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Main goal

Understanding, analyzing, and automatically verifying the termination
behavior of declarative programs (e.g., Maude)

fmod PALINDROME is fmod PROGRAM is
protecting QID . sort S .
sorts List Pal . ops a b : -> [S]
subsorts Qid < Pal < List . ceqa=>bif a : S .
op nil : -> Pal . endfm
op __ : List List -> List .
var I : Qid .

var P : Pal .
mb I PI : Pal .
endfm

Challenging!
PALINDROME is (obviously?) terminating. PROGRAM is not (why?).
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Introduction

A theory § in a logic L is called operationally terminating if no infinite
well-formed proof tree for S exists [LMMO5].

Infinite branches are captured by using proof jumps A  Bi,...,Bn_1,B,
associated to the inference rules w of § [LM14].
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NS  Proof Jumps

Use of logical models and well-founded relations

Provability of goals o(Bi),...,0(By—1) captured by logical models when
needed

The head A and the hook B, of proof jumps indicate where well-founded
relations T are required to prove termination: o(A) 1 o(B,)

Termination proofs = Logical models + Well-founded relations

v
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Well-founded models in proofs of termination Outline
QOutline

@ Operational terminatilio'q in General Logics :
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Operational termination in General Logics
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Operational termination in General Logics

A logical approach to declarative programming [Mes87]
@ Declarative programs S are theories of a given logic L.

® Computations with S are implemented as deductions in L.

© Deductions proceed according to the Inference System Z(L) of L.
S D

5
s

Definition (Proof jumps of a theory S [LM14])

Js={(A 1 B)| Becr(s)1<i<n}

-5
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Operational termination in General Logics Declarative programs and logics

The specialization of the inference system for CS-MRTs [DLM*08] yields
Z(PALINDROME) with 16 rules.

Subject Reduction rules concern the dependency of sorts with rewritings

X —y y:Pal
x : Pal

x —y y:Qid "
x : Qid

x — y y:List

(SR)g (SR)p (SR)L X TList

Membership rules describe the association of sorts to expreSSIons by means
of conditional membersh|ps rn the program.

:0id. L ixPal \ e .
(MI)g<p —T—?;al— (Ml)p<1_ -—m (M.‘l‘)f) -c":_':-Qid for ¢ of sort Qid
) X L:;ét y.:: List o pileal I :: Qid P :: Pal
(MI)ns1 nil :: Pal (M1)... x y iLlist ; (M1)abp IPI :: Pal
. A
x : Qid x 11 Pal x :: List
(MQ)Q x : Qid (MZ)P x : Pall d (M2)L x : List

=4
Reflexivity and transitivity rules for tfﬁa many step rewrite relations.

X —ay y — z
(RA)L X =" x (M x =" z

The congruence rules propagate one-step reductions.

X2y _xX—y
(C)”'i Xz —>yz (C)”’z ZX —>zy

S. Lucas (UPV) WST 2018 July 18, 2018 8 /26



Operational termination in General Logics Declarative programs and logics

Given % with label p and 1 < i < n, [p]" is the i-th proof jump

A f Bi,...,B; obtained from p.

Example

The proof jumps obtained from the inference rule

| - Qid P :: Pal
IPI :: Pal

(M-Z )mbP

are the following:

[(MI)up]® : IPI::Pal {} /::Qid
[(MI)up]?: IPI::Pal ft /::Qid, P :: Pal
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Operational termination and well-founded relations

Operational termination and well-founded relations
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Operational termination and well-founded relations

Theorem (OT and well-founded relations)

A theory S is operationally terminating iff there is a well-founded relation
7 (on formulas) such that, for all A {+ B, € Js,

for all o, if S+ o(Bj) for all i, 1 < i < n, then 0(A) 3 o(By) (1)

v

Proof keys:

e if part (by contradiction): an infinite well-formed proof tree is
represented by an infinite sequence of (instances of) proof jumps
which (by hypothesis) lead to an infinite sequence of comparisons
with 1 and then to a contradiction.

e only if part: by operational termination, a well-founded proof progress
relation on formulas 1T is defined by considering all possible
well-formed proof trees and the forks we can follow to go up on it. By
construction, T can be taken as 7 to satisfy (1).

v
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Operational termination and well-founded relations

Theorem (OT and well-founded relations)

A theory S is operationally terminating iff there is a well-founded relation
2 (on formulas) such that, for all A { B, € Js,

for all o, if S& o(B;) forall i, 1 <i < n, then c(A) O o(B,)

How to use this result to prove OT? Problems:
@ infinitely many substitutions o
@® provability statements S - o(B;)
© symbol 1 does not belong to the language of S

Idea

Encode as a first-order satisfiability problem
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Operational termination and well-founded models

Operational termination and well-founded models
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Operational termination and well-founded models

In the following result, S is a first-order theory, and

e S is obtained from Z(S) by interpreting inference rules % as
first-order sentences (VX) By A--- A B, = A.

o _tis a transformation P(t1,...,t,)* = fp(t1,...,t,) from atoms
P(t1,...,t,) into terms fp(ty,...,t,) of a new sort s., where
fp : w — s, are new function symbols for each predicate P : w.

e 7 :s:s; is a new binary (infix) predicate accepting terms of sort s;.
Theorem (OT and well-founded models)

A theory S is operationally terminating if and only if there is an
interpretation A with no empty domain such that

AESU{BI A ABp1= A 7B} | At By e Js}

and 74 is well-founded on As, .
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Example (Operational termination of PALINDROME)

We use S instead of Qid to make some symbols (a and b) available for
sequencing. With AGES [GLR16], a model A is obtained [LG18]:

.As = Apal = N — {0} -AList = N As,- = NU {—1}

Function symbols are interpreted as follows:

A—pA=1 nilt =1 x-Ay=x+y+1
fA( ) = 3x féal( ) - 2X+ 1 Llst(X) - 2X+2
fA ( ) = -1 f'flPal( ) = 2x _':A:lL:Lst(X) =2x+1

fA( y)=2x—-1 FfL(xy)=4x+y+1

Finally, predicates are interpreted as follows:

_:84(x) & true _:Pal?(x) & true _:ListA(x) & true
usA(x) e x>1  _uPalf(x) e x>1 _oListd(x) e x>1
x=sAye x>y x(=4y < true xTAy & x>y

v

S. Lucas (UPV) WST 2018 July 18, 2018 15 / 26



Use in the OT Framework

Use in the Operational Termination Framework
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WESTRUENONNEET CWITN  The removal pair processor

A removal pair (Z,3), consists of binary relations 2 and J on formulas
such that T is well-founded and 2 0o 3 C 1 (or J o 2 C 0O).

Definition (Removal pair processor [LM14])

Pre(S,J) = {(S, T — {¢})} iff

@ forall C {} D e J — {4} and substitutions o, if S + o(D;) for all
1<i<m,then o(C) 2 o(Dm) or o(C) 1 0(Dm), and

@ for all substitutions o, if St o(B;) for all 1 < i < n, then
o(A) 2 a(Bn).
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VECRTRGENORNEENECS  The removal pair processor

Definition (Semantic version of Prp [Lucl6])
Pre(S,7) ={(S,7 —{4h)} if
0 AES,
®ifJ—{Y}#3, then AEx7m>yANynmqz=x772,

© for each C } Dy, € J — {1}, there is m € {m>, 7=} such that
A= N D; = C* iy Dy, and

© 7 is well-founded and A = A7} B = A 7 By
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Use in the OT Framework The removal pair processor

Example (Use of the semantic version of Pgp)

Consider the CTRS R = {a — b, f(a) — b, g(x) — g(a) < f(x) — x} in
[GAOL, page 46], where Z(R) is:

X =y y —)* z X =Yy Xy
R = D =% Ot O gm0
f(x) =" x
(R ——g (R fla) — b (Rf)s g(x) — g(a)

We can remove [(T)]? from the initial OT problem 7, = (R, Jr). A
model A with finite domain A = {0, 1,2, 3} is found with Mace4 [McC10]:
A=0 bA =1 fA4(x) = (x +2) mod 4
gh(x) =x mod 2 fi(x,y)=x mod 2 f4(x,y)=x mod 2
(0,1),(0,3),(2,1),(2,3)} (=" ={(x,x) | x € AJU =4

=4 ={
w5 = {(0,1)} (m2)* = {(0,0), (1, 1)}
(x5)* = {(0,1)}
Successive applications of Prp prove operational termination of R. )
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Use in the OT Framework

Conclusions and future work
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Our approach [LM14]:
@ Declarative programs P are theories of a given logic L

® Operational termination characterizes the termination behavior of P
as the absence of infinite proof trees for P (using Z(L))

© Proof jumps capture ihfinite proof trees in computations.

® The OT Framework provides a practlcal approach to prove or disprove
finiteness of OT problems
“\ et "
Termination proofs via logical models and well-founded relations
Logic provides the expressive framework to describe the language
semantics which is captured by logical models when needed

Proof jumps indicate where well-founded relations are required to prove
termination.

Termination proofs = Logical models + Well-founded relations

v
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In the early literature on termination of (variants of) Term Rewriting
Systems, well-founded orderings have been pervasive...

...often as a particular requirement together with those having to do with
the specific variant at stake:

Variant | Name | § Specific requirements
TRS reduction ordering monotonicity, stability,
AC-TRS | AC-reduction ordering | compatibility with AC axioms
CS-TRS | ji~reduction ordering ,u—morib'_tonicit_y;.’f-'étability
CTRS quasi-decreasingri'es__s subterm property
CRMS | reductivity “« | monotonicity, stability, use of >
.

|
-

A unified treatment of rewriting-based systems

All these specific requirements are naturally obtained from the logical
structure of the programming language semantics.
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T
Challenges

® More specific techﬁiques for proving operational termination (e.g.,
dependency pairs) could be formalized/integrated to be used in the
OT Framework by usmg transformations between different logics

® The modular structure of programs regardmg proofs of operatlonal
termination is also worth t&\be conS|dered in this Setting -

P

© Definition of proof strategiesto improve the efficiency of the proof

methodology
&

O Implementation of the OT framework through a combined effort to
improve the tools MTT [DLMO8} and MU-TERM [AGLN10]
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Well-founded models in proofs of termination
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