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Main result

Theorem (due to René Thiemann):
If 𝐴 ∈ ℝ≥0

𝑛×𝑛 is a non-negative real square matrix, then
one of the largest Jordan blocks of 𝐴 has
the spectral radius 𝜌𝐴 as the eigenvalue.

Proof
Very nontrivial, but believe it, it's formalized in Isabelle/HOL.
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Complexity analysis

• What's the complexity of function sort?
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sort (x :: xs) = insert x (sort xs)
sort Nil           = Nil
insert x (y :: ys) = x :: y :: ys when x <= y
insert x (y :: ys) = y :: insert x ys when x > y
insert x Nil      = x :: Nil



Polynomial interpretation method
Find monotone polynomials 𝑠𝑜𝑟𝑡 ∶ ℕ → ℕ, ∷ ∶ ℕ → ℕ → ℕ, ..., s.t.

𝑠𝑜𝑟𝑡 𝑥 ∷ 𝑥𝑠 > 𝑖𝑛𝑠𝑒𝑟𝑡 𝑥 𝑠𝑜𝑟𝑡 𝑥𝑠
𝑠𝑜𝑟𝑡 𝑛𝑖𝑙 > 𝑛𝑖𝑙
𝑖𝑛𝑠𝑒𝑟𝑡 𝑥 𝑦 ∷ 𝑦𝑠 > 𝑥 ∷ 𝑦 ∷ 𝑦𝑠

𝑖𝑛𝑠𝑒𝑟𝑡 𝑥 𝑦 ∷ 𝑦𝑠 > 𝑦 ∷ 𝑖𝑛𝑠𝑒𝑟𝑡 𝑥 𝑦𝑠

𝑖𝑛𝑠𝑒𝑟𝑡 𝑥 𝑛𝑖𝑙 > 𝑥 ∷ 𝑛𝑖𝑙

Theorem:
If such interpretations exist, then the program terminates,

and the runtime is 𝑂 𝑠𝑜𝑟𝑡 𝑥1 ∷ … ∷ 𝑥𝑘 ∷ 𝑛𝑖𝑙

Polynomial runtime demands
𝑥 ∷ 𝑦 = 𝑓 𝑥 + 𝑦
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Matrix interpretation method
Find affine maps 𝑠𝑜𝑟𝑡 ∶ ℕ𝑛 → ℕ𝑛, ∷ ∶ ℕ𝑛 → ℕ𝑛 → ℕ𝑛, ..., s.t.

𝑠𝑜𝑟𝑡 𝑥 ∷ 𝑥𝑠 > 𝑖𝑛𝑠𝑒𝑟𝑡 𝑥 𝑠𝑜𝑟𝑡 𝑥𝑠
𝑠𝑜𝑟𝑡 𝑛𝑖𝑙 > 𝑛𝑖𝑙
𝑖𝑛𝑠𝑒𝑟𝑡 𝑥 𝑦 ∷ 𝑦𝑠 > 𝑥 ∷ 𝑦 ∷ 𝑦𝑠

𝑖𝑛𝑠𝑒𝑟𝑡 𝑥 𝑦 ∷ 𝑦𝑠 > 𝑦 ∷ 𝑖𝑛𝑠𝑒𝑟𝑡 𝑥 𝑦𝑠

𝑖𝑛𝑠𝑒𝑟𝑡 𝑥 𝑛𝑖𝑙 > 𝑥 ∷ 𝑛𝑖𝑙

𝑥1
𝑥2
𝑥3
>

𝑦1
𝑦2
𝑦3
⟺

𝑥1 > 𝑦1
𝑥2 ≥ 𝑦2
𝑥3 ≥ 𝑦3

5

Theorem:
If such interpretations exist, then the program terminates,

and the runtime is 𝑂 𝑠𝑜𝑟𝑡 𝑥1 ∷ … ∷ 𝑥𝑘 ∷ 𝑛𝑖𝑙



Runtime via matrix power

• Let 𝑠𝑜𝑟𝑡 𝑥 = 𝑆𝑥 + 𝑠, 𝑥 ∷ 𝑦 = 𝐶𝑥 + 𝑨𝑦 + 𝑐, 𝑛𝑖𝑙 = 𝑛.

Then 𝑠𝑜𝑟𝑡 𝑥1 ∷ ⋯ ∷ 𝑥𝑘 ∷ 𝑛𝑖𝑙

= 𝑆 ⋅ 𝐶𝑥1 + 𝑨𝐶𝑥2 +⋯𝑨
𝑘−1𝐶𝑥𝑘 + 𝑨

𝑘𝑛 + 𝛼

∈ 𝑂 𝑘 ⋅ 𝑨𝑘

• So, if 𝑨𝑘 ∈ 𝑂 𝑘𝑑 , runtime is 𝑂 𝑘𝑑+1

Jordan Normal Form precisely gives 𝑨𝑘
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Jordan normal form (JNF)

• Example:

• 𝐽 =

2 1
2 1
2
3 1
3
4

Jordan blocks, generally 

𝜆 1
𝜆 ⋱
⋱ 1
𝜆

Theorem:
Every square matrix has a JNF (over ℂ), i.e. 𝐴 = 𝑃 𝐽 𝑃−1

Note: 𝐴𝑘 = 𝑃 𝐽 𝑃−1 𝑃 𝐽 𝑃−1 ⋯ 𝑃 𝐽 𝑃−1 = 𝑃 𝐽𝑘 𝑃−1
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Power of JNF

• Example:

𝐽𝑘 =

2 1
2 1
2
3 1
3
4

𝑘𝑘

𝑘

𝑘

=

2𝑘 2𝑘−1𝑘 2𝑘−3𝑘 𝑘 − 1

2𝑘 2𝑘−1𝑘
2𝑘

3𝑘 3𝑘−1𝑘
3𝑘

4𝑘

Lemma:

𝜆 1
𝜆 ⋱
⋱ 1
𝜆

𝑘

=

𝑘
0
𝜆𝑘 𝑘

1
𝜆𝑘−1 ⋯ 𝑘

𝑛−1
𝜆𝑘−𝑛−1

𝑘
0
𝜆𝑘 ⋯ 𝑘

𝑛−2
𝜆𝑘−𝑛−2

⋱ ⋮
𝑘
0
𝜆𝑘

size 𝑛
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Computing JNFs (following [Piziak & Odell '07])

Compute
eigenvalues

Schur
Decomposition

Row-column
operations

Gram–Schmidt
Orthogonalization

∗ ⋯ ∗
⋮ ⋱ ⋮
∗ ⋯ ∗

𝜆1 ∗ ⋯ ∗
𝜆2 ⋱ ⋮
⋱ ∗
𝜆𝑛

𝜆1, … , 𝜆𝑛

JNF
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Computing eigenvalues
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characteristic polynomial 𝜒𝐴 ∈ ℤ 𝑥

Polynomial factorization

𝜒𝐴 = 𝑓1 ⋅ ⋯ ⋅ 𝑓𝑚 ∈ ℤ 𝑥

High-school math

𝜆1, … , 𝜆𝑗 ∈ ℂ

Algebraic number representation

𝜆𝑗+1, … , 𝜆𝑛 ∈ ℂ

𝐴 ∈ ℤ𝑛×𝑛 Gauss–Jordan elimination

deg 𝑓𝑖 ≤ 2



Polynomial factorization
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𝑓 ∈ ℤ 𝑥

find prime Berlekamp factorization

factor bound

s.t. coprime 𝑝 lead_coeff 𝑓 ,
𝑓 mod 𝑝 is square free

s.t. 𝑓𝑖 1 < 𝑝
𝑘

Hensel lifting

𝑝

𝑘

LLL reconstruction

𝑓 ≡ 𝑔1 ⋅ ⋯ ⋅ 𝑔𝑙 mod 𝑝

𝑓 = 𝑓1 ⋅ ⋯ ⋅ 𝑓𝑚 ∈ ℤ 𝑥

𝑓 ≡ ℎ1 ⋅ ⋯ ⋅ ℎ𝑙 mod 𝑝
𝑘

All Isabelle-formalized, but highly involved and expensive to run!



Power of Jordan blocks, revisited

• Observation
• 𝜆 > 1 ... EXPTIME

• 𝜆 = 1 ... need care

• 𝜆 < 1 ... don't-care
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Lemma:

𝜆 1
𝜆 ⋱
⋱ 1
𝜆

𝑘

=

𝑘
0
𝜆𝑘 𝑘

1
𝜆𝑘−1 ⋯ 𝑘

𝑛−1
𝜆𝑘−𝑛−1

𝑘
0
𝜆𝑘 ⋯ 𝑘

𝑛−2
𝜆𝑘−𝑛−2

⋱ ⋮
𝑘
0
𝜆𝑘

Re

Im



Checking polynomial growth

input: 𝐴 ∈ ℕ𝑛×𝑛, 𝑑 ∈ ℕ

output: accept if |𝐴𝑘| ∈ 𝒪 𝑘𝑑

1. compute all eigenvalues Λ

2. reject (EXPTIME) if 𝝆𝑨 = 𝐦𝐚𝐱
𝝀∈𝜦
𝝀 > 𝟏

3. compute JNF for each 𝝀 ∈ 𝜦 s.t. 𝝀 = 𝟏
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Theorem (PerronｰFrobenius, basic):
If 𝐴 ∈ ℝ≥0

𝑛×𝑛 then 𝜌𝐴 is an eigenvalue of 𝐴.
(i.e., 𝜒𝐴 𝜌𝐴 = 0)

Re

Im



input: 𝐴 ∈ ℕ𝑛×𝑛, 𝑑 ∈ ℕ

output: accept if |𝐴𝑘| ∈ 𝒪 𝑘𝑑

1. reject (EXPTIME) if 𝜒𝐴 has root in 𝟏,∞

2. compute all eigenvalues Λ

3. compute JNF for each 𝝀 ∈ 𝜦 s.t. 𝝀 = 𝟏

Checking polynomial growth
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Re

Im

Theorem (PerronｰFrobenius, more):
If 𝐴 ∈ ℝ≥0

𝑛×𝑛 then

𝜒𝐴 𝜆 = 𝑓 𝜆 ∙ 

𝑖∈𝐼

𝜆𝑖 − 𝜌𝐴
𝑖

with 𝑓 𝜆 = 0 ⟹ 𝜆 < 𝜌𝐴



Checking polynomial growth

input: 𝐴 ∈ ℕ𝑛×𝑛, 𝑑 ∈ ℕ

output: accept if |𝐴𝑘| ∈ 𝒪 𝑘𝑑

1. reject (EXPTIME) if 𝜒𝐴 has root in 𝟏,∞

2. compute all eigenvalues Λ

3. compute JNF for each 𝝀 ∈ 𝜦 s.t. 𝝀 = 𝟏
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Re

Im

Theorem (PerronｰFrobenius, more):
If 𝐴 ∈ ℝ≥0

𝑛×𝑛 and 𝜌𝐴 ≤ 1 then

𝜒𝐴 𝜆 = 𝑓 𝜆 ∙ 

𝑖∈𝐼

𝜆𝑖 − 1

with 𝑓 𝜆 = 0 ⟹ 𝜆 < 1

concerned eigenvals
are roots of unity!



Checking polynomial growth

input: 𝐴 ∈ ℕ𝑛×𝑛, 𝑑 ∈ ℕ

output: accept if |𝐴𝑘| ∈ 𝒪 𝑘𝑑

1. reject (EXPTIME) if 𝜒𝐴 has root in 𝟏,∞

2. compute all eigenvalues Λ

3. compute JNF for 𝒊-th root of unity up to some 𝑖
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Re

Im

Theorem (PerronｰFrobenius, more):
If 𝐴 ∈ ℝ≥0

𝑛×𝑛 and 𝜌𝐴 ≤ 1 then

𝜒𝐴 𝜆 = 𝑓 𝜆 ∙ 

𝑖∈𝐼

𝜆𝑖 − 1

with 𝑓 𝜆 = 0 ⟹ 𝜆 < 1 can be ignored!



Checking polynomial growth

input: 𝐴 ∈ ℕ𝑛×𝑛, 𝑑 ∈ ℕ

output: accept if |𝐴𝑘| ∈ 𝒪 𝑘𝑑

1. reject (EXPTIME) if 𝜒𝐴 has root in 𝟏,∞

2. compute JNF for 𝒊-th root of unity up to some 𝑖
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Re

Im

not very nice!

• 1,

• -1,

•
−1+ 3𝕚

2
, 
−1− 3𝕚

2

• ...



Power of JNF, revisited

• Example:

𝐽𝑘 =

𝜆1 1
𝜆1 1
𝜆1
𝜆2 1
𝜆2
𝜆3

𝑘𝑘

𝑘

𝑘

Lemma: If 𝜆 = 1 then

𝜆 1
𝜆 ⋱
⋱ 1
𝜆

𝑘

∈ 𝒪 𝑛 − 1 𝑘

size 𝑛
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Only the largest Jordan block matter...

Theorem (PerronｰFrobeniusｰThiemann):
If 𝐴 ∈ ℝ≥0

𝑛×𝑛, then one of the largest Jordan Blocks of 𝐴
has 𝜌𝐴 as the eigenvalue.



Finally!

input: 𝐴 ∈ ℕ𝑛×𝑛, 𝑑 ∈ ℕ

output: accept if |𝐴𝑘| ∈ 𝒪 𝑘𝑑

1. reject (EXPTIME) if 𝜒𝐴 has root in 𝟏,∞

2. compute JNF for eigenvalue 1

Corollary:

For 𝐴 ∈ ℝ≥0
𝑛×𝑛, 𝐴𝑘 ∈ 𝒪 𝑘𝑑 iff

• no eigenvalue in 1,∞ and 
• the Jordan block of 𝐴 for eigenvalue 1 is of size at most 𝑑 + 1.

Re

Im
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Conclusion

• Contribution
• a very nontrivial PerronｰFrobenius style theorem

• all formalized in IsaFoR, implemented in CeTA

• On 6,690 matrices from past TermComps, x5 speed up in certification.

• Future work
• Utilize in complexity analysis (not only certification)?
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