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Main result

Theorem (due to René Thiemann):

If A € RE™ is a non-negative real square matrix, then
one of the largest Jordan blocks of 4 has
the spectral radius p, as the eigenvalue.
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Proof

Very nontrivial, but believe it, it's formalized in Isabelle/HOL.




Complexity analysis

* What's the complexity of function sort?

sort (x :: ) = insert (sort )

sort Nil = Nil

insert (y == ) = s 2 when x <
insert (y = ) = :: insert when x >
insert Nil = ;. Nil




Polynomial interpretation method

Find monotone polynomials [[sort] : N> N, [:] : N> N > N, .., s.t.

[sort (x :: xs) > insert x (sort xs)]

[sort nil > nil]

[insert x (v :: ys) > x ity it ys]

[insert x (v :: ys) > vy :t insert |

[insert x nil > x i nil]
Theorem:

If such interpretations exist, then the program terminates,
and the runtime is O([[sort (x; :: (... 32 (g 32 nil) ))]))

Polynomial runtime demands
x[=ly=fx+y



Matrix interpretation method
Find affine maps [sort] : N* - N [::] : N® > N" - N", ..., s.t.

[sort (x :: xs) > insert x (sort xs)]

[sort nil > nil]

[insert x (v it ys) > x 2yt ys] X Vi P

linsert x (v :: ys) > vy insert ] x| > V2| & xy =y,

[insert x nil > x i nil] X3 Y3 X3 = Y3
Theorem:

If such interpretations exist, then the program terminates,
and the runtime is 0 (H[[sort (x1 (et (g 2 mil) ))]] H)



Runtime via matrix power

e Llet [sort] x =Sx +s,x[:] v=Cx + Ay + ¢, [nil] = n.

Then [[sort (oc, 2+ i 2t nil)]
=S (Cxy + ACxy + - A 1Cx) + A¥n) + «
€ 0(k - [|A¥]])

* So, if ||A¥|| € 0(k?), runtime is O(k4+1)

Jordan Normal Form precisely gives A"



Jordan normal form (JNF)

* Examples

C] = \ A 1

DN =
DN -

3 é — Jordan blocks, generally A 1
4} _ Al
( )
Theorem:
Every square matrix has a JNF (over C), i.e. A=pPJ P71
. J

Note: A% = p[p-ip|y[pt - Py Pt = pyrp

\, J




Power of JNF
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Computing JNFs (following [Piziak & Odell '07])

Compute~—«
eigenvalues \

k coe k _/11 * * ]
AR Schur A, Row-column INF
o Decomposition - operations

Gram-Schmidt
Orthogonalization




Computing eigenvalues

A € 71 4>[ Gauss-Jordan elimination]

lcharacteristic polynomial y4 € Z|[x]

[ Polynomial factorization

)(A—f1 - fm € Z|x

deg f; <
(H|gh -school mat Igebra|c number representatlon)

/11, ,A E C /1]_|_1, A‘Tl E C
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Polynomial factorization
—>[ find prime } p >[ Berlekamp factorization ] '

|
f=gs--g (modp)

y
—>[ factor bound ]— —>[ Hensel lifting

|
c+ IlF£I1 /'n _ _ Vs _ 7-\

s.t. coprime p (lead_coeff f),
(f mod p) is square free

All Isabelle-formalized, but highly involved and expensive to run!

' >l LLL reconstruction J ?

v
f=h o fn € 2]




Power of Jordan blocks, revisited

i A
Lemma:
a1 [ OF e (e
& 1 (2" (pep )2
: § ()2 J
* Observation Ao
e IAl > 1...EXPTIME /’\
e [A| = 1...need care )
e [A| < 1...don't-care k-/ Re
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Checking polynomial growth

input: 4 € N d € N /’\
output: accept if |A¥| € O(kd) N
1. compute all eigenvalues A \/

2. reject (EXPTIME) if py = IEIEaAXUH > 1

3. compute JNFforeach4 € As.t. |[4] =1

[ : :
Theorem (Perron-Frobenius, basic):
If A € RY™ then p, is an eigenvalue of A.

(i.e., xa(pa) =0)
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Checking polynomial growth

input: 4 € N d € N
output: accept if |A¥| € O(kd)

1. reject (EXPTIME) if y 4 has rootin (1, )
2. compute all eigenvalues A
3. compute JNFforeach4 € As.t. |[A] =1

R

Re

"Theorem (Perron-Frobenius, more):
If A € RES™ then

a0 =f@-| |G- pi)

LEI

with f(1) = 0 = || < p,
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Checking polynomial growth

Im

input: 4 € N d € N

output: accept if |A¥| € O(k?) —
e

1. reject (EXPTIME) if y4 has root in (1, c0)
2. compute A
3. compute JNF for each

Theorem (Perron-Frobenius, more):
If A € RE;™ and py < 1 then

B concerned eigenvals
Xa(h) = f(A)- are roots of unity!
LE]

with fF(1) = 0 = |1] < 1



Checking polynomial growth

input: 4 € N d € N
output: accept if |A¥| € O(kd)

Tlm

1. reject (EXPTIME) if y4 has root in (1, c0)
2. compute A
3. compute JNF for up to some i

Theorem (Perron-Frobenius, more):
If A € RE;™ and py < 1 then

o =fo-| [@-1
witi f(1)) =0 = |A1] <1 ) can Iloeé ighored!

Re



Checking polynomial growth

input: 4 € N d € N
output: accept if |A¥| € O(kd)

Tlm

1. reject (EXPTIME) if y4 has root in (1, c0)

2. compute JNF for up to some i
° 1’
° _1’

. —1++/31 —1—+/3i
2 7 2

not very nice!

Re



Power of JNF, revisited

* Examples:
P 1 |X 1k
A1
A
k _— 1
Ay
s

Only the largest Jordan block matter...

-
Lemma: If [A] = 1 then

sizen

_A
' N\
A1 1
A
1
2.

\_

~

has p, as the eigenvalue.

Theorem (Perron-Frobenius-Thiemann):
If A € RE;™, then one of the largest Jordan Blocks of A




Finally!

input: 4 € N d € N
output: accept if |A¥| € O(kd)

1. reject (EXPTIME) if y4 has root in (1, c0)

2. compute JNF for eigenvalue

Corollary:
For A € R%;™, ||4¥|| € 0(k?) iff
* NO eigenvalue in (1,) and
« the Jordan block of A for eigenvalue 1 is of size at most d + 1.




Conclusion

e Contribution
e a very nontrivial Perron—Frobenius style theorem
 all formalized in IsaFoR, implemented in CeTA
* On 6,690 matrices from past TermComps, x5 speed up in certification.

* Future work
 Utilize in complexity analysis (not only certification)?



