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Suppose we have N independent events, i=1...N.
Each might be from distribution O or distribution 1, but ...
we don’t know which (2-component mixture)

o1

But we do know the respective probabilities for each i
poi = P(x;]0) p1i = P(xi[1)

1 L 1 1
8] 2 4 3] 8 10

observed events (unknown mixture)

We want a (probabilistic) assignment of each event to O or 1.

Suppose v = (vy,v9, 23, . ..,vy) iS an assignment of each event to a distribution
eg.,v=(1,10,1,0,0,0,1,...,1)

Suppose s is the fraction of events in distribution 1, s = P(v; = 1)

That is everything we need to know to write down a “forward” model for the
probability of the data, given the (known and unknown) quantities:

“hyperparameter” that affects the

P(data|v,s) = H DL X po; S doesntenter directly, butitis a
0 distribution of v’s

v;=1 V=
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Now do the Bayes thing!

P(v, s|data) oc P(data|v,s)P(v,s)
= P(datalv, s) P(v|s)P(s)
- I D1 X H po; X s7wi=l (1 — S)#(UFO)P(S)

V= v; =0

::—‘[pthHpml—s x P(s)

v;=1 v;=0

That is the complete model, usually too much to comprehend directly.
Instead, we are usually interested in various marginalizations. For example:

P(s|data) ocz [thsxnpgzls x P(s)

'UE2'\ v;=1

key step is here: = H[phfs + poi(1 — s)|P(s)_  (multiply it out!)

N | AN _
l prob of I in the mixture distribution

prior on the mixture
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Even more interesting is the marginalization that gives the assignment of each
data point to one distribution or the other:

P(szldata)oc/ Z p1;S H P1is H poi(1 — s)P(s) ds

ve2N-1 vi=1,3#) v;=0,17#7
o /p o P(S ‘data-) ds P(s|data) o Z [I__I p1is X l:lpoi-(l s) % P(s)
= pljs + pﬂj(l - S) H[Pli-"' tpoi(1 — s)|P(s)
— / P1;® P(s|data)ds
pljs + p()j(l — S)

and similarly

(1 —
P(v; = O|data) o / Po;(1 — 5) P(s|data)ds
P15 + po;(1 — s)

It's just that data point’s relative probabilities in the
two distributions, weighted by the mix probability

and then averaged over the mix probabilities

This is a very general idea, which can occur with
many useful variations. Let’'s apply to Towne...
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Hi, guys! Remember us?

N=3

William Towne
B: 18 Mar 1599 Gt
‘Yarmouth, Mordolk,
England
I - T : Y E— —
John Towne . Edmund Towne Jacob Towne Joseph Towne
B | EC 10 Mar 1852 [ =]
E-STR: 458 17 1 578 Yarmauth, Norfoik, E-STR: 480 11/ d5e
16/ COYa: 37 1 COVE: England 171 d4a 18
301534 10 I
I I 1 A
 Joseph Towne John Towne I Jacob Towne | Towne |
B 02 Sep 1661 B: 02 Apr 1658 E-5TR: 429 29 B 1673 Topsfuid,
| Toprslwekd, Essam, MA Topafehd, Essen, M4 —] Essan, MA
Mathan Towne Benjamine Samuel Ti Jacob Towne David Towne Elisha Towne
B W@!J‘w. ‘ Ti:lmnl E\ 1655 Topsheld M O I—J B 1715 Tepaheld, B: 1708 Topehield,
Estex, ssex, MA Essex, MA Enpin MA
| i bin(0,3x37,r) | |
| Mathan Towne | Benjamine James Town Joshua Towne David Towne | | Thomas Elisha
— Towne B 1722 Onond, MA a m:- Gﬂml B 1744 Topshels, | Towne
B 1722 Topsheld, Ll B 1743 kA
Esnin, MA |
Pater Towne Joseph G.u'm James Town Salem 'l'mc | Jacob Towne Joseph Towne Eli Towne
B 20 Aug 1743 Towne B 1757 Balchertown, 1B 1778 Warici, Ma, a Huw | B 1774 Temple, N
Ben[.lmlrl Towne . Jnuph Twme mn.fm
——I B 1826 Topshola, & 1502 Dover-
Essex, MA Fomzroft, ME
Benjamin Towne Charles L. Towne Sanford C.
. B 1855 Topsheld, Towne
Gomi, WA & 1535 Seber. ME
Farnum Peter Harry Evans James Wiley William Samuel Samuel Towne John Henry Sebwyn H. Towne William Harriman
Towne Towne Town Towne B 1559 Leon, NY Towne B 1824 Lyna, MA
B 1850 Boston, B 1850 Runnels, 1 B: 1841 Catwell B 1839 Roscos, [
Suffolk, Mass | L KY OH
T11 Towne James Willard William Samuel Eﬂ Benjamin Towne Selwyn H. Towne
Towne Towne Towne [ — I—J Jr Towne ‘
& 12 :5 Im’motmnwmr. mzﬂcgmm. bln(0’6X37,r) B mmmin.w. & 1907 |
T2 Towne Miles Willis Town | | Norman Millard [ Benjamin Towne J 5 Towne T13 Towne J
— B: 1904 Lyon County, Towne T
= L | gﬁjﬁ.ﬂmm A—Q A 4 (Of 12)
| I bin(3,10x37,r)
AT B0 hricy

bin(1,5x37,r)

bin(0,5x37,r)

bin(1,11x37,r)



Bayes and Bar Sinister

We can now understand that the Towne family
problem is really a mixture model problem: Each
VLSTR sample is either from a descendent of
William Towne or from the descendent of a “non-
paternal event”. We are given an unknown mixture Arms of Sir Charles Beauclerk, 1st

of such samples. Duke of St Albans, bastard son of
King Charles Il by Nell Gwynn

Our model will have 3 unknown parameters:
r  mutation probability per locus per generation Modeling L as a constant is rather

c non-paternal probability per generation / crude, but will ilustrate the point. If

) ] this really mattered, we’d need to
L if non-paternal, number of generations back to LCA  do a better job here.

The model is:

pmix = @(k,n,loci,r,c,lca) (1-¢).n * bin(k,n*loci,r) ...
+ (1-(1-c¢)-™n) * bin(k,(n+lca)*loci,r);
model2 = @(r,c,lca) pmix(23,10,37,r,c,lca) .* pmix(5,9,37,r,c,lca)...
.* pmix(0,3,37,r,c,lca).* pmix(0,3,37,r,c,lca)...
-* pmix(1,5,37,r,c,lca) -* pmix(0,5,37,r,c,lca).-..
-* pmix(0,6,37,r,c,lca).-* pmix(1,11,37,r,c,lca)...
-* pmix(3,10,37,r,c,lca) .* pmix(4,10,12,r,c,lca) ./ r;

Notice that we now include all the data, especially clearly non-paternal T2.
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So that we don’t get lost in MATLAB semantics...

ndgrid
Generate arrays for N-D functions and interpolation

Syntax

[X1,¥2,%3,...] = ndgrid(zl,=z2,=3,...])
[X1,¥2,...] = ndgrid/(x)

Description
[¥1,%2,%3,...] = ndgridi(xl,=x2,x%3,...) transforms the domain specified by vectors
x1,x2,x%3... into arrays ¥1,¥%2,X3... that can be used for the evaluation of functions of

multiple variables and multidimensional interpolation. The ith dimension of the output
array ¥i are copies of elements of the vector =i.

arrayfun

Apply function to each element of array

Syntax

& = arrayfun(fun, 35)

& = arrayfuni(fun, 5, T, ...)

(A, B, ...] = arrayfunifun, 5, ...)

(A, ...] = arrayfun(fun, S, ..., 'paraml', waluel, ...)
Description

A = arrayfun(fun, S) applies the function specified by fun to each element of
array S, and returns the results in array A. The value 2 returned by arrayfun is the
same size as 3, and the (I,J,...)th elementof 2~ is equal to fun(s(1,J,...1).
The first input argument fun is a function handle to a function that takes one input
argument and returns a scalar value. fun must return values of the same class each
time it is called.

squeeze

Remove
singleton
dimensions

Syntax

B:
Squeeze (&)

Description

B = 3gueeze (A)
returns an array B
with the same
elements as 2,
but with all
singleton
dimensions
removed. A
singleton
dimension is any
dimension for
which
gize(A,dim) = 1
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We evaluate the model over a 3-dimensional grid of parameters, and
then normalize it.

rvals = 0.0005:0.0005:0.02;

cvals = [.002 .005 .01 .02 .03 .06 .1 .2] . . L .
riors are implicit in the spacing of
Icavals = [25 50 100 200] T P pacing

[rgrid cgrid Icagrid] = ndgrid(rvals,cvals, Icavals); the g_rlds,_h.ere appr(_JX|mat_er
f2vals = arrayfun(model2,rgrid,cgrid, Icagrid); |Og§nthnnc,eacklgrmiceﬂlstakerlas
f2vals = f2vals ./ sum(f2vals(:)) equiprobable

We get individual parameter distributions by marginalization

f2r = sum(sum(f2vals,3),2); Hint: use size() to debug this kind of stuff!
f2c = sum(sum(f2vals,3),1); 350 , : [
f2lca = sum(squeeze(sum(f2vals,1)),1);
plot(rvals,f2r,"-g");
semilogx(cvals,f2c,":or"); soor ]
semi logx(lcavals,f2lca,":0g");
250+ 1
200+ 1
previous mode| ———
150 1
100} 1
50+ 1
0 L I L
0 0.005 0.01 00156 002

I (mutation probability)
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¢ (non-paternal probability per generation) L (generations to LCA)
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Calculate mixture probabilities by

po; (1 — s)
p1;s + po;(1 — s)

P(v; = O|data) / P(s|data)ds

now with additional marginalizations over r,c,L.:

father was a sailor!

function p = nonpatprob(k,n,loci,rgrid,cgrid, lcagrid,f2vals)
p = squeeze(sum(sum(sum( arrayfun(@ppat,rgrid,cgrid,lcagrid) .* f2vals ,3),2),1));

function p = ppat(r,c,lica)
pl = (1-¢).™n * poisspdf(k,n*loci*r);
p2 (1-(1-¢)-™) * poisspdf(k, (n+lca)*loci*r);
p = p2/(pl+p2)

end

end

for k=0:12, gen9(k+1l) = nonpatprob(k,9,37,rgrid,cgrid, lcagrid,f2vals); end
for k=0:12, genlO(k+1l) nonpatprob(k,10,37,rgrid,cgrid, Ilcagrid,f2vals); end
for k=0:12, genll(k+l) nonpatprob(k,11,37,rgrid,cgrid, Ilcagrid,f2vals); end
plot([0:12],gen9,":0or")

plot([0:12],genl1l0,":0g")

plot([0:12],genl11l,":0b")
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And the answers are...

non-paternal 1 . . . . P i T2 —»
09t e -
<«—— T13 partial data R
08r (below) -
07 .:;:." .
06} S .
@
ost T16,T3 : i
o4 i
G
il | T8,T4 |
02t 6 -
5 T11
01 e ]
Towne & WNETE » LAAM I I
0 2 4 & B8 10 12

pl13
pl13

nonpatprob(4,10,12,rgrid,cgrid, lcagrid, f2vals)

0.8593

So, by Bayesian statistical modeling, T11 fought his way back to legitimacy. |
guess this a happy ending.

Confession: the above picture is close, but not quite right, because | found a bug in the code and didn’t redo
the picture. Challenge: redo the calculation and see how different your answer is!

Professor William H. Press, Department of Computer Science, the University of Texas at Austin

11



Hierarchical Bayesian models (just a mention here):

Actually, I'd guess that our LCA model is too crude: no single L is consistent
with both T2 and T11, so our model “promoted” T11 to legitimacy. | bet that T11

IS a non-paternal event with a distant cousin!
What is really needed is a distribution of L’s.

Old model: L is a fixed parameter to be estimated.
pmix(ka n, M‘?“, C, L) = (1 _ C)anin(ka nMa T)
+[1—(1—-¢)"|pBin(k, (n+ L)M,r)

p(’r,c,L‘d&ta) X H p(kianiaMi‘racaL)P(racaL)

Townes

Hierarchical model: L is drawn from a distribution, separately for each

Towne
L ~ Gammal(a, 3)

p(ra c,a,ﬂ|data) X H [/p(kzanzalera C, Li)pGamma(Li|aaﬁ)dLi

Townes

x P(r,c,a, 3)

What makes this “hierarchical” is that L;, a parameter in one piece of the model
Is an RV (dependent on “hyper-parameters”) in another piece.

Professor William H. Press, Department of Computer Science, the University of Texas at Austin

12



