.

Definition 5.7. Let X’ be an instance space€, a concept space oft, andf = (1, %2, ..., Ty))

a finite sequence of unlabeled examples. Define C, h(U) = (h(z1), h(z2), ..., Mzw))).

DefineC[i/] C C as any concept space such thate C, |{1'|h' € CU], ' (U) = h(U)}| = 1.

1 will implicitly overload all notation for sets and sequess; so that if a set is used where a sequence is required,
then an arbitrary ordering of the set is implied (though thidering should be used consistently), and if a sequence

is used where a set is required, then the set of distinct elenoé the sequence is implied.

133



Definition 5.8. A sample-based cost functigany data-dependent cost functiosuch that
for all finitetd C X ,Vq € O,

cau(q) <oo=VfeC*Vacq(f),VheC[hU) = fU)=hEal.
This corresponds to queries that aboutthe target concept’s labels on some subsét of

Additionally,vif C X,z € X, andq € Q, ¢(q.U U {x}) < ¢(q,U). Thatis, in addition to the

above property, adding extra examples to whjshanswers do not refer does not increase its

cost.

For example, membership queries:og U/ and positive examples queries 8nc I/ could
have finite costs under a sample-based cost function. A®iprévious section, there is a targ
conceptf € C, but unlike that section, we do not try identify f, but instead attempt to

approximatdt with high probability.

Definition 5.9. For instance space’, concept spac€ on X, distributionD on X, target

conceptf € C, and conceph € C, define theerror rateof h, denotecrrorp(h, f), as

errorp(h, f) = Prxp {h(X) # f(X)}

Definition 5.10. For (¢,d) € (0,1)2, an (e, §)-learning algorithnfor C using sample-based cc
functionc is any algorithmA taking as input a finite sequence of unlabeled examples,thatt
for any target concepf € C and finite sequend#, A(U/) outputs a concept it after making
a finite number of actual queries with finite costs undgrAdditionally, any(¢, 6)-learning
algorithmA has the property thaim € [0, co) such that, for any target concepte C and
distributionD on &',

Prypm {errorp(AU), f) > e} <.

A concept spac€ is (e, §)-learnablegiven sample-based cost functionsing total cost if
there exists afe, 0)-learning algorithmA for C usingc such that for all finite example

sequenced, A(U) is guaranteed to have the sum of costs of the queries it makessit

et

st

undercy,.
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Definition 5.11. For any instance spac&, concept spac€ on X', sample-based cost function

¢, and(e, ) € (0,1)?, define thee, §)-cost complexity denoted CostComplexit¥, c, ¢, §), as

the infimum > 0 such thatC is (¢, §)-learnable giverr using total cost no greater than

As in the previous section, because it is lingting case, we can equivalently define the
(¢, §)-cost complexity as the infimum> 0 such that there is afz, §)-learning algorithm
guaranteed to have the sumedfectivecosts of theeffectivequeries it makes at most
The main results from this section include a new combinatguantityG PIC(C, ¢, m, T)

such that ifd is the VC-dimension of’, then

GPIC(C,c,0(%),8) < CostComplexityC, c, €, 5) < GPIC(C,¢,© (£),0)0(d).

5.3.1 Related Work

Previous work on pool-based active learning in the PAC mbdslbeen restricted almost
exclusively to uniform-cost membership queries on exampié¢he unlabeled sét. There has
been some recent progress on query complexity bounds foresaicted setting. Specifically,
Dasgupta [Dasgupta, 2004] analyzes a greedy active |lepseimeme and derives bounds for the
number of membership querieslifiit uses under aaverage cassetting, in which the target
concept is selected randomly from a known distribution. rAiksir type of analysis was
previously given by Freund et al. [Freund et al., 1997] tosprpositive results for the Query by
Committee algorithm. In a subsequent paper, Dasgupta [[D#&sg2005] derives upper and
lower bounds on the number of membership queriés required for active learning for any
particular distributiorD, under the assumption th&tis known. The results | derive in this
section implyworst-caseesults (over bottD and f) for this as a special case of more general

bounds applying tanysample-based cost function.

5.3.2 Cost Complexity Upper Bounds

I now derive bounds on the cost complexity of pool-basedweddBAC Learning.
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Definition 5.12. For an instance spac&’, concept spac€ on X, sample-based cost function
and nonnegative integen, define theseneral Identification Cost Growth Functiatenoted
GIC(C,¢,m), as follows.

GIC(C,e,m) = sup GIC(C[U], cy)

Uexm

Definition 5.13. For any instance spacé&’, concept spac€ on X, and(e, §) € (0,1)?, let
M (C, e, 9) denote thesample complexityf C (in the classigassive learningense), or the
smallestn such that there is an algorithtd taking as input a set of examplg€sand labels, and

outputting a classifie(without making any queriesyuch that for anyD and f € C,

It is known (e.g.,/[Anthony and Bartlett, 1999]) that

max{&L LIni} < M(C,e,6) < “Inl2 4 2n2
for0 <e<1/8,0 < § < .01, andd > 2, whered is the VC-dimension of. Furthermore,
Warmuth has conjectured [Warmuth, 2004] thatC, ¢, §) = ©(2(d + log 3)).

With these definitions in mind, we have the following noveddhem.

Theorem 5.14.For any instance spac&’, concept spac€ on X’ with VC-dimension

d € (0, 00), sample-based cost functione € (0,1), andé € (0, 1), if m = M(C,¢,6), then

CostComplexit§C, c, ¢, §) < GIC(C, ¢, m)dlog, <%

Proof. For the unlabeled sequence, saniplee D™. If GIC(C, ¢, m) = oo, then the upper
bound holds vacuously, so let us assume this is finite. Als0(0, co) implies|U| € (0, o)
[Anthony and Bartlett, 1999]. By definition af/ (C, ¢, 0), there exists a (passive learning)
algorithmA such that'f € C, VD, Pry..pm{errorp(AU, f(U)), f) > €} <. Therefore any
algorithm that, by a finite sequence of effective querie$ Wiitite cost undee,,, identifiesf (/)
and then outputgl(U, f(U)), is an(e, 0)-learning algorithm forC usingc.

Suppose now that there igghost teacherwho knows the teacher’s target concé¢pt C. The

ghost teacher uses thec C[U/] with h(U/) = f(U) as its target concept. In order to answer any
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actual querieg € Q with cu(q) < oo, the ghost teacher simply passes the query to the real
teacher and then answers the query using the real teachew®&a This answer is guaranteed to
be valid because, is a sample-based cost function. Thus, identifyfiity) can be
accomplished by identifying(&/), which can be accomplished by identifyihg The task of
identifying h can be reduced to dxact Learningask with concept spadg|l/] and cost
function¢,, where the teacher for the Exact Learning task is the ghashes. Therefore, by
Theoreni 5.6, the total cost required to identffg/) with a finite sequence of queries is no
greater than

CostComplexityC[Uf], i) < GIC(CU], ) log, |ClU]| < GIC(CU], cyy)d log, %, (5.1)
where the last inequality is due to Sauer’'s Lemma (e.g..Hény and Bartlett, 1999]). Finally,

taking the worst case (supremum) overlale X completes the proof. ]

Note that[(5.11) also implies a data-dependent bound, whiakdgotentially be useful for
practical applications in which the unlabeled examplesasa#able when bounding the cost. It

can also be used to state a distribution-dependent bound.

5.3.3 An Example: Intersection-Closed Concept Spaces

As an example application, we can use the above theoremv¥e pew results for any

intersection-closed concept s;ﬁas follows.

8An intersection-closed concept spatéhas the property that for arly,, ho € C, there is a concepiz € C
such thatvz € X, [h1(z) = ha(x) = 1 < hs(x) = 1]. For example, conjunctions and axis-aligned rectangles ar

intersection-closed.
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Lemma 5.15. For any instance spac#’, intersection-closed concept spaceavith
VC-dimensionl! > 1, sample-based cost functiersuch that membership queriestithave
cost< p (i.e., YU C X,z € U, cu(qqzy) < 1) and positive example queriestihhave coskK «

(i.e., YU C X, S CU,cy(gs) < k), and integem > 0,

GIC(C,e,m) < Kk + pd

Proof. Say we have some set of unlabeled examfleand consider bounding the value of
GIC(C[U], cy). In the spy game, suppose the teacher is answering withtigfferaclel € 7.
Leti, = {z|r € U, T(qqsy) = {h|h € C*, h(z) = 1}}. The spy first tells the learner to make
the gy, query (ifd \ Uy # @). If Iz e U\ U, ST (qowu, ) = {h|h € C*, h(z) = 1}, then
the spy tells the learner to make effective qugry for this z, and there are no concepts in
C[U] consistent with the answers to these two queries; the tfféaitre cost for this case is

k + p. If this is not the case, byt/, | = 0, then there is at most one conceptlfi{] consistent
with the answer t@y.\,,, : namely, theh € C[i/] with h(x) = 0 for all « € U, if there is such an
h. In this case, the cost is just

Otherwise, letS be a largest subset df, such thatih € CwithVz € S h(z) = 1. If S = &,
then making any membership querylith leaves all concepts ii[l{/] inconsistent (at cost),

so let us assumé # @. For anyS C X, define
CLOS(S) = {z|xr € X,Vh € C,[Vy € S,h(y) = 1] = h(z) =1}

theclosureof S. Let S’ be a smallest subset Sfsuch thatC LOS(S") = CLOS(S), known as
aminimal spanning setf S [Helmbold et al., 1990]. The spy now tells the learner to make
queriesgy,, forallz € .

Any concept inC consistent with the answer tg.,,, must label every: € U \ U, as 0. Any
concept inC consistent with the answers to the membership querie¥ arust label every

x € CLOS(S'") = CLOS(S) 2 S as 1. Additionally, every concept il that labels every

r € S as 1 mustlabel every € i, \ S as 0, sinces is defined to be maximal. This labeling of
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these three sets completely defines a labeling,&nd as such there is at most dne C[/]
consistent with the answers to all queries made by the leadsmbold, Sloan, and Warmuth
[Helmbold et al., 1990] proved that, for an intersectioaseld concept space with
VC-dimensiond, for any setS, all minimal spanning sets ¢f have size at most. This implies
the learner makes at mastmembership queries i, and thus has a total cost of at most

K+ pd. ]

Corollary 5.16. Under the conditions of Lemma5l15¢if> 10, then for0 < € < 1, and

0<é<3,

. 16d 6. 28
CostComplexityC, c, €,d) < (k + ud)dlog, <2 max {— Ind,—In 7})
€ €

Proof. This follows from Theorerh 5.14, Lemrha 5115, and Auer & Ormegsult
[Auer and Ortner, 2004] that for intersection-closed cgapaces withl > 10,

M(C,e,é)gmax{%llnd,gln%}. ]

For example, consider the concept space of axis-paralperectangles i’ = R”,

C={h:X —={0,1}|3((a1,b1), (a2, b2), ..., (an,b,)) : Ve € R*" h(z) =1 = Vi €
{1,2,...,n},a; < z; < b;}. One can show that this is an intersection-closed concegesp
with VC-dimensior2n. For a sample-based cost functioof the form stated in Lemmia 5.115,
we have thaCostComplexitfC, ¢, €,§) < O ((k + nju)n). Unlike the example in the previous
section, if all other query types have infinite cost, thervfor 2 there are distributions that
force any algorithm achieving this bound for sma#indé to use multiple positive example
queriesgs with |S| > 1. In particular, for finite constant, this is an exponential improvement
over the cost complexity of PAC active learning with onlyfonm cost membership queries on

U.
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5.3.4 A Cost Complexity Lower Bound

At first glance, it might seem that/C(C, ¢, [1=<]) could be a lower bound on
CostComplexitC, ¢, €, §). In fact, one can show this is true for< (%’Qd. However, there are
simple examples for which this is not a lower bound for geheeandd [1 We therefore require a

slight modification ofGIC' to introduce dependence 6n

Definition 5.17. For an instance spacé’, finite concept spac€ on X, cost function:, and
J € [0, 1), define theGeneral Partial Identification Costenoted>7PIC(C, ¢, §) as follows.

GPIC(C,c,8) = inf{t[t > 0,YT € T,3R C Q, S.t.[X,pc(q) < {JAICNT(R)| < S|C|+1]}

Definition 5.18. For an instance spacg’, concept spac€ on X', sample-based cost function
¢, non-negative integen, andé € [0, 1), define theGeneral Partial Identification Cost Growth

Function denoted>PIC(C, ¢, m, ), as follows.

GPIC(C,c,m,d) = sup GPIC(C[U], cy,9)

Uexm

Itis easy to see that/C(C,c) = GPIC(C,¢,0) andGIC(C, ¢, m) = GPIC(C, ¢, m,0), SO

that all of the above results could be stated in term& B C.
Theorem 5.19.For any instance spacé’, concept spac€ on X', sample-based cost function

¢, (¢,0) € (0,1)2, and anyl C C,

GPIC(V,c, [£=£],6) < CostComplexityC, c, €, &)

€

Proof. Let S C X be a setwithl < |S| < [=<], and letDg be the uniform distribution os.
Thus,errorp(h, f) < e < h(S) = f(S). | will show that any algorithn guaranteeing
Pru~pz{errorp,(AU), f) > e} < § cannot also guarantee cost strictly less than
GPIC(V[S],cs,9). If 6|V[S]| > |V[S]| — 1, the result is clear since no algorithm guarantees

cost less than 0, so assud|&’[S]| < |V[S]| — 1. Supposed is an algorithm that guarantees,

9The infamous “Monty Hall” problem is an interesting examplethis. For another example, consid&r =
{1,2,...,N},C = {hy|z € X,Vy € X,h,(y) = I[x = y]}, and cost that is 1 for membership queried{imnd
infinite for other queries. Although*7C(C,c, N) = N — 1, itis possible to achieve better than= ﬁ with

probability close toll=2 using cost no greater thaw — 2.
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for every finite sequend# of elements front, A(U/) incurs total cost strictly less than
GPIC(V[S],cs,d) undere, (and therefore also undeg). By definition of GPIC, 3T € T
such that for any set of querigsthat.A (/) makes|V[S] N T(R)| > §|V[S]| + 1. | now
proceed by the probabilistic method. Say the teacher diagviatget concept uniformly at
random fromV/[S], andvq € @ s.t. f € T(q), answers with'(¢). Any ¢ € Q such that

f ¢ T(q) can be answered with an arbitrane ¢(f). Let hy, = A(U); let R, denote the set of

queriesA (/) would make ifall queries were answered wiih

Ef[Pry~pz{errorps(AU), f) > €}]

Eyp [Prs{u(S) # F(S)}

> By [Pro{hu(S) # £(S) A f € T(Ru))]

> min VIS]NT(Ry)| -1

5.
= e VS]] ~

Therefore, there exists a deterministic method for seiggtiand answering queries such that
Pru~pz{errorps(AU), f) > €} > 4. In particular, this proves that there are (@j)-learning
algorithms that guarantee cost strictly less than/C'(V[S], cs, 0). Taking the supremum over

setsS completes the proof. O

Corollary 5.20. Under the conditions of Theordm 5119,

GPIC(C,c, [£=£],6) < CostComplexit§C, c, €, ).
Equipped with Theorem 5.119, it is straightforward to prdwe tlaim made in Sectidn 5.8.3 that

there are distributions forcing arty, §)-learning algorithm for Axis-parallel rectangles using

only membership queries (at cgstto payQ(@). The details are left as an exercise.

5.4 Discussion and Open Problems

Note that the usual “query counting” analysis done for Aetiearning is a special case of cost
complexity (uniform cost 1 on the allowed queries, infinitston the others). In particular,

Theoreni 5.14 can easily be specialized to give a worst-aasedoon the query complexity for
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the widely studied setting in which the learner can makeraaynbership queriesn examples
in U [Dasgupta, 2005]. However, for this special case, one cauwede slightly tighter bound.
Following the proof technique of Hegés [Hegeds, 1995], one can show that for any
sample-based cost functiersuch thatit/ C X', q € O,

cu(q) < 00 = [aulg) = LAV € C*, |g(f)| = 1], CostComplexityC, cx) < 25 (o ee Sl

This implies for the PAC setting th&tostComplexit§C, ¢, ¢, §) < QGlfoii%j’g()gf:if)m, for
VC-dimensiond > 3 andm = M(C, ¢,6). This includes the cost function assigning 1 to

membership queries @ andoc to all others.

Active Learning in the PAC model is closely related to theicag Semi-Supervised Learning
Balcan & Blum [Balcan and Blum, 2005] have recently derived aetgirof sample complexity
bounds for Semi-Supervised Learning. Many of the techraegaa be transfered to the
pool-based Active Learning setting in a fairly natural wapecifically, suppose there is a
guantitative notion of “compatibility” between a conceptlaa distribution, which can be
estimated from a finite unlabeled sample. If we know the tacgacept is highly compatible
with the data distribution, we can draw enough unlabeledngtas to estimate compatibility,
then identify and discard those concepts that are probatgphiyhincompatible. The set of
highly compatible concepts may be significantly less exgvestherefore reducinigoththe
number of examples for which an algorithm must learn theltatzeguarantee generalization
andthe number of labelings of those examples the algorithm whisshguish between, thereby

also reducing the cost complexity.

There are a variety of interesting extensions of this fraor&worth pursuing. Perhaps the
most natural direction is to move into the agnostic PAC fraomi, which has thus far been
quite elusive for active learning except for a few resultsi¢Ba et al., 2006, Kariainen/ 2005].
Another possibility is to derive cost complexity bounds witlee cost is a function of not only
the query, but also the target concept. Then every time #reileg algorithm makes a queqy

itis charged:(q, f), but does not necessarily know what this value is. Howetean always
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upper bound the total cost so far by the worst case over ctsoethe version space. Can
anything interesting be said about this setting (or vasiamterhaps under some benign
smoothness constraints ofy, -)? This is of some practical importance since, for exampis, it

often more difficult to label examples that occur near a deiboundary.
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